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HNPEANCJIOBHUE

[IepBOOCHOBY MAaTE€MaTHYECKOTO MNPOrPaMMHUPOBAHMS COCTABIISIOT
METOJIbI HAXOXKACHNS IKCTpeMyMa (MakCUMyMa WM MUHIMYyMa) (QyHK-
UM, 33JJaHHBIX Ha HEKOTOPOW O0JIACTH W3MCHEHHS MEePeMEHHBIX. 3ajia-
Y TaKOTO POJIa BCTPEYAIOTCS B CAMBIX Pa3HBIX OOJIACTSIX YEIIOBEYECKOI
JIEITEeIFHOCTH: B DKOHOMHKE, TEXHHWKE, BOGHHOM Jieie U T.1. MaTtema-
TUYECKOe MPOrpaMMHpOBAHHE — OIWH W3 pa3fesioB HAayKH, MMeEoueit
Ha3BaHUE «UCCIIEIOBAHUE OTEePaLUily.

3agauu, KOTOpbIE PEUIalOTCs ¢ NOMOLIBIO METOJ0B MAaTEMaTUYECKO-
TO TIPOTPAaMMHPOBAHNS BO3HHUKAIOT TaM, TJIe HEOOXOAMM BBIOOpP OAHOTO
13 BO3MOXHBIX 00pa30B AeWCTBUH (WK TIporpaMm JAercTBuil). IMeHHO
OTCIOJIa Ha3BaHUE «IIPOTPaMMHUPOBAHME» — B CMBICIIE BBIOOp Mporpam-
Mbl JielicTBui. Ha3BaHne HE MMEET HM KaKOro OTHOILIEHMS K Iporpam-
MHPOBAHUIO B CMBICJIC HamucaHus nporpamm it 9BM u BO3HUKIIO
panbiie, ueM OBM. XoTs, HaJO0 OTMETUTH, YTO BCE METOJbI, B KOHEU-
HOM CY€Te, pacCUUTaHbl Ha HCHoiab30Banne DBM. IlepBrle 3amaun -
HEHHOTo MPOrpaMMHUPOBAHMUS, SBIISIOLIETOCS] OCHOBOM MaTeMaTH4eCcKO-
r0 NPOTPaMMHUPOBaHUsS, OBLIM PACCMOTPEHBI PYCCKHM MaTeMaTHKOM
Kanroposuuem emé B 1939 r. (3amavya BEIOOpa HAMITYUIIEH TIPOTPaMMBI
3arpy3KH TPYMIbI JYMIMIBHBIX CTaHKOB). OIHAKO WX MPaKTHYECKOEe
pewenre TpeboBano Oonboro oosema Beruuciaennil. Co3nanue BBICO-
KO MPOU3BOAUTENBHBIX DBM MOCIy U0 CTUMYJIOM Pa3BUTHUS TEOPUHU U
MPaKTUKA KaK MaTeMAaTHYECKOTO IMPOTPaMMHUPOBAHUS, TaK M JAPYTHX
pa3zenoB uccineaoBaHus onepamuii. CyTs y Bcex 3THUX pa3/esioB OJIHA —
BEIOOp HamydIied mporpamMmbl JEHCTBUN B 3a/a4ax ONTUMU3AIUHN C
Pa3IMYHBIMUA MAaTEMaTUYECKUMU MOJIETISIMU.

Tak, B MaTeMaTHYECKOM MPOrPaMMHUPOBAHUU JaeTCsl (QYHKITHS, KO-
TOPYIO HY)XHO ONTHMHU3UPOBATH (T.€. HAUTU SKCTPEMYyM), H OrpaHU4e-
HUS Ha 00JacTh W3MEHEHUs NepEeMEHHBIX; a B ONTUMAIILHOM YITpaBile-
HUS 331a€TCsl ONTUMHU3UPYEMbI (DYHKIIMOHAT M IIPOLECC, ONMUCHIBaC-
MBIii ¢ TIOMOIIBI0 AU PEPEHITMATBLHBIX YPABHCHUHN H T. .



MaremaTudeckoe NMPOrpaMMUPOBAHME — OJUH U3 BAXHEHUIIMX pPa3-
JIEJI0B, NPEACTABISIIOIIMX UHTEPEC ISl CHEHUAIHNCTOB, 3aHUMAIOIINXCS
MPUKIAJIHOW MaTEMAaTUKON, U M3JIOKEHO B TOM WJIM MHOW Mepe B pas-
JTUYHBIX W3JaHUsAX Kak B Poccuu, Tak u 3a pyOexoM, psia U3 KOTOPBIX
MPUBEACH B CIIUCKE JIUTEPATYPHI.

JlaHHas KHHTA TIpeNCTaBIIAeT COOOW pe3yibTaT MHOTOJETHEro uTe-
HUsI Kypca «MaremaTndeckoe mporpaMMupoBaHue» Ha Kadeape «Ma-
TeMaTHYeCKoe oOecreueHne cucremM» B MOCKOBCKOM HHXEHEPHO-
(hM3nYecKOM MHCTUTYTE W MOMHUMO TEOPETHUYECKHUX COOOpakeHui, OX-
BaTBIBAIOIIUX pa3Jeibl JUHEHMHOrO, LENOYUCICEHHOTO U HEJIMHEHHOTO
IPOrPaMMHUPOBAHUsS, COAEPAKUT MHOIOILIAHOBBIE MPUMEPHI PELICHUN
33/1a4, WUIIOCTPUPYIOIIMX TPUMEHEHHUE METOJOB MAaTeMaTHUYECKOIo
IIPOTrPAMMHPOBAHUS HA IIPAKTHUKE.

B xHure paccmarpuBaeTcss MHOrooOpasue MpuKIaIHbIX 331ad ONTH-
MU3aIlUH, PElIeHHe KOTOPBIX 00ECIeunBaeTCs METOJAaMU MaTeMaTHye-
CKOTO TIPOTPaMMHPOBAHHS, HE3aBHCUMO OT WX (PU3NYECKOTO CONEeprKa-
Hus. Tak, 0cOOEHHOCTHIO KHUTH SIBJISIETCS €IMHBIN TOXO0/ K ONTUMH3a-
LMY WUIPOBBIX 3a/ay, 3a1ad pacHpelelcHMs 3allacOB PEaKTHUBHOCTU B
SIIEPHBIX PEAaKTOpax, a TAaKKe 3a]ad, CBA3aHHBIX C ONTUMAJIbHOM Kia-
crepusanuen u T.1.

Kaxnas ri1aBa KHUTH COOEPKUT OOJBIIOE KOIUYECTBO JOBEACHHBIX
JI0 KOHEUHOTO pe3yJIbTaTa IpUMEPOB.

Knura npegnaznadena A CeLMaIUMCTOB IO MPUKIATHON MaTema-
THKE, a TaKKe MOKET OBITh IOJe3Ha CTYJECHTaM BY30B COOTBETCTBYIO-
LIUX CIIEUUATBHOCTEH.



OCHOBHBIE OBO3HAYEHUA U ITIOHATUSA

[IpuBenem psix OOMIETIPUHATHIX 00O3HAUCHWUN W MOHSATHH, MCIIOJb-
3YEMBIX MPU PACCMOTPEHUH MaTepHaia MOCICTYIONINX TJIaB.
1. Ilycte X U y — n-MepHbIE BEKTOPHI

X Y1
X = V= ,
xn yn
x" =(x,...,X,) — TPAHCIIOHMPOBAHHBII BEKTOP,

n
Torga <X,y >=X'y=) X;J; — CKQJSIPHOE NPOU3BEICHNUC BEKTOPOB X
i=1

uny.
A - Ay
2. A=| ... ... ... | —wmarpuna pa3MepHOCTH M X7 .
Am1 < Aon
3. f(*¥)=f(x,...,x;,) — OYHKUUS 1 TEPEMECHHBIX.

Oyuknus f(X) uMeer 1-10 U 2-10 HENPephIBHBIE MPOU3BOHBIC HA

MHOKeCTBE D B n-MEPHOM MPOCTpaHCTBE R .
[lycte HexoTOpas ToYka X e D. Torma f(X) moxer ObITH TIpe.-
craBiieHa B Bue psna Teiliopa OTHOCUTENBHO 3TOW TOYKH:

0
(x; —x; )+
X0

f(xl,---;xn)zf(xloa""xno)_'-ig
i=1 0x

non 52
+lzz_f

25 Lo, (x; —x) )x; = x?) + 0(”75 — )—COHZ) ‘

X0



KA

. yeees
axl axZ 5xn

4. Vf(x°) :(

T
J — rpagueHT (QYHKIUU B TOUYKE
X0
x%eD.
I'paaueHT — BEKTOP, KOTOPHIM HAPaBJIEH B CTOPOHY HAUCKOPEHIIIETO

pocTa QYHKUMH M OPTOrOHANCH B TOYKE X° K [OBEPXHOCTH (WM JIH-
HuH) ypoBHs f(X)=const (puc. B.1).

Xop nMHUK
YpOBHSI

>X1

Puc. B.1. Jluauu ypoBHs f(X) = const it GQyHKINHN JBYX IMEPEMEHHBIX

o*f *f
ox0x,  Ox0x,
5. H(x 0) =/ ... — BEIECTBEHHAs CUMMETPHYHAs
o*f *f
ox,0x,  0Ox,0x,

Matpwuria (Mmatpurna ['ecce).
BaxxnocTs rpagueHta m MaTpuilsl ['ecce ompenensieTcss uX HCHOIb-
30BaHMEM BO MHOTHX JITOPUTMaX IMOUCKA dKCTpeMyMa (yHKITHIA.
MoxHo 3anucaTh

F@ = fGE<VIED), (f—»‘co)>+§<(f—rc°),

HE) -3 > +O(H)_c - )_cOHZ) .
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6. ITycts
ap X +a12x2 +...+a1jxj~ +...+a1nxn Zbl;

a21x1 +a22x2 +...+a2jx.]- +...+a2n.xn :bz,

ApX) +apXy .+ apx; +o+a;x, =b;;

Ay X + Ay Xy + oo+ Ay X + oo+ Ay, X, =Dy,

CHCTEMa JIMHEWHBIX YpaBHEHHH B CKaJSIpHOM BHAE, Toraa Ax=b —
cUcTeMa ypaBHEHHH B MaTpu4Hoil dopme, rae 4 — marpuua xodpou-

IIMECHTOB a (i=1,...,m; j=1,...,n), b — m -mepHBIi BEKTOP.

ij

Cucrema TUHEHHBIX ypaBHEHUI Ha3bIBa€TCS COBMECTHOM, €CIIM OHa
HUMEET XOTs OBl OJJHO pelIeHHUE.

[Iycte » — paHr MaTpHIBl U MPEACTABISIET cOOOH HAMOOJBIIHMA TT0-
PSAAOK OTIIMYHOTO OT HYJIS ONPEeNUTeNs MaTpUIbl A (IHCIO0 JTUHEHHO
HE3aBUCUMBIX CTOJIOIIOB MATPUIIBI A ).

r(A) =r(Ab) — HeOOX0AUMOE U JIOCTATOUYHOE YCIOBUE COBMECTHO-

CTH CHCTEMBl JIMHEHHBIX YPaBHEHUM, T.e. paHI MaTpuipl 4 IOIDKCH
OBITH paBeH paHTry paclpeAe’ICHHONW MaTPHIIBI CUCTEMBI.

PaHr HEe MPEBOCXOUT YNCIAa HEU3BECTHBIX 71, 7' S 1.

Torna:

€clM 7 =N, TO PeIICHUE CHCTEMBI IUHCTBEHHO;

eciy r < 1, TO CUCTeMa UMeeT OECUMCICHHOE MHOXKECTBO PELICHUH.

7. ay+a;x; +...+a,x, 20 — nMHEHOE HEPABEHCTBO.

COBOKYIHOCTb TOUEK MPOCTPAHCTBA, KOOPAUHATHI KOTOPBIX YIOBIIE-
TBOPSIIOT 3TOMY HEPAaBEHCTBY, NMPEACTABIISIOT COOOW IMOJyNPOCTPAHCT-
BO; COBOKYITHOCTh HECKOJIBKHX JIMHEIHBIX HEPaBEHCTB OIpenelsieT 00-
JIacTh pelIeHHs, IPEICTABISIONIYI0 COOON BBIMYKIIBIA MHOTOTPaHHHK.

8. O0mas 3amaya MaTeMaTHYECKOTO MPOTPaMMHUpPOBaHUs (popMyu-
pyeTcs Tak:

HalTH MakCUMyM (MUHUMYM) QYHKIUU [ (X) TPU OrpaHUYCHUSX

gi(xl,...,xj,...,xn)ﬁbi, i=1,_m; (B.1)
x: 20, j=1n. (B.2)



ITpu 3TOM:
¢yHkuus f(X) Ha3pIBaeTcs LeNeBOH (QyHKLHUEH;

cuctema HepaBeHCTB (B.1) m ycnoBus HEOTPHUIATEIHHOCTH TIEpe-
MeHHBIX (B.2) Ha3pIBalOTCS CHCTEMON OrpaHUYCHUN 3a/1a4H;

BCSIKOE pEILCHHE 3aJaydl C YYETOM CHUCTEMBbI OIpaHHYEHHH, T.e. COo-
BOKYIIHOCTb 3Ha4E€HUH MEPEMEHHBIX X|,..., X, , YIOBICTBOPSIOLIUX yC-

nosusiM (B.1) u (B.2), Ha3pIBaeTCs TOMYCTUMBIM PELICHUEM;

COBOKYITHOCTh TOYEK 7 -MEPHOTO MPOCTPAHCTBA, yIOBIETBOPSIONINX
CHCTEME OrpaHMYCHUH, 00pa3yeT TaKk Ha3bIBAEMYIO JOIYCTHUMYIO 00-
JIacTh;

JOIYCTUMOE peILIeHHe, MaKCUMU3UpYyHolee (MUHUMU3UPYIOILEE)
eJIeBYIO (DYHKITHIO, HA3bIBAETCS ONTHMAIBHBIM.

Urtak, 3a1a4a MaTeMaTH4ECKOro MPOrpaMMHUPOBAHMS 3aKITI0YAETCs B
HaXOKAECHUH ONTUMAJIbHOIO PEIICHHS, 00ECIICUNBAIOIIET0 MAKCUMAaIIb-
HOe (MUHHMAaJbHOE) 3HAUYEHHE IIeNIeBOM (PYHKIHMU C YyYETOM CHCTEMBI
OTpaHUYEHHUH Ha MIEpEMEHHBIE.

3ameuanus. [TocTaHoBKa 3a7a4yM MaTeMaTH4ECKOTO NMPOTrPaMMHPOBAHUS SIBISETCS
nmoctatoyHo obmieit. Ecmu xakas-To mpakTHUecKas 3a1ada Ha MEepBBIA B3I KaXETCs
WHOHM, TO, KaK MpPaBUIIO, C IMOMOIIBIO MPOCTHIX MAaTEMATHYECKUX MpeoOpa3oBaHMi €&
MOJKHO CBECTH K 33j1a4e pacCMaTpUBaeMOro BUJA.

1. Ecniu Tpebyercst Haiitn MuHUMYM GyHKUUE f(X), TO 3TO IKBUBAJIICHTHO ITOHUCKY

Makcumyma QyHkuun — f(X) , T.e. min f(X) = —max[—f()_c)] .
X X
2. Ecny 3aaHHBI HEpaBEHCTBA BUiA
gx®)=bh,
TO IIPOCTOH TepeMeHOi 3HaKa MOXKHO NpHiiTH k Buay (B.1), a umenHO
—g(¥)<-b.
3. Ecnut Ha IIepeMEHHBIe X ; He HAJIOKEHO YCIOBHE HEOTPHLATENBHOCTH, a 3a1aHHO

OrpaHU4Y€HUEC

x; > X; min >
TO, BBOJSl 3aMEHY IIEPEMEHHBIX
'

Xj=X; =X; min>

oJTy4aeM Jijisl HOBOH nepeMmenHoit yciosue (B.1), T.e. x} >0.

4. Oynknun f(X) MOXKET HMETh HECKOJIBKO SKCTPEMYMOB, & UMEHHO:
JIOKAJBbHBINA U INIO0ATBHBIN S9KCTPEMYMBI (ITyCTh 3TO OyAeT MaKCUMYyM);
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¢ynkuus f(x) , onpeneneHHas Ha odnactu D, TOCTUTAeT Ha Hel I100aNbHOro MaK-

CHMyMa B TOYKE eD , ecad HepaBeHCTBO f(X) < f ()?0) CHpaBEUIMBO LIS JTIOO0H
TOYKU X € D ;

¢GyHkums f(X) DOCTUraeT JIOKAIBHOTO MaKCHMyMa B TOUKE ¥ eD, ecnm Hepa-
BeHCTBO f(X) < f(x 0) CIPaBEJIMBO JUIS JTF00O0N TOUKA X M3 HEKOTOPOH OKPECTHOCTH

Toukn x°.

5. B MaTreMaTHYeCKOM aHaNW3e IS HaXOXKACHHS dKCTpeMyMa (DyHKIWI HCIONB3Y-
I0TCS TIPOM3BOJHBIE. DTH METOIBI HA3hIBAIOTCS KIACCHYECKMMH METOJAMH ONTHMH3a-
N,

Pa3nmuaror 3agaun 6€3yCcIIOBHOTO U YCIOBHOTO SKCTPEMYMOB.

3amaua Ha Ge3yCIOBHBII SKCTpEMyM — 3a7ada MakcuMu3anuu GpyHkumu f(X) npu
OTCYTCTBHHM OrpaHH4YeHNH. HeoOXoMMMbIe yCIIOBHUS SKCTPEMyMa B 3TOM ClTydae 3arichl-
BAIOTCS B BUJIE CHCTEMBI YPaBHEHHIA:

af(xls~-~>xn):0 j:G
ax bl 9

J

Pemras JaHHYIO CUCTEMY ypaBHeHHfI, HaXOJAT CTallMOHAPHBIC TOYKH, a 3aTEM IOCJIC
HX aHaJIM3a — ONTUMAJIbHYIO TOYKY.
33[[3.'-{3 Ha yCJ'IOBHBIﬁ OKCTPEMYM IMPEAYCMATPUBACT OTPAHUYCHUSA B BUAEC PABCHCTB:

T.e. MUHIMH3HUPOBaTh f(X) IpW orpaHndeHusx g(x) = b.

B BekTopHOii popMe g U b — m -MepHBIE BEKTOPBI.

Ora 3aJa4a CBOJMTCA K 3a7a4e Ha 0e3yCIIOBHBIIl SKCTPEMYM C IIOMOLIBI0 MHOXKHTE-
neit Jlarpamka. C 3T0i 11enbi0 00pa3yroT yHkimto Jlarpanxa:

LED = f@+ 30 - ),
i=1

rae A; —MHOXwuTenn Jlarpamka.

Oyukimsa L(X, A) 3aBUCHT OT m+n TEPEeMEHHBIX, HA KOTOPbIC HAJIOXEHBI Orpa-
HUYCHHS.

OnTuMansHyI0 TOYKY HAaXOJST B PE3yNbTaTe PEUICHHUS W MOCISTYIOMIEer0 aHaln3a
CUCTEMBI YpaBHEHHMN:

m .
6_L:0’l.:7 i_z;ﬁ%:o;
ox; A=y
oL A
aT=0,J=1, > bi—gi(x)=0.

6. Kimaccuyeckne MeTOAbl ONTHMHU3AIMU MPUMEHSIOT JHIIb A peIleHUs CPaBHU-
TENBHO MPOCTHIX 33/1a4 MAaTEMAaTHYECKOTO IPOrPaMMUPOBAHUS, TaK KAK OHU UMEIOT PSI
HEOCTAaTKOB.



e Jyis UCTIONB30BAHUSI METOJIOB HYXKHO, 4TOOBI QpyHKIMK f(X) U g(X) ObLIH He-
MIPEPHIBHBI U MIMENN YaCTHBIC MPOU3BOMHBIE, IO KpaiiHel mepe, BToporo mopsiaka. [1o-
CKOJIbKY Ha MpaKTHKe QYHKIUHK HE PEIKO 3aAI0TCS HE aHATMTUYCCKH, a TAOIMYHO WITH
WHBIMH, 00JIee CIIOKHBIMH CIIOCOOAMH, TO 3TO 3aTPYAHSACT BHIYMCICHUE U aHAIU3 TPO-
HU3BOIHBIX.

e [IpuMeHEHHE KIIACCHYECKUX METOOB CBSI3aHO C OOJBIIUM OOBEMOM BBIUHCIIC-
Huid. [Ipu 3TOM, BO-TIEPBBIX, HCOOXOIMMO PEIIUTh CUCTEMY alreOpandeckux ypaBHE-
HHI, KOTOpasi B OOJBIIMHCTBE CIIyyaeB HEJIMHEWHa. JTO B CBOIO OuYepeqb JOCTATOUHO
croXHas 3aa4a. Bo-BTOPBIX, TS aHaIN3a CTALIMOHAPHBIX TOYEK TPEOYETCsl BBIYUCISTH
BTOpBIE TIPOM3BOIHBIC [ETIEBOW (YHKIUH, YTO YaCTO 3aTPYAHUTEIHHO N3-32 TPOMO3/IKO-
CTH BBIpaKEHUI.

e C MOMOIIBIO KIACCHYECKHX METOIOB MOXKHO HAUTH IKCTPEMYM (YHKIIUHU TOIb-
KO BHYTpH 00JTaCTH.

Eciau onTtumanbHas TOYKa HAXOAWTCS HA TPaHUIE OOJIACTH, TO METOMABI 3TH Oec-
CHIIBHEI.

HTak, MOCKONBKY KIACCHYCCKUE METOJBI ONTUMH3AIMH HE BCETJa MPUBOIAT K Ke-
JIAGMOMY PE3yJIbTaTy, HEOOXOJMMbI MPUHIIMIHAIBHO HOBBIC METOBI, COCTABIISIOIINE
MpeMET MaTEMaTHYECKOTO MPOrpPaMMHUPOBAHUSL.
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FmaBa 1

OCHOBBI TUHEHMHOT'O TIPOT'PAMMUPOBAHMUS

1.1. 3agaya JUHEHHOT0 MPOrPaMMHUPOBAHUSA
U ee TeOMeTPUYECKHUIl CMBIC

IMocranoBka 3apaun. Haiitn Makcumym QyHKITHH
f(X)=<c,X>+c
TP OTPAHUYCHHSIX
Ax <b;
x20,

(1.1)

e X — KN-MEpHBbIA BEKTOp; C — K-MEpHBbIM BekTOop; A — MaTpula
mxn;b —m -MEpHBIHA BEKTOP; ¢ — BELECTBEHHOE YHCIIO.

CyTh 3ama4udM COCTOUT B TOM, YTO HEOOXOAMMO HAWTH HEOTPHIIA-
TEJbHbIE 3HAYEHUS KOMIIOHEHTOB BEKTOpA X , YJIOBIETBOPSIOIINE CHC-
TeMe JINHEIHBIX HEPaBEHCTB, IIPY KOTOPHIX JIMHEWHas 1esieBas (yHKIHIs
JAOCTUTAaCT MaKCUMYyMa.

PaccmoTpuM yripoIlieHHbIE MOZENTH HEKOTOPBIX MPHUKIATHBIX 3a/1a4,
MMPUBOAANINX K 3aJadaM JIMHEHHOTO ImporpaMMUupOBaHUA.

Mpumep 1. ITycts HekoTOpasi GuUpMa BBITYCKAaeT # BHIOB MPOIYK-
MU W WUCTIONB3YET IPU STOM M BUJOB ChIpbs. [Ipruem pecypchl ChIpbs
OrpaHHYEHbI: [ -TO BUAA ChIphbs HE Oonee b; emunuu. Ha msrotosnenue

OJIHOW eAWHUIBI TPOAYKIMH j-rO BHUAa (BCETO M3TOTABIMBASTCS

X >0, j=1,n) TpaTUTCA @, CAWHHUII [ -TO CBIPBA, T.€. IO i -MYy BHUIY

ij
ChIPpbA NOJIPKHO BBITIOJIHATHCA YCJIOBUC!

n
Zaijxj <b,, i=l,m.
=
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M3BecTHO Tarke, 4TO HA KAXIOH €AMHMIE NPOIYKIHH j-TO BHIA
¢upma ronydaer ¢; eAMHUL NpUOBUIM, T.€. 00LIas IPUObLIL COCTABIIS-

CT:

TpebyeTcst ompeneauThb, CKOIBKO SOUHHI] X ; Kaxzoro Buua mpo-

OYKIWU JO0JDKHA U3TOTOBISTH (HpMa, YTOOBI MOJTYYUTh MaKCUMAIbHYTO
MPUOBLITb.
IMpumep 2. YV pepmepa umeeTcss m y4acTKOB 3€MITH, IUIOIIAAD KaX-

noro coctasisier b; ra (i =1, m). epmep cobupaercs mocesiTb 1 KyJib-
Typ — x; (Jj =1,n) —mwiomanp j-i KyJIbTypbl Ha i -M y4acTKe.

IIpubbLIb ¢ OHOrO LECHTHEpA j-H KyJIBTYpbl COCTABISCT ¢; PyO-
nen.

depmep X0UeT NOIYyYUTh MAKCUMAIbHYIO IPUOBLIb.

N3BecTHO, 4TO CpelHss YPOKAWMHOCTD j -U KyJIBTYPbI HA i -M y4acT-

K€ paBHa a; LEHTHEPOB C IeKTapa.
Kpome Toro, mo kakum-To mpuiyMHaMm (epMep JOJKEH MONy4YUTh
KaX /(0! KyJIbTYpbI HE MCHee d ; LICHTHEPOB (Wi1u He boree).

Cdopmynupyem 3anauy:
OTIpEACTTUTh MAaKCHUMAIBHYIO CYMMapHYIO MTPUOBLITH

n m

2|2 ax,

j=I\ "=l

TIPH OrPaHUYCHHSX HA [ICPEMCHHBIC X;;

x; 20, i=l,m, j=Ln,

TUIOMIA[h § -T'O yYacTKa

U ypoxail j-# KyJIbTypbl



m R
Dxa;<d;, j=ln;
i-1

m
Z}xijaij >d;
l:

K 3amauam nmmHEHHOTO MPOrpaMMHUPOBAHUS TAKKE CBOAATCS] 1 MHOTHE
JIpyTHe MPUKIIaTHbIE 33]Ja4l TEXHUKO-3KOHOMHUECKOTO COZIepXKaHusl.

Crenyer 3aMeTUTh, YTO MPHUBEICHHBIE TPUMEPHI TIPEICTABISIOT JIUIIIb
NpUOTMKEHHYTO, YIIPOIICHHYI0 MaTeMaTHUECKyI0 MOJENb PEATbHBIX 3a-
Jlad, ¥ HEKPUTUUECKOE MCIIOJIb30BAHUE TMOJyYaeMbIX Ha OCHOBE aHAJIN3a
3THX MOJIENEH Pe3yIbTaTOB MOKET MPUBECTH HHOT/IA K TapajjoKCaM.

DTO OTHOCHTCS HE TOJBKO K 3aJa4aM JHMHEHHOTO IpPOTPaMMHpOBa-
HUS, HO ¥ K JPYTUM MaTeMaTHYECKUM MOJEesIM. BromHe MoXeT oka-
3aThCsl, YTO MPUHSITAs MaTeMaTHUECKas MOJIeNlb, OOBIYHO COCTABJICHHAS
Ha OCHOBE MPUOJMXEHHBIX JAHHBIX O PEaThbHOM MOJEINPYEMOM SBIIE-
HUU, HE OXBaThIBaET KaKHUe-JINOO BaXKHBIE CYIIECTBEHHBIE CTOPOHBI HC-
CJIeyEeMOTO SIBJIEHHS, YTO MIPUBOJUT K pe3yJIbTaTaM, CyLIECTBEHHO pac-
XOJISAIIUMCS ¢ peanbHOCThIO. OIHAKO HE HYXKHO JIeNaTh BBIBOJI, YTO JIH-
HelHbIe MOJENN CIUIIKOM IPOCTHI ¥ BOBCE HETIPUTOIHBI IS UCCIIEI0-
BaHMs peanbHbIX 3aaad. (CiemyeT MOMHUTh, YTO CYIIECTBYET MPOTHBO-
pedure: CIIoKHasi aJieKBaTHAash MaTeMaTH4ecKas MOJENb, YUUTHIBAIOIIAL
MHOTO (DaKTOPOB, C OJJHOW CTOPOHBI, 1 BO3MOKHOCTh PEIICHHUS 3a7a4H,
¢ npyroii.) Hao6opot, mpakTuka moka3sIBacT, YTO JIUHEHHOE MpOTrpaM-
MHUPOBaHUE MOXKET OBITh YCIIEIIHO MPUMEHEHO JJIs UCCIEAOBAaHUS -
POKOTO KJlacca peallbHBIX TEXHUYECKHX M dKOHOMHYEeCcKHX 3amad. Kpo-
M€ TOTO, 3a/1a4¥ JIMHEHHOTO MPOrPaMMHPOBAHHS YaCTO HCIOIB3YIOTCS
B KayecTBE BCIIOMOTaTeNbHBIX BO MHOTHUX METOAax pelieHus Oojee
CJIOKHBIX HEJIMHEHHBIX 3a]1a4 ONTUMHU3AINH.

PaccmoTpum eeomempuueckuii cmulca 3aa4l JIUHEHHOTO MPOTpaM-
MUpPOBaHU (Ha IpuMepe QYHKINH JBYX NEePEMEHHBIX ).

Kak oTmeueno BhimIe, MoMycTUMas 00JacTh 33a4d JTMHEWHOTO IPO-
TPaMMHPOBAaHHUS TE€OMETPUYECKH H300paKaeTcsl IepecedeHrneM IIOIy-
TUIOCKOCTEH, OINpEeeNIeHHBIX JMHEHHBIMU HEPaBEHCTBAMHU CHCTEMBI OT-
PaHUYCHUI U MPEJCTABISICT COOOU GuInyKblll MHO20Y20 bHUK (pUc. 1.1).

JluHuM ypOBHS NTUHEWHOU I1IeNeBO (YHKIIUU — 3TO MPSMBIE JIMHUU
C1x] +CyXy + ¢y =const, napajuleNbHble APYr APYry, OHH IEpIEHIU-
KYJISIDHBI BEKTOPY C , KOTOPBIA paBeH TpaJMeHTy JHHEHHOW (DyHKIUH.
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OnTuManpHON SBISETCS TOYKa, JIeXkallas Ha JIMHUM YpPOBHS, IPHUHU-
MaroIle HanOoIbIIee 3HAUYECHHUE.

A
X2
I S S U S WY
VoL Y
VoA Vv
v AN Vo
VoA
Vo
Y AVAVAVAVAVAY N EN N EE
.\ TouKa
(VAVAVAVAVAVAY RUR
Vo
Vo
ANANAA A
VoA
Vv
AN AN Vv
Voo
\ Vv A
AAAA Y VL
0 LLL ] L e
X

Puc. 1.1. lonyctumast 00:1aCTh — BBITYKJIBI MHOTOYTOJIEHUK
(onTHManbHas TOYKA Ha IepeceueHuu pedep)

Takast Touka He MOXKET OBITh BHYTpPEHHEH, OHa BCerja JIKUT Ha
rpaHMLe, IPUYEM COOTBETCTBYET MMEHHO BEPLIMHE MHOTOYTOJbHHUKA,
3a MCKJIFOUYEHHMEM CIlydasi, KOT/1a JUHUU YPOBHS NapajlielbHbl HEKOTO-
pomy pebpy MHOTOyroapHUKa (puc. 1.2).

B 3ToM ciyuae 3agada uMeeT OecUMCICHHOE MHOKECTBO ONTHUMANIb-
HBIX TOYEK, IPUHAUIEKALINX YKa3aHHOMY pedpy.

3amaya JTMHEHHOTO MPOTPaAaMMHPOBAHMA HE HMMEET pEeIleHUs, eclu
CHUCTEMa OTpaHUYEHUI HECOBMECTHA, T.€. JOMyCTUMOE MHOKECTBO ITyC-
to (puc. 1.3).

3agaua He MMEET pelleHHs TAKXKe, €CJIM B HAIPaBJICHUH yBEIUUCHUS
¢ynkuuu (puc. 1.4) nonycrumasi 001acTb He 3aMKHYTA.

Ecnn xe B HampaBneHuu yBenudeHHs: ¢yHKuu# (cM. puc. 1.4) mo-
MyCTHMas 00J1aCTh 3aMKHYTa, TO 3a/1a4a PEIICHNE UMEET.

WTak, U3 reoMeTpu4eckoro cMhIciia 3a/1a4y JMHEHHOTO POTpaMMHU-
POBaHUsI CIIEAYET, YTO, B OOILIEM Cllydae, ONTHMANbHOE pellleHHe Haxo-
JUTCSI B OJTHOW W3 BEPUIMH JIOMYCTUMOW MHOTOTpaHHOU oOnactu. [Ipu
pEIIeHU  3aaun OCYIIECTBISIETCS MEPEX0]] OT OJHON BEpIIMHBI AOIMYC-
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TUMOW 00J1aCTU K JPYTO#, COCeHEH ¢ HEell BEepIIMHE, MPUYEM TaKou, B
KOTOpOH 3HadeHWe melieBoi (pyHKmuu Oombine. Takoe ABIKEHHE CO-
CTaBJISIET CYNTHOCTh CHMILJIEKC-METO/Ia — OCHOBHOTO METOJa PCeIICHUS
3a/1a4 JIMHEWHOTO IPOrPaMMHUPOBAHUSL.

/

X5

onTuMalnbHbie
TOYKU

[

X4

Puc. 1.2. YacTtHblil caydail nomycTuMoit obaacT (onTHManbHasi Touka Ha pedpe)

A

)

\

Puc. 1.3. lonyctumas 00J1acTh — MHOXECTBO ITYCTO



A
\ -~ Vf (HeT

/ \ peLueHus)
\

VT (ecTb
peLleHne)

\ %
Puc. 1.4. [lomyctrmas 061acTh He 3aMKHYTa

1.2. CuMmiexkc-MeTox

1.2.1. Ilopaooxk peutenus 3a0au AUHENHO020 RPOZPAMMUDPOGCAHUA
CUMNJIEKC-MEMOOOM

Jlist perreHns cUMILTIEKC-MeToaoM 3amava (1.1) momkHa OBITH TIPH-
BeJlleHa K cmaHnoapmuomy (KaHOHUYeCcKoM)) BULLY:
HaiiTh max f(X) =< c,X > +c¢, IpHU OrpaHUYCHUAX

7 (1.2)

HpI/IBe)ICHI/IC 3aJa4u K CTaHJApTHOMY BUAY OCYHICCTBIIACTCA C I10-
MOII[bIO BBEJCHHS JOMOJHUTENBHBIX (OCTa0ISIOINX ) TIEPEMEHHBIX:

1) AX<b — Ax+%x' =b;

2) AX2b — Ax-X =b,
rae X' — HEOTPHUIATEIbHBIH BEKTOP.

IIpumep.

f(x)=3x; —2x, +x3; f(¥)=3x; —2x, + x3 + 0x4 +Oxs;
20



le_3X3 Sl, 2xl_3X3 +X4=1;

3x1+4x2+x3=6; 3x1+4x2+x3=6;
RN

x1+2x2—x3—x522; x1+2x2—x3—x5—2,

ijO, j=13. ijO, j=1,

B pesynbrate BBemeHHsS OCHAOMSMIOMIMX IEPEMEHHBIX MOIydaeTcs
3a1aya, SKBUBAJICHTHAS! UCXOJHOM, TaK KaK 3TH IIEPEMEHHBIC HE BIUSIOT
Ha 3HaYCHHME 11eNIeBON (PYHKINU — OHHM BXOJAT B HEE C HYJEBBIMH KO-
¢dunreHTaMu.

C npakTHYECKOH TOYKH 3PEHHUS] MOKHO CUUTATh, YTO PAHI CUCTEMBI
orpannyeHui (1.2) paBeH uuciay ypaBHEHUH m , T.e. ¥ = m . B mpoTus-
HOM cllyyae XOTs Obl OJJHO M3 YpaBHEHHH MpeNCTaBisieT co00il THHEH-
HYI0 KOMOMHALIMIO OCTAJIbHBIX U IO3TOMY SIBJISIETCS JTUIIHHUM.

Kpome Toro, xak ObLIO OTMEUYEHO BHIIIE, paHr 7 <7 (Yalle BCETO
¥ <n) W CUCTEeMa MMEET OCCUMCIEHHOE MHOXKECTBO peEIICHUH (eciu,
KOHEYHO, OHa BOOOILIIE COBMECTHA).

Brinenum cpean n mepeMEHHBIX MEPBBIE » W HA30BEM UX OA3UCHbI-
mu nepemeruvimy. OCTaNbHBIE 7 —F TIEPEMEHHBIE HA30BEM C800O00HbI-
Mu.

Urak, x;,x,,...,X, —0a3ucHbIC, X, |, X, .5 ..., X, — CBOOOIHBIE IIC-

n
pEMEHHBIE.

CucreMy OrpaHHYEHHUI MOXKHO Pa3pelINTh OTHOCHUTENHHO 0a3MCHBIX
MEPEMEHHBIX:

Xy =By = (00141 + 02 Xn o, X, ),

X; =By =011 + G X o 0, ), (1.3)

X :Br _(o“rr+1xr+l T 02X, 42 +"'+arnxn)'

CBoOoHBIE TIEpEeMEHHBIE B BhIpaXkeHUH (1.3) MOTYT pHUHUMATS JIfO-
Oble 3HaueHus. CienoBaTeNbHO, CUCTEMA OIpaHMYCHHUH MMeeT Oecuuc-
JICHHOE MHOXKECTBO PEIICHUH. 3a7a4a 3aKiIt04aeTcs B TOM, YTOObI Cpeau
3TOro OECUMCICHHOTO MHOXKECTBAa BBIOpPAaTh TaKOE pEIICHHE, KOTOpOoe
JOCTaBIISIET MAaKCUMYM LIEJIEBON (DYHKLIUH.
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Crnenyer oTMETHTBH, UYTO CBOOOAHBIC NEpEeMEHHBIE BBHIOMPAIOTCS Ta-
KuM 00pa3oM, 4To0bl K03(GHUIUEHTH! [3; OBUIM HEOTPHUILATENBHBI, T.C.
B; 20.

Bo MHOrux 3amauax paspelleHHe CUCTEMBbI OTPaHUYEHUN OTHOCH-
TEJIbHO 0a3MCHBIX MEpPEeMEHHBIX 10 BuAa (1.3) sBiseTcsS TPUBUAILHBIM.
B HEKOTOpBIX 3ajayax 3TO cAelaTb CI0XKHO, HO CYLIECTBYET, TaK Ha3bl-
BaeMBbIii, METOJl UCKYCCTBEHHOTO 0a3uca, KOTOPBIA MOMOTaeT 3TO Ccle-
nath (OyZeT pacCMOTPEH HUXKeE).

Beipazum taxke 1eneByro GyHKIHUIO yepe3 CBOOOAHBIE IIEpEeMEHHBIE:

S =7, _(Yr+1xr+1 TYri2Xr12 +"'+Ynxn)' (1.4)
BossmeMm Bce CB060HHBIC NEPEMCHHBIC PABHBIMU HYJIIO:
Xpp] =Xpg2 =0 =Xy :O>

Toraa m3 Belpaxkenus (1.3) ciemyer, uTo 3Ha4eHHsT OA3UCHBIX MEPEMEH-
HBIX COOTBETCTBEHHO PaBHBI:

X1 =By x; =B, %, =B,

HOHy‘IeHHoe TaKUM 06pa30M PEIICHUEC CUCTEMBI OFpaHI/IT-IeHI/Iﬁ
. T
Xol Z(BlaBZ,"wBraoa"',O)

SIBIISICTCS] IOMYCTUMBIM, TaK KaK BCE €r0 KOMIIOHEHTHI HEOTPHIIATEIIHHEI
(B; 20).

Takoe perenne Ha3bBAIOT 0a3WCHBIM (B 0a3MCHOM PEIICHUHN OTIINY-
HBI OT HYJISI POBHO ¥ TIEPEMEHHBIX). B 3TOM ciydae 3HaueHHe IeNIeBOi
GyHKIMH

S Xe1)=70-

ITpu TakoM moaxone pelmeHue 3aAa4u JUHEHHOTO MporpaMMHUpoOBa-
HUS 3aKJIF0YAETCs B TIOCJIEA0BATEIbHOM IIEPEX0/E OT OAHOTO 0a3HMCHOTO
pemenust K npyromy (Oa3uCHbBIE pElICHHsS COOTBETCTBYIOT BEpIIMHAM
JOMYCTUMOTO MHOTOTPaHHHMKA), HpPU KOTOPOM 3HA4YCHUE IIEJIEeBOI
(yHKIMU MOHOTOHHO BO3pacTaer.

Ecnu npoananusuposats Belpakenue (1.4), To BUAHO, YTO 3HAYCHHE
1eneBol (QYHKIMH MOXHO YBEIUYUTH TOJBKO B CIydae, €ClIi UMEIOTCS
orpuuaresnbHble Koddduuuentst y ;. Ecim Bee koodduumentst y; 20,

TO 3HAUCHME LIENEBOW (YHKUUH YBEIMUYUTH Hesb3d. [lostomy npusna-
KOM ONMUMANbHOCMU peuieHus TIOCTaBICHHOW 3aadl MaKCHUMU3ALUH
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ABJSIETCS HEOTPULATEIBHOCTh BceX K0d(puIMEeHTOB npu CcBOOOTHBIX
MMepEeMEHHBIX B BhIpakeHUH (1.4).
Eciu cpeau k03 GUIIMEHTOB €CTh XOTS Obl OJMH OTPHIIATEIbHBIMH,

HarpuMep Y ;, TOTJA 3a CYET YBEIMYCHHS X; MOXHO YBEIMYHTH 3HA-

uyenre f(X). OmHAKO 3TO BO3MOXKHO B OIPE/CICHHBIX IPEeax, TaK
KaK BHIOOD x; BIMSCT HA Ga3MCHBIC IEPEMEHHbIC, KOTOPBIC MOTYT CTaTh

HEJIOMYCTUMBIMH, T.€. OTPHUIIATEILHBIMH.
Bripaszum 0azucHbIe TepeMeHHbIe 13 cUcTeMBI (1.3), cunras Bce CBO-
GOAHbBIC IEPEMEHHBIE 33 UCKIIIOYCHNEM X ; PABHBIMH HyJIIO:

xp =P —oy;x;;

[pusrom f(X)=7v¢—7,x;.

Ecin Bee xoapduuuentsr o; <0, i=1,7, T0 yBeanueHue x; Mo-
’KeT OBITh HEOTPaHHMYCHHBIM, 3TO NPUBOIAMT K HEOIPAHUYCHHOMY YBeE-
JTMYEHNUIO O0Aa3HMCHBIX MEPEMEHHBIX W OHU HUKOTAA HE CTaHyT OTPHIIA-
TesnbHBIMU. HO 3TO MpUBOIUT 1 K OECKOHEYHOMY BO3PACTaHHIO LIEIEBOH
(GyHKIHH, T.€. B 9TOM CIydae 3aJa4a He UIMEeT PeIlICHHUSI.

Urak, npusnakom moco, umo 3adaua ne umeem peuienusi SBISETCSI
ycioBue

a; <0, i=1r,
IJie HHACKC j coorsercTByeT v, < 0.

Paccmotpum crywai, korga umetorest a; >0. Torma ysemndenue
Xj IIPpUBOAUT K TOMY, YTO OaszoBas IepeMEHHas X; 6YIIGT YMCHBUIATHCSA

A0 TCX 1Op, IMOKa HC CTAHCT paBHOfI HYJIIO IIPU HCKOTOPOM 3HAYCHUHN
)C]- . OT0 3HaYCHHUE OMpeAcIACTCA YPABHCHUCM
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OTtcroga X;=—.

Ecmu Heckonbko o; >0, To mepsoit 0o0paTHTCS B HOJIb TIEPEeMEHHAs

X;, I KOTOpOH  OTHOUICHHE Pr MHHAMAIIBHO,  T.€.
%y

ﬁ=min & =p (MHHEUMYM OepeTrcs Mo BCeM i, JUISl KOTOPBIX

a; >0).

Koraa x; oOpaTturcst B Hysb, OCTaJbHbIE 0a30Bble IEpEMEHHbIE Oy-

IyT elle MTPUHUMATh HeOTPHUIaTeIbHbIE 3HAYCHUSI.
ONeMeHT O Ha3bIBAIOT paspewaiowum. OH ONPEACISCT HEPEMEH-

HYI0 X;, KOTOPYIO BBIBOAAT U3 0a3uca Xg, U yKa3blBaeT CBOOOAHYIO

NCPEMCHHYIO X ; , BBOAMMYIO B HOBBIi 0a3uC Xg) !

X, =...=x, =0, kpome x;=p,

x =P 0y X,

X :0,

X, =B, —o,x;.

3nauenne ueneoit ynkuuu f(X5;)=vo —v ;P> f (X5 ), TaK Kax
y;<0,a p>0.

Moxer okazaTbes, uTo p =0, Toraa menesas (YHKLIUS COXpaHSET
npensayIee 3Ha4eHHe, XOTs IepeMeHHble Oa3uca MeHstoTcs. Takoi
Cllyyall HAa3bIBAETCS BbIPOJNCOCHHbLIM W BCTPEUACTCS PEIKO, [UIS HETO

CYHICCTBYIOT CIICHIUAJIbHBIC MCTO/AbI PCIICHUA 3a1a1H.

[ockonbKy B 6a3uc BBeIeHA HOBAs ICPEMECHHAs X ; W BBIBEACHA X/,
BBIPA3UM Kak M Npex/ie 0asMCHYIO MEPEMEHHYIO X ; 4Yepe3 CBOOOJHbIC

nepeMeHHbIe. JlJIs TOro MoHano00UTCsl ypaBHEHHE U3 cucTeME (1.3)
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X :Bl —(OL[,,HXHI +...+aljxj +...+a[nxn).
W3 storo YpaBHCHUA ITOJTYyYHUM

Br | %y 1 oy
—_— xr+1+...+_xl+...+
Qi Qi Qi

lj lj Qs lj

HoxcraBuB x; B OCTalbHbIC ypaBHeHHs cuctemsl (1.3), momydnm

BBIpaXXCHUA J1JIs1 HOBOI'O Oa3smca:

_nt ' ' ’
x; =B; —(a,-rﬂxm oo +...+oc,-nxn),

TJc Ha ] -M MCECTC CTOUT X; — HOBasd CBO6OHH&H InepeMeHHasd.

LeneBas (yHKIMs Yepe3 HOBBIE CBOOOIHBIC TIEPEMEHHBIC 3AITHIICTCS
B BUJE

- ’ ! ! !
S =7y _(’Yr+1xr+1 Tyt "’+’Ynxn)'
Haﬂee BCC pPACCYKACHUSA TOBTOPAIOTCA CHOBA, T.C. HCCICAYIOTCA

3HAKU KO3 PHULIIEHTOB y’j Y TPOBOJATCSI COOTBETCTBYIOIINE Mpeodpa-

30BaHMs 10 IMOJIYYCHHA OKOHYATEIIbHOI'O pE3yJibTaTa.
I[JBI obneruenus mponecca nmoruckKa ONTUMaJIbHOr0 peIICHU UCIIOJIb-
3YIOTCA CIICHHUAJILHBIC Ta6J'II/IIH>I, Ha3bIBaCMBIC cuMnfzeKc-ma@zuanu.

1.2.2. Anzopumm pewienus 3a0a4 1UHENIHO20 RPOPAMMUPOCAHUA
C UCNOJIb306AHUEM CUMNICKC-MAOIUY,

1. KanoHnueckas cucrema OrpaHH4eHuil AX = b TPUBOIUTCS K BH-
Iy, B KOTOpOM Oa3HCHBIE TIepEMEHHBIE BBIPAKECHBI Yepe3 CBOOOIHBIC,
T.€. K BULLY

X =By = (O Xy + Opan X+t 0, X, )

Xy = Br - (arr+lxr+l T Oy X+t Oy Xy )’
a mieneBas GyHKIUA K Buay (1.4):
f()_C) =Yo — (Yr+1xr+1 Y2 Xp2 te T Y Xy ) .

2. 3anonHsgeTcs: cUMILIeKc-Tadmna (taos. 1.1).
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Tabmuma 1.1

CBobon- [lepemenHbIe
Bbasuc HBIC YJjie-
HBI X1 L X X, X4l X L X
o, o
X1 By 1 .. 0 0 AL U oy,
X Bi 0 |...] 1 0 Oljpil | wee | Ogj | ood] Oy
a
x, B, 0 |...] 0o |..]1 e U I R
fx) Yo 0 .| 0 0 Y+l Yy ol Ya

Kaxpmas crpoka Tabm. 1.1 cooTBETCTBYET ypaBHEHHIO, a MOCIEIHSSA
CTpOKa COOTBETCTBYET LENEBON (PYHKIHIH.
3. B cTpoke ko3 puuneHToB 1enaeBoil GyHKIUM (HE cuuTas vy ) Bbl-

bupaeres v ; <0, 06BIYHO MAaKCHMAJIbHBIM [0 MOAYJIIO.
Ecin Bee y; 20, TO ONTHMAIBbHOE PELICHUE AOCTUTHYTO, IPHYCM

3HAYCHUS TIEPEMEHHBIX ONPEIEIAIOTCS CTOIOIOM CBOOOIHBIX YICHOB, a
ONTUMAaJIbHOE 3Ha4YeHUE (YHKIMU — KIETKOH, COOTBETCTBYIOIICH CBO-
0O0IHOMY YIIEHY.

4.B j-M cronbue cpenu MojI0KUTEIbHBIX KOIPOULICHTOB oL BbI-

6HpaCTCH pa3pema}0m1/1171 QJICMCHT alj , T.C. BJIEMCHT IJId KOTOPOr0 MH-

HHUMaJIbHO OTHOIICHUEC B—l .

&y
Eciu monoxurenbHbIX KO3(D(HUIIMEHTOB HET, TO 3aJadya HE HUMEeT
pemeHus.
5. lenarcs Bce 4iieHbl CTPOKHU, COJAEpIKaAIE pa3peliarolnii SIeMEHT,

Ha o . [lomyueHHas cTpoka BHOCHTCS Ha TO K€ MECTO B HOBOH TabJuLe.
6. U3 xaxmoii ocraBmiedics i-# (i #/) CTPOKH BBIYMTAETCS MOIY-

YHMBILIASCS CTPOKA, YMHOXKCHHAs Ha KOY(QUIMEHT npu X ; B /[ -if cTpo-
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ke. B pesynpTrare B KJI€TKax, COOTBETCTBYIOIIUX j-My CTOJOIY ITOSB-

nstotest Hynu. [IpeoOpazoBaHHBIE CTPOKHM 3alUCHIBAIOTCS B HOBOW Tab-
JUTIE HAa MECTO TIPEKHUX.

HepeMeHHHe Xj H Xx; B HOBOM Ta6J'II/II_IC MCHAITCA MCCTaMH, T.C. Xj

BBOJIUTCA B 06a3UC BMECTO X .
Hanee uaer nepexoy Ha miar 3.

1.2.3. IIpumepot peuteHus npaKmudecKux 3a0au
JUHENHO020 RPOZPAMMUPOEAHUS

Hpumep 1.1. CocTtaBuTh MaTeMaTHYECKOE OIMHCAHHUE CIIETYIONINX
3a/1a4 B BUJIE 33/1a4 JTUHEWHOTO MPOTPaMMHUPOBaHUSI.

3apaua 1. 13 oxgHOTO TOpOJA B APYTrOd €KCTHEBHO OTIPABIISIOTCS
MacCaXUPCKUe U CKOpbIe moe3na. B Tabm. 1.2 yka3aH cocTaB MOe30B
Ka)XJIOTO THIIA, KOJMYECTBO BarOHOB B MapKe M MaKCHMAJIbHOE YHUCIIO
MaCCaKUPOB, HA KOTOPOE PACCUMTAH BaroH KaKJ0ro BUJA.

Ta6nuna 1.2
Baronst
Hoesza Barailc- HO‘H;O- HHaHK? pT Kymneiinsiit | CnanbHblit
HbIH BBIi HbIH

Ckopblii 1 1 5 6 3
[Maccaxupckuit 1 - 8 4 1
Yucao BaroHos 12 8 81 70 26
Yuco naccaxu-

POB B Baroxe o =0 oy =0 a3 =58 oy =40 as =32

OHpe,Z[eJII/ITI) YUCJIO CKOPBIX X U IACCAKUPCKUX X, IIOC3J0B, KOTO-

pble He00X0AUMO (OPMHPOBATH €KEIHEBHO M3 MMEIOIIMXCS BaroHOB,
YTOOBI YHCIIO MEPEBO3UMBIX MACCAKUPOB OBIIIO MAKCHMAIBHO.
Pemenue. LleneBas GhyHKITNS:

f(X)=c1x +cyx,,
IJIe | — YMCIIO0 MAcCaKUPOB B CKOPOM BATOHE; ¢, — YHCIO MACCAKUPOB

B ITaCCa)KUPCKOM BaroHe.
Hatitn max f(X) npu orpaHHYCHHSX:

Ix; +1x, <12 — orpaHnueHHs Ha YUCI0 OaraKHbIX BarOHOB;

27




1x; +0x, <8 — orpaHMYEHHUs HA YUCIIO TOYTOBBIX BATOHOB;
5x; +8x, <81 —orpaHuueHus Ha YMCIIO IUIALKAPTHBIX BarOHOB;
6x; +4x, <70 — orpaHMuYEHHs HA YHCIIO KyNEHHBIX BarOHOB,
3x; +1x, £26 — orpaHMYeHHUs HA YUCIIO CHAIBHBIX BarOHOB.
IIpu sToM
cq=la;+1-0y +5-03 +6-04 +3-05;
cy=10;+0-0,+8 03+4-04 +1-05.
3apaua 2. B Hauane pabodero aHsS U3 aBTOOYCHOTO TMapKa BEIXOISAT
Ha JMHHUIO X; aBTOOYCOB, uepe3 uac ele X, aBTOOYCOB, elle depes
4ac — eIlle X3 aBTOOYCOB.

Kaxpprit aBTo0yc paboTaer HenpepbiBHO § 4. Pabounii 1eHp cocTas-
nset 10 4.
MuHnMansHO He00X0AMMOE YHCIIO MAallMH Ha JIMHUYU B i -i 4ac pa-

6ouero aus (i =1,10) pasHo b;. IIpeBbilIeHUE STOrO YKCIIA IPUBOJUT K
JOIOJIHUTENIbHBIM M3JepoKKaM: ¢; pyOselt B TeueHHue i -ro yaca Ha Ka-

JKIBIN TOTIOJTHUTENBHBIN aBTOOYC.

OmnpenennTth KOJIUYECTBO aBTOOYCOB X|, X;, X3, BBIXOISIIIUX Ha
JUHUIO B TIEPBBIC Yachkl pabodvero IHSA, Tak, 4TOOBl MHUHUMH3HPOBATH
JTOTIOJTHUTEITLHBIC U3JICPKKU B TCUCHHE BCETO pabovero JHs.

Pemenne. CocraBum Tab6m. 1.3.

Tabmuna 1.3
Yace! 1 2 3 . 8 9 10
MuHuManpHOE  KOJNUYECTBO by by by .. bg by bio
aBTOOYCOB
KonnuectBo aBT0OyCcOB X X x
+ +
X2 X2 X2
+ +
X
3 X3 X3

C yuerom Tabi. 1.3 1ieneBast pyHKIUSA MOXKET ObITh MIPEJACTABIICHA B
BUJIC:
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f(x)=(x1 —bl)cl +(x1 +XZ _bZ)CS +(x1 +x2 +X3 —b3)C3 +...+
+ (o +xp +x3 —bg)cg +(xy + X3 —bg)cg +(x3 —byg)cyg =

8 9 10 10
=x1.c+x0. ¢+ 2.¢; =2 bic;
i=1 i=2 i=3 i=1

Heo6xoaumo HaiiTit min f(X) 1npu orpaHUYeHUSIX:

x; = by;

X +Xy 2 by;

X + X, +x3 2maxb;;
3<i<8

Xy + X3 2 by;

X3 2 byp.

IMpumep 1.2. Pemenne 3a1a9 CUMITIIEKC-METOJIOM.
3apayva 1. Haiitu max f(X) = 21x; +11x, npu orpaHM4YeHuUsIX:
Tx; +4x, <13;
x <1
2x;+x, £3;
Xq > 0, Xy > 0,

Pemenune. 1. [IpuBegem cucteMy OrpaHUYEHUH K KaHOHUYECKOMY

BUJy IyTeM J00aBJI€HUs OCIA0IAIONIUX IEPEMEHHBIX X3, X4
X +x4 =1
2x; + x5 + x5 =3.

2. PazpemnM cucteMy OrpaHMYEHHH OTHOCHUTENBHO Oa3WCHBIX Iie-
peMeHHBIX. Panr cucremsl 7 =3. B kauecTBe 0a3MCHBIX NEpEeMEHHBIX
IpUMEM IIepeMEHHbIE X3, X4, X5. 1Orna mepeMeHHble X;, X, OynmyT
CBOOOHBIMH.

X3 =13=(7x; +4x,);

x4 =1-x;

X5 =3-(2x +x,).
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Henesas pynxmus: (X)) =0—(-21x; —11x,).
3. CocraBum Tab1. 1.4.

Tabnvma 1.4
Basic CBoOOmHBII X ¥ X X ¥
qeH 1 2 3 4 5
X3 13 7 4 1 0
X4 1 1 0 0 1
X5 3 2 1 0 0 1
f(x 0 21 -11 0 0 0

(131 3| 1 o
min{—, =, = =1 a;; =1 — pa3peraomnii SJICMeHT.

4. CocraBum 1abia. 1.5. Jlns uero BeIBEIEM JIEMEHT X, U3 Oa3uca, a

JIEMEHT X| BBEZEM B Oa3uc.

Tabmuma 1.5
Basic CB0OOTHBII x| X, X3 X4 %s
YIICH
X3 6 0 4 1 -7
X1 1 1 0 0 1
X5 3 0 1 0 -2
J(x) 21 0 -11 0 21 0

5. CocraBuM Tadm. 1.6. [l sToro yaanum us 6a3uca 2IE€MEHT X5 H
BBeZIeM B 0a3uc — X, .

Tabmuma 1.6
Basuc CBOS;;[:LII/I x| X, X3 X4 X5
X3 2 0 0 1 1 4
X 1 1 0 0 1 0
Xy 1 0 1 0 -2 1
f(x) 32 0 0 0 -1 11
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6. CocraBum Tabi. 1.7, koTopas obpasyeTcs npH yJaleHuu u3 0a3u-
ca ’JIeMEHTa X; M BBOJA B 0a3MC 2JIEMEHTA Xy .

Tabmuma 1.7
CBoOOAHBIIT
bazuc wieH X1 X5 X3 X4 X5
X3 1 -1 0 1 0 —4
)C4 l 0
Xy 3 2 1 0 0 1
S 33 1 0 0 0 11

IMockonbky B mocienHel cTpoke Tadi. 1.7 OTpUIATENbHBIX K0P DU-
IIMEHTOB HET, TO MpPOLECC pemIeHus 3a1a4 3akoH4yeH. [Ipu atom x; =0,
Xy, =3,x3=1, x4 =1, x5 =0 (x;, X5 — cBOOOAHBIEC IEPEMEHHBIE).

OnrtumanbsHOe 3HaYeHUE LeneBoi GyHkuuu — f(x) =33.

I'eomeTpuyeckas MHTEpIIpETaLUsl PEIICHUs 3a/1auy IpeICTaBlICHa Ha

puc. 1.5.

x, =1

max f(x)=21x, +11x,

3 Tx, +4x, <13
x =<1
2x, +x,<3
2 x, 20,x,20
Tx, +4x, =13
10
o T2k +x,=3
0 _})/2 !
JTInHnM ypoBHSA dyHKUMM

Puc. 1.5. 'eomeTprueckoe MpencTaBiICHUE 3aa91
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3agayva 2. Haiitu max ¢ynkuun f(x) =3 +4x, + 6x, npu orpaHu-
YEHUSX:
2x; =3x, <0;
2x; —2x, 2 4
4x; —5x, = -20;
x;20,x, 20.

I'eomeTpudeckas nHTepIpeTays 3a1a4u 2 NpuBeaeHa Ha puc. 1.6.

XA
12
11
10

9

4x,—5x, =20

JTInHun 8
YPOBHS 2x, —2x, =—4

T

6 __
A LN
2
1

0123456'7891095l
Puc. 1.6. ['eomeTprueckoe mpencTaBiIcHUE 3a1a9H 2

Pemenne OyneM MpOBOIUTH B COOTBETCTBUH C MOPSIIKOM, M3JTIOKEH-
HBIM IIPU PELICHUHN MPEABIAYIIEN 3aJauH.

2x; =3x5 +x3 =0,
1. 2x1—2x2—x4 2_4, r=3.
4x, —5x, — x5 =-20.
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2. X3, X4, X5 —0a3uCHBIC; X;, X, — CBOOOJHBIC

X3 :0—2X1 +3X2;

X4 =4+2x1 _2XZ;

X5 =20+4x1 _SX2;

CocraBuM cootBeTcTBytomue Tabm. 1.8 — 1.10.

f(¥) =3+44x; + 6x, — ueneBast GyHKIMSL.

Tabnuma 1.8
CBOOOIHBII
basuc e X X X3 X4 X5
X3 0 2 -3 1 0
X4 4 -2 2 0 1
X5 20 —4 5 0 0 1
f) 3 —4 -6 0 0 0
Ta6numa 1.9
CBOOOIHBII
basuc e X Xy X3 X4 X5
X3 6 -1 0 1 3/2 0
Xy 2 -1 1 0 12 0
X5 10 1 0 0 -5/2 1
() 15 -10 0 0 3 0
Tabmuma 1.10
CBoO 7
basuc BOqI(I)e)J;BII/I X1 Xo X3 X4 X5
X3 16 0 1 -1 1
Xy 12 1 0 -2 1
X 10 0 0 -5/2 1
) 115 0 0 0 —28 10

Kak Buzno, B tabm. 1.10 Bee a; <0 (j=4). CnenosarensHo, sada-

ua He umeem peuleHusl.
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3agauya 3. Haiitu max ¢ynxoun f(X) =2+ 4x; +2x, +2x; 1pu
OrpaHUYCHHAX:
2x) = 3x, +15x3 < 3;
2x; +2x, +8x3 <32;
2x) —4x, +16x3 <25
X 20,xy 20,x3 20.
Pemenue OyneM NMPOBOJUTH B COOTBETCTBHHU C MOPSIIKOM, HU3JIOKEH-
HBIM TIPH peleHuy 3a1a4 1 u 2.
2x; =3x5 +15x3 + x4 =3;
1. 2x; +2xy +8x3 +x5 =32; r=3.
2x; —4xy +16x5 + x4 = 2,
x4 =3-2x; =3x, +15x3);
2. X5 =32—-(2x; +2x, +8x3); [f(¥)=2—(-4x; —2x, —2x3).
Xg =2—(2x; —4x, +16x3),

CocraBuM cooTBeTcTBYtOomMe Tadm. 1.11 —1.14.

Tabmuma 1.11

basuc CBOE;;?HH X Xp X3 X4 X5 X
X4 3 2 -3 15 1 0 0
X5 32 2 2 8 0 1 0
Xg 2 —4 16 0 0 1

f(X) —4 -2 -2 0 0 0

Tabmuua 1.12
basnc CBOE;GH;{HH X1 Xy X3 X4 X5 Xg
Xy 1 0 1 -1 1 0 -1
Xs 30 0 6 -8 0 1 -1
X1 1 1 -2 8 0 0 172
f(x) 6 0 -10 30 0 0 2




Tabmuma 1.13

bazuc CBOE; eﬂé{ - X X2 X3 X4 X5 X6
X7 1 1 -1 1 0 -1
X5 24 0 -2 -6 1 -5
X1 3 1 0 6 2 0 -3/2
S&) 16 0 0 20 10 0 -8
Tabnuma 1.14
baznc CBOE;;:HH X1 X X3 X4 X5 Xg
X) 19/5 1 -7/5 -1/5 1/5 0
Xe 24/5 0 -2/5 —6/5 1/5 1
X1 51/5 1 0 32/5 1/5 3/10 0
f(x) 272/5 0 0 84/5 2/5 8/5 0

B coorserctBuu ¢ myHKkTOM 3 anroputma Bce y; >0, 3Ha4wT, K0C-

TUTHYTO ONTUMAJIbHOE pEIlICHUE.
Taxum o0pazom, umeeM:

X =%, xzz%, x3=0,x,=0, x5 =0, x6=25—4

(x3, X4, X5 — CBOOOHBIC IEPEMEHHBIE).

. — 2
OnrtumanbHOE 3HaYeHUE 1esieBoi GyHKIuN — f(X) = 54§.

1.3. BoIpo:keHHbIe 321244 JJUHEHHOT0 NMPOrpaMMHPOBAHUS

1.3.1. Ilonamus evlporcOeHHOCIU U 3aUUKTUGAHUA PEUIeHU 3a0ay

JIUHEIIH020 RPOZPAMMUPOBAHUS

Onpenenenne 1. Ecmu x0T Obl 01HO 0a3UCHOE PEIICHHE X BbI-

POKIEHHOE, TO 337a4a JMHCHHOTO MPOrPaMMHUPOBAHHUS HA3bIBACTCS Gbl-
PO2HCOEHHOU, €CIIH BCE Ga3UCHBIC PCIICHUS Xg, — HEBBIPOXKICHHBIC, TO

3aJa9y Ha3bIBAIOT HEBbIPOHCOCHHOU.
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yreees X, ) Ha-

Onpenenenue 2. basucHoe pelieHue )_66,' =(X,.., X
3bIBAETCS HEGLIPONHCOEHHLIM, €CIIA OHO MMEET TOYHO » (7 =m — PaHr
CHCTEMBI OTPAaHWYECHHI) MOJOKUTENBHBIX KoopauHAT. Ecnu gmcno mo-
JIOKHUTENILHBIX KOOPAMHAT 0a3MCHOTO PEHICHUs] MEHBIIE 7 , TO PELICHUE
Ha3bIBACTCS GbIPOIHCOCHHBIM.

Hpumep. Paccmotpum 3amady 2 u3 nmpumMepa 1.2, koTopast He UMeeT
peleHus.

Haiitu max f(X) =3+ 4x; +6x,.
Cucrtema orpaHMYCHUN UMEET BU/I:
x3=0—-(2x; —3x,);
X4 =4—-(2x —3x,);
x5 =20—-2x; = 3x,); r=3.

ITepBoe 6a3uCHOE peLIeHHE — BBIPOXKICHHOE.

x3=0;
X4 =4 — 0a3HCHOE pelleHNE;
x5 =20
x; =0;
X, =0; — CBOOO/THBIC TICPEMECHHEIE.
x;=0

CnenoBarenbHO, 10O ONpeseNeHHI0 1, 3aqada — BRIpOXKIEHHAs (TIpu
PEIICHUH ATOW 3aladdl CHMILIEKC-METOJOM, MBI HE CTOJIKHYJUCH HH C
KaKMMH OCOOCHHOCTSIMH; TO YTO Y 3aJ[a4d HET PELICHHS C BBIPOXKICH-
HOCTBIO HUKAK HE CBSI3aHO).

PaccmoTpuM cuTyanmm, Korma 3amada MOXKET 00J1aaTh BBIPOKICH-
HBIMU 0a3UCHBIMH PEIICHUSIMH.

1. Ecnu panr marpunbl 4 MeHbiie m (r <m), TO Bce Oa3UCHBIC

peleHus 3aa4d — BBIPOXKIEHHBIE. DTO HE CTPAIIHO, TaK KaK BBIPOXK-
JICGHHBIC 3aJ]a4M JIMHEHHOTO NPOrpaMMHUPOBAHUS PEIIAIOTCS HE CIIOXKHEE
HEBBIPOXKACHHBIX. Takyl CHTYyalWIO JIeTKO HCKIIOYUTh, OTOPOCHB
(JTUIIHNEY» YPaBHEHUS.

2. Ecm panr matpunel A paBeH m (r = m),TO 3a/1a4a TaKKE MOXKET
00Ja1aTh BBIPOXKICHHBIMI Oa3UCHBIMH PEIICHHUSIMH (CM. IIPUMeEp), IpH-
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YeM 3TO MOXXET OOHApPYXUThCS HE HA TEPBOM HMTEpalUU CHUMILICKC-
METO/1a, a I03KE.

K yemMy MOXeT MpUBECTH NMPUMEHEHHE CHUMILICKC-METO/a, €CIM OH
TOTIaJI B BBIPOXKJIEHHYIO TOUKY?

BosmorkHa (HO HeoOsI3aTenbHa) CUTYaIHs, KOT/1a CUMIUIEKC-TabIuIa
npuHUMAaeT Bua Tadi. 1.15.

Tabmuma 1.15

CB00OO HEINH
basuc X1 X vee Xy [Ipumeuanue
YjIeH

X1 '31 >0 Ol a]j ves Ay

Koa¢pdurment
ay; Oyzer pas-
pelamum

a;; >0

OJIEMEHTOM, TaK
KaK OTHOLICHHE

(Bi/a j =0 -
MWHHUMAJIBHO

r Br >0 . &y (o

Y <0 — Ko-

S Yo 17 Y Yn 3(1)(1)1/1111/1?1{1
KOTOpPBIil BBHIOU-

paem

B pesynbrare nomydum ciemyrolee TeKylee 0a3uCHOE pelIeHuUe:

X =B X; =0, x, =B, x4 =x;, =...=x, =0.

ITocne u3MeHeHHs TaONUIBI B COOTBETCTBHU C CHMILICKC-METOIOM
0a3ncHOE perieHIe UMEET BHI.

X =By X; =0,00x, =B, X, =0,..,x;,=0,...,x, =0.

i

Takum 00pa3om, HOBOe 0a3uCHOE PEIICHUE COBMAJACT C IMPEIbITY-

M (B CTOJIOIE «CBOOOIHBIN WIeH» HUYETO HEe M3MEHMIIOCH). Pe3yib-
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TAaTOM UTEpaLUH SIBUJIOCH TO, YTO M3MEHWICS Oa3uc Touku. [Ipu 3Tom
3HaueHue neneBod ¢yHkmuu ( f(X)=7y,), €CTECTBEHHO, HE YBEJIUYH-

noch. (KospouuueHTsr o; ¥y ; M3MEHUIIUCH.)

Brruncnennst MOXHO TPOJOIKATh, HAaJEsICh, YTO B XOJ€ OUYSPETHOM
UTEepalry ynacTcsl yBEIMYUTh 3HaYCHUE IeNeBOM (YHKUUH, IPH 3TOM
BO3MOJKHO ITOBTOPEHHE HECKOIBKUX «XOJIOCTHIX)» UTEPAIIHIA.

[TockonmbKy YHCIO pa3IMYHBIX 0a3MCOB JIOOOTO OA3MCHOTO pele-
HUS — KOHEYHO, TO IOCJE HEKOTOPOIO YHCIa «XOJOCTBIX)» HTEpalui
mm6o:

1) BeISICHUTCS, YTO Oa3WCHOE pelieHre, Ha KOTOPOM MBI «3acTpsi-
JI» — ONTHMAIILHO;

2) oOHapyXHTCsl, YTO LeneBass (QYHKOUS 3aJadyd HE OrpaHUueHa
CBEpXy Ha JIOIyCTUMOM MHOKECTBE;

3) momy4yuTCcs HOBOE OAa3MCHOE PEIICHUE;

4) MBI TIpUIeM K 0a3uCy TEKyIed TOYKH, KOTOPBIH yxke QUrypupo-
BaJI Ha OJTHOW W3 MPEBIAYIINX UTSPAIHA.

B otnmume ot OGyaromoydHBIX ciaydaes 1, 2 u 3, ciydait 4 o3HaJaer,
YTO MBI BEPHEMCS K COCTOSHUIO (C TOW YK€ caMOi CHMIUIEKC-Tabuien),
B KOTOPOM Yye OBbLTH, H, CIIeI0OBATEIbHO, IIPOXO/IS CHOBA M CHOBA Uepe3
TOT K€ CaMBIi psf MYCTHIX WUTeparuii, Oy/JeM BO3BpaIIaThCS B OTO JKe
nojoxxeHue. Takoe sBIIGHUE HA3BIBAIOT 3QyUKIUGAHUeM TIpolecca pe-
HICHUS 3aJa4H.

W3 omblTa MpuMeHEHUs] CUMIUIEKC-METO/Ia JUIsl UCCIICIOBAHUST MOJIe-
JIe peanbHBIX SBICHUH CIOXHUIOCH yOeXJIeHHe, YTO BEpOSITHOCTH 3a-
UUKJIMBAaHUA HUYTOXHO Maja. M3BEeCTHO JHIIL HECKOJBKO CHENUAIBHO
pa3paboTaHHBIX 3a/1a4 JTUHEWHOTO MMPOrPaMMHUPOBAHUS, B TIpoIlecce pe-
IIeHNs KOTOPBIX BO3HMKAET 3aluKinBaHue. [lo3TOMy, TOCKONBKY 3a-
UKJIMBAHHE XOTS U MaJIOBEPOSITHO, HO BCE JK€ BO3MOXKHO, HEOOXOAUMO
YMETh €TO YCTPaHSITh.

OxazpIBaeTcs, 3alUKINBAaHIE MOYKHO NMPEIyNpPEeInTh, €CIIH BHECTH B
CHUMILIEKC-JITOPUTM ONpe/IeIIeHHbIE YTOYHEHUS! OTHOCHTENLHO MTPpaBUIIa
BBIOOpa paspelnaroniero ieMeHTa. JroOoe mpaBuiio BbIOOpa paspe-
IIAFOIIETO AJIEMEHTAa, C TIOMOIIBI0 KOTOPOT0 MOYXHO M30eXaTh 3alHKIIn-
BaHUS, HA3BIBAIOT aHMUyUKIuHOM. VIMeeTcsl HeCKOJIBKO TIpUYeM J[0CTa-
TOYHO MPOCTHIX AHTULIUKINHOB. OCTaHOBUMCS Ha OJTHOM M3 HUX.
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1.3.2. Aumuuuxnun

Jlerko nmokaswiBaeTcsl TOT (DAKT, YTO B HEBBIPOXKICHHOHN 3aqaue MU-

HUMYM OTHOLICHHA —+ AOCTUT'AaCTCAA HAa CAMHCTBCHHOM HOMEPE l.

i
CJ'IGILOBaTCJIBHO, HOMCp HepCMCHHOﬁ, KOTOpaﬂ BBIBOOAUTCA H3 YUCIIa

0a3UCHBIX MNEPEMCHHBIX — X;, U pa3pema}0m1/n71 OJICMCHT — U'lj B HCBBI-

POKIEHHBIX 3a7adax OMpeNeNsieTcss OMHO3HAYHO. B BBRIPOKICHHBIX 3a-
adax 3TO He TakK, T.€. MOXKET OBITh HECKOJIBKO MUHHMAJIBHBIX OTHOIIE-

auii —— . TIpeamonokuM, YTO Ha OYEPEIHOM HTEpalUM CUMILIEKC-
Oy
Tabmuna nmeeT BUx Tabm. 1.16.

Tabmuma 1.16

CBoboJ-
basuc N X X X X X
HBIH WIeH ! " 7+l J n
x| B >0 1 T T B TS U (e oy ayy,
Xy By >0 0 | . 0 | %yt - Oy
o
wo | B0 | o | | o || - o | o
X, B.>0 0 1 Oy | oo Oy Oy
f(x) Yo 0 0 Y+l Yj<0 Yn

HpeILHOJ'IO)KI/IM, 4qTo

Py Py B

Gpj Gy @700y
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CrnenoBaTenbHO, HET OJHO3HAYHOTO BBIOOPA pa3pelIaloniero 3JIeMeHTa.
ITpeanonoxkuM, 4To Mbl Ipou3BoibHO BblOpanu [ =/;. Torma mocie

npeoOpa3oBaHus TaOJIHIBI HA MECTe CBOOOIHOTO 4JieHa [312 IOSIBUTCS
HYJIb!

By [ By By 0
CTER A P
hj by hj

TakuM 00pazoMm, TOSBUTCS BBIPOXKICHHOE 0a3MCHOE PEIICHUE W CTaHeT
BO3MOXXHBIM 3aunukinBanue (Temepp sicHO, MOYeMy B HEBBIPOXKICHHOM
3a7iaye MOKeT OBITh TOJIBKO OJJHO MUHMMAJIbHOE OTHOLICHUE. )
Joxazano [ ], 4TO 3allMKJIMBAaHHE HE MOXKET BO3HUKHYTbH, €CIU Ha
Ka)XI0M WTepannu HoMmep /- mepeMeHHOH, BHIBOIMMON U3 Oasmca, B
Cllydae HEOJJHO3HAYHOCTH, BBIOMPATh 10 CIEAYIOIIEMY IPaBHITY.
[IycTe numeem:
0° = min P — P =P
oc,-j>0(xl-j allj alkj

(T.e. MUHUMYM JOCTUTAETCS Ha HOMEepax k > 1).

O .
Hano BblumcnuTh OTHOWEHU —— 1A i =/,...,I; (T.e. BMecTO f3;
oL ::
ij

U3 CTONOIA CBOOOJHBIX YI€HOB OpaTh O;; M3 HNEPBOro CTONOLA, KOTO-
. . ool G
pBIii COOTBETCTBYET X| ) M HAWTH cpe¥ HUX min Q" = min —.
i:ll...lk Otl]
Ecmi mMummvyM Q' JIOCTHTaeTCs TONBKO JUIS OJHOTO HOMEpA H3
ly,...,l; (manpumep, [,), TO BOPOC PELICH — X, BBIBOLUTCS W3 Oa3u-

ca, 0y ; — Pa3peIIAIONIHii SIEMEHT.
Ecnu MuHuMYyM Q1 JocTuraercst 6oyiee 4eM il OTHOTO HOMEpa, TO

.Qy

JUISL BceX 9TUX HOMepoB /..., (s <k) Haxomurcs Q2 = min —Z (xo-
i=ll...lS (ll--
ij

a¢duMeHTs U3 BToporo cronodna). 1 tak nanee.
T'apanmupyemcs, uro Hahgercs Takoe ¢ (1< g <mn), 11 KOTOPOro

MUHHMAaIbHOE 3Hauenne Q7 mocTuraercs TOMBKO IS OHOTO HoMepa [ .
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CrnenoBaTenbHO, MPUBEIEHHOE MPABMUIIO BCET/Ia OJHO3HAYHO OIIpe-
JieNIsieT IEPEMEHHY0, BBIBOJUMYIO U3 Oa3uca.

HeoOxoammo 3amMeTHTh, 4TO XOTS CPEAN MPUKIAAHBIX 3a7ad JIMHEH-
HOTO MPOrPaMMHUPOBAHUS BBIPOXKIECHHBIE 33Ja4l BCTPEYAIOTCS JT0BOJIb-
HO 4acTo, TeM He MEHee 3aluKINBaHue ObIBaeT KpaiiHe peako. Mcmomb-
30BaHME AaHTHLMKIMHA HA KaXIOM ILare CUMIUIEKC-METO/a IPUBOAUT K
3aMETHOMY YBEJIWYEHHIO BPEMEHH, KOTOpoe TpeOyeTcs A perieHus
3amaud Ha OBM. IlosTOMy Ha NpakTHKE Yalle BCEro MOJb3YHOTCS VH-
POWjeHHbIM NpasuIomM BHIOOPA pa3pellaroIlero 3JIeMeHTa B clydae He-
OIHO3HAYHOCTH, T.€. €CITM MHHHMYM JIOCTUTAETCS Ha HECKOJIBKHX OT-

HOIIEHUX —— , TO OepyT B KauecTBe | HaumeHbuuil U3 HOMEPOB i .
Rt/

B ToMm ciyuae, eciiu 0OHapy)UTCS 3aI[UKIMBAHUE, TPHUHUMAIOT OITH-
CaHHBIM WM KaKOW-HUOYAb APYTroi aHTHIMKIIMH, a TTOCIIe TOTO, KakK 3a-
IUKIMBaHHUE MIPEO0ICHO, CHOBA BO3BPAIIAIOTCS K yNPOIIEHHOMY TIpa-
BUJIY BbIOOpA pa3pelaroniero 3J1eMeHTa.

1.4. MeTo HCKYCCTBEHHOT0 0a3uca
1.4.1. Ocobennocmu memooa

Jis pemieHus 3a7aydl JIMHEHHOTO MPOrPaMMHPOBAHMS CHMILICKC-
METOJIOM, KaK ObLIO OTMEUYEeHO B M. 1.2, HE0OXOAMMO BBIPa3uUTh Oazwc-
HbIE TepeMeHHbIe Yepe3 CBOOOAHBIC, T.. MOMy4HTh BhIpakeHue (1.3).
Ilpuuem 6 smom svipadicenuu c60000HbBIE UNeHbI DOANCHBL ObIMb HEOM-

puyamenvror (B; 20, j=1,r). Bo MHOrnx 3anadax sra npobiema pe-

nraeTcs TPUBHAIILHO, HO HE BO BceX. B ciryuae, ecnu mpobiiema He pe-
nraeTcs TPUBUAIBHO, UCIONB3YIOT METOJ HCKYyCCTBEHHOro Oaszmca. Me-
TOJI MO3BOJISIET THOO BBIPA3UTh Oa3MCHBIC MEPEMEHHBIC Yepe3 CBOOOI-
Hble, OO YCTAaHOBUTH, YTO CHUCTEMa OTPAHWUYCHHI HECOBMECTHA.
(Ilpouenypa JKopuauna — I'aycca [3] rapantupyer f3; 20 n ornmyaercs

OT CHMIUIEKC-METO/Ia, @ METOJ UCKYCCTBEHHOTO 0a3nca CBOJTUTCS K TO-
MYy K€ CHMIUIEKC-METOTY.)

3anuiieM OCHOBHYIO 3aJlauy JIMHEMHOro MporpaMMHUPOBaHMUS:

HaiiTn max f(X) = ¢ x; +...+¢,X, +cq IpHU OrPaHUYEHUIX
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apxy +...+ap,x, :bl,
a)nXxy +..+daz,x, zbz,

(1.5)

ag x; +..+a.,x,=b,.

IIpeanonoxum, uro Bce koaddummentsr (b; 20, i=1,r). Ecnu xa-
koe-to (b; <0, ), TO yMHOXXEHHEM I-I'0 ypaBHEHUs Ha —1 MOXHO oOec-

MEYUTh HCOTPULATCIIBHOCTD bi .

Beenem BciomorarenbHble nepemenssie (y; 20, i=1,n):
yi=b—ayx; — .. —apx,;
Vo =by —ayx; —...—ay,x,;
(1.6)
Yr :br TANX] T T Ay Xy

Pemenue cucreMbl MMHEWHBIX ypaBHeHHUU (1.5) SKBUBaJIEHTHO pe-
IIEHHIO0 CUCTEMEI (1.6) MIPH TOTIOTHUTENEHBIX YCIOBUSIX
N=yy=...=y,=0.
BBenem Takke JONOTHUTEIBHYIO IENIEBYI0 (DYHKIIHIO:
O=y+y,+...+,.
Hrak, nocraBieHa BcroMoraTelibHas 3ajiadya JIMHEHHOI'o IMporpam-

MUPOBaHUS, KOTOPasi IPUHUMAET CJICAYIOIINHI BHI:
HaiiTt min @ npu orpannyeHusx (1.6) u ycIoBusx:

x20,...,x,20, y;20,. >0.

n = S =
Jis ee perieHuss MOKHO BOCTIONIB30BAThHCS CUMILIEKC-MeToAoM. [1pn
9TOM HaudaJIbHBIA Oa3uc yxe HaigeH. JlelcTBHTENBLHO, eciu 3a Oasuc-
Hbl€ IEPEMEHHbIE NPUHSTH V),..., ,, 4 32 CBOOOAHBIE — X|,..., X,, TO
B cucreme (1.6) Oa3ucHBIE IEpeMEeHHbIE YK€ BBIPAXKEHBI Yepe3 CBOOO/I-
Hele. [Ipuuewm, (b; 20, i=1,r).
[Ipennonoxxum, 4To BCIIOMOTraTeNbHas 3ajada pelieHa 1 HaiJaeH Mu-
HUMYM 1eneBoi pynkuun ©. Bo3MoxHBI JiBa BapuaHTa:

42



1) min ® =0. Od4eBHAHO, YTO 3TO BO3MOXKHO, JIMIIL KOTJa BCE
BCIIOMOI'aTE/IbHBIC IIEPEMEHHBIC paBHBI HYJIH0, a HMMEHHO, KOTraa
yf =...= y: =0 ( ¥ 03HaUAeT ONTHMAIBHOE peIcHueE).

Ecnu BeImmcare W3 IOCHEIHEH CHMILIEKC-TAONUIBI ONTHMAIIbHBIE

* *
3HAa4CHUA IICPEMCHHBIX Xi,...,X,, TO O4YCBUIAHO, YTO OHH SABJIAIOTCA

pemeHusIMHI cucTeMbl ypaBHeHui (1.5);
2) min @ > 0. D70 03HayaeT, 4To cuctema (1.6) He IMeeT pereHHH,

JUTSL KOTOPBIX yf =...=yj =0.

Ortcrona cienyer, uto cucrema (1.5) HecoBMecTHa.
Paccmotpum OGonee moapoOHO mepBblil citydait, korna min @ =0

[penmnonoxkum, 4To B MOCICIHEH CUMILICKC-TA0JINIIE BCIOMOTaTEIbHOM
3aJa4d BCE BCIIOMOTATENBHBIE MEPEMEHHBIE ); HAXOAATCA B TPyIIe
CBOOOTHBIX TIEpeMEeHHBIX (Tadu. 1.17).

Tabmuma 1.17

Bbasuc Cngg:;He X1 X2 X3 X4 N Y2 3
X 2 1 0 0 1 -2 3 1
Xy 1 0 1 0 2 3 -2 4
X3 3 0 0 1 -3 1 3 2

-0 0 0 0 0 5 7 4

U3 tabn. 1.17 cnenyet, yTo Ga3svCHBIE IEPEMEHHBIE X[, X, X3 MOX-
HO BBIPA3UTh Yepe3 CBOOOAHBIC — X4, V|, Vo, V3 CICAYIOIIUM 00pa3oM:
X1 =2=(x4 =2y, +3y; +13);
X =1=(2x4 +3y =2y, +4y3);
X3 =3=(Bxg + Y +y3 +y2)
B o6mieM Buje 3TO MOKHO 3aIIMCaTh TaK:

Xy :Bj _(ajr+1xr+1 tot 0, 0 +"'+ajryr); @

j=Lr.
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O6parum BHHMaHHE Ha TO, 410 Bee B, 20, j=Lr. Dro cupasen-

JIMBO, TaK KaK B CTOJ'I6I_[e CBOGOZIHLIX YJICHOB HAXOIsTCA OIITHUMAJIBHBIC
3HA4YCHUA 6a3I/ICHLIX NEPEMCHHBIX, @ OHU BCCr/la HEOTPULIATCIIbHBI.
Ilonarast teneps B Belpakenuu (1.7) y; =...=y, =0, nomyuaem

MCKOMBINA HaYaJbHBIN Oa3uc:
X;= Bj - (ajr+1xr+1 T+, );
>
B ;2 0.

Janee HEOOXOMMO BBIPA3HTh EIEBYIO (YHKIHMIO Yepe3 CBOOOHbBIC
NEPEMEHHBIE X, ,..., X, M PEIIaTh OCHOBHYIO 33/auy MaKCHMHU3alUU
¢yskumn  f(X) ¢ cucremoi orpanmueHuit (1.5). Hauanpnas cumrmiexc-
TabnuIa 151 3TOH 3a7a4n OyAeT JUIb HEMHOTO OTIIMYAThCS OT IMOCTIeTHEH
CHMILIEKC-TaOJIMIIBI TSl BCHIOMOTaTeNbHON 3a1auu, T.e. OyAyT OTCYTCTBO-
BaTh CTOJOLBI, COOTBETCTBYIOLIME IEPEMEHHBIM ), U Oyzer Apyroii
CTpOKa I1eJIeBor (PYHKIIMH, a OCHOBHASI YaCTh TaOJHIIBI OY/IET Ta Ke.

OnHaKo MOXKET CIIOKHTBCS TakKas CHTyaIlus, 9ro B Taba. 1.17 Bcmo-
MOTaTeIbHOI 3a/a4 HE BCC NEPEMEHHBIC ) ; OKaXYTCs B YHMCIIE CBO-
0OMHBIX, HEKOTOPblE M3 HUX MOTYT OKa3aThCsi B 4HCIE Oa3MCHBIX

(Tabm. 1.18).

Tabmuma 1.18

Basuc CroGozmic X X3 X3 Xy » Y2 Y3
YJICHBI

X1 2 1 0 1 0 1 2

X5 1 0 1 -1 2 0 1

N 0 0 0 0 -1 0

—O 0 0 0 2 1 0 0 3

3nech Oa3sMCHBIE NEPEMEHHBIE — Xi, X5, Vi, 4, X3,X4, V5, V3 — CBO-

6oxnble. Ilpuuem cBOOOAHBIN WiEH, COOTBETCTBYIOLUIUNA )|, PaBEH HY-

*
JIF0 — 3TO 0053aTeNbHO, TaK KaK B ONTUMaIbHOM pemienuu y; =0 (t.e.
HMeeM JIeJI0 C BBIPOKICHHOW 3amadeil). B aTom ciayuae HeoOXommMo
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MMPOU3BCCTHU JOIOJHUTCIbHBIC HGP'ICTBHH " TICPEBECTHU BCIIOMOTATCIIb-
HBbIC IICPEMCHHBIC yj 13 0a3HUCHBIX B YUCIIO CBOGOHHLIX.

Bo3MoxHBI /1Ba cityyas.

1. Eciu panr marpuiisl A B Belpaxenuu (1.5) paBeH m, T.e. B UC-
XOJIHOH CHCTEME OTPaHWYCHUH HET <JIHITHUX» (JIMHEWHO-3aBUCHUMBIX )
YPaBHCHHIi, TO 6ce20a MOXHO BBIBECTH 6Ce IICPEMCHHBIC ) ; M3 YHCIA

0a3HCHBIX. HJ’IH 9TOTr0 B CTPOKE, COOTBeTCTByIOH.IeI?I y]-, Hag0 HalTH

HOJIOKUTENbHBIA KO3((GHULUUEHT NpU CBOOOAHON MEpPEeMEHHOH Xx; W,

YCJIOBHO MPHUHSB €r0 32 pa3pelIalonIuil 3IEMEHT, OCYIIECTBUTh IEPEXO0/
K CIeIyrolleld CHMILIEKC-Ta0uuIe OOBIYHBIM crocoOoM. Pemenue
BCIIOMOTATEIHLHON 3a7]a4M TIPHU 3TOM HE H3MEHUTCS, TaK Kak CBOOOTHBIH
WICH B CTPOKE y; PABCH HYIIO M, CIIC/IOBATEIBHO, SJICMCHTHI cToyona

CBOOOJHBIX WICHOB NpPU NpPeoOpa3oBaHWUU TaONWIBI HE M3MEHATCA. B
HoCJIeTHEM TIpuMepe «1» B 3aIITPUXOBAHHOM MPSIMOYTOJIBHUKE TaOJu-
bl SIBISIETCS Pa3pelIAloIUM IEMEHTOM, ITO3TOMY )| BBIBOJUTCS U3

6asyca B UMCIIO0 CBOOOIHBIX NIEPEMEHHBIX, & X; BBOJUTCS B OasMuc.
2. Ecim panr matpuusl A (r <m), TO OoKa3bIBaercs, 4to (m—r)
NIEPEMEHHBIX ) ; HE Y/IAeTCsl BBIBECTU M3 4MCIa OA3UCHBIX CHOCOOOM,

OIMCAHHBIM BBIIIE. DTO 03Ha4acT, 4YTO OrpaHUYCHUSA 3adavdu, HOMCpPaA
KOTOPBIX COOTBECTCTBYIOT MHACKCAM OCTABIIUXCA BEKTOPOB ) Jj MOXHO

OTOPOCHTH — OHH «JTHIITHUE.

Takum 00pa3zoM, perreHue BCIIOMOTATEIbHON 3aadl HE TOJBKO TO-
3BOJISIET HAWTU Ha4dajabHBINA 0a3MC MCXOAHOM 3a1a4i, HO U JAeT BO3MOXK-
HOCTbh BBISIBUTH JIMHEHHO-HE3aBUCUMbIC OTPaHUYCHUS JJAHHOU 3a/1a4uH.

1.4.2. IIpumepwt pewtenus 3a0au ¢ UCHOIL306AHUEM
Memooa ucKyccmeeHHoz2o bazuca

Mpumep 1. Haiitn max f(Xx) = 2x; + x, —3x3 + X, IpH orpaHuye-
HUSIX:
u ycnoBusax: x; 20,x, 20,x3 20, x4 20.
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Pemenne. Chopmynupyem BcroMorarenbHyro 3amgady. [ms storo
BBEJIEM JIBE€ BCIIOMOTATEIIBHBIE IEPEMEHHBIE }; U V5.

Heob6xoaumo naiitn min @(y) = y; + y, IpH OrpaHUYCHUSIX:
N = 4— (2x1 - 4x2 - 3X3 ),
Yy =2-(=x +2x —2xy)
U YCIIOBHSAX HEOTPHULATENBHOCTH IepeMeHHbIX X, =20, x, 20, x3 20,
Xy 20, N 20, ) >0.
Bripazum ¢yHKIHIO (I)(}) 4yepe3 CBOOOJHbIC MEPEMEHHBIE X, X, ,
x3, x4 (¥, y, —0Ga3ucHele):
®=6—1x) +2x; +3x5 +2x4.
Bynem mckarp max(—®) CHMIIJIEKC-METOIOM, IPU 3TOM LEIEBYIO
(GYHKLUIO IPUBEIEM K BUAY
—(D=—6—(—x1 +2.7C2 +3X3 +2X4).
CoctaBuM cumIiekc-Tabnuiy (tadm. 1.19).

Tabmuma 1.19

Basuc | CoGoxHble UlIeHbI X X X3 Xy N Y2
Y2 4 2 —4 -3 0 1 0
Y2 2 -1 2 0 -2 0 1

-0 —6 -1 2 3 2 0 0

B cooTBeTCTBHM C CUMILIEKC-METOI0M moy4yum Tabdi. 1.20.

Tabmuma 1.20

basuc | CBOOOHBIE UIEHBI X X3 X3 Xy N Y2
X1 2 1 -2 | =3/2 0 1/2 0
Y2 4 0 0 -3/2 2 1/2 1
-0 -4 0 0 3/2 2 1/2 0
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W3 nocneaneit Tabnuubl CieayeT, 4YTO PeUICHHEM BCIIOMOTAaTEIbHON
3a/1a4M SIBIISTIOTCS:

q):4, y1=0, y2 :4

Otcrofa BBIBOJT — CHCTEMa OTpPaHWYCHUNW OCHOBHOM 3amadu
HECOBMECTHA.

I[Mpumep 2. DTOT MpuUMeEp JAaeT BO3MOXKHOCTh PACCMOTPETh OCOOCH-
HOCTH HCIIOJIB30BaHWA METOJAa MCKYCCTBCHHOI'O 6331/103 B BBIPOXKIACH-
HBIX 33/1a4aX JIMHEHHOTO MPOrpPaMMHUPOBaHUSL.

Hrak, HeoOxomumo HaitTm max f(X) =x; +3x, +2x3 +4x, + X5
P OTPAaHUICHHSAX:

—x) +4x5 +3x, =2;

2x| +3x5 +3x3 +5x4 —x5 =3;
X+ 3%y + x5 +2x4 + x5 =2;
2x; +6x, +8x3 +10x, =7;

X; >0, j=15.

Kak BuaHO, B JaHHOW CHUCTEME OTpaHUYEHUM TOCJIeqHEE YpaBHEHNE
SABJIACTCA CyMMOﬁ TPpEX NPEAbIAYIIUX.
BcnomorarenpHast 3a1a4a uMeeT BU/I;

Haiitn min d(y) =y, + y, + y3 + y, IpU OrPaHUUCHUSX:
N = 2— (—xl + 4X3 + 3X4);
Yy =3—-(2x; +3xy +3x3 +5x4 — X5);
V3 =2—(x1 +3x2 + X3 +2X4 +x5);
Yaq = 7 - (2X1 + 6XZ + 8X3 + IOX4).
[Tpu 3ToM neneBast QyHKIMS OMUCHIBACTCS BHIPAKCHUEM:

O =14—-(4x; +12x, +16x5 +20x,),

WM
- O =-14—(—4x; —12x, —16x3 —20x,).

CoctaBuM cumiuiekc-Tabnuiy (tadim. 1.21).
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Tabmuma 1.21

Basuc CBOOOIHBIE WIEHBI | X| Xy X3 X4 X5 1 Y2 Y3 | Va4
b 2 -1 0 4 3 0 1 0 0 0
b)) 3 2 3 3 5 | -1 0 1 0 0
V3 2 1 3 1 2 1 0 0 1 0
V4 7 2 6 8 10| 0 0 0 0 1

-@ -14 —4 (12| -16|-20| O 0 0 0 0

Jns HaXOXXICHUS pas3pelliaioliero 3JeMEHTa HCIOJIb3YyeM Ipyroe
MIPaBUJIO BEIOOpa CcTONOIA, a IMEHHO, OepeM TEPBBINA CTOJIOCI, ¥ KOTO-
poro v ; <0, a He MaKCHMAIIbHO 110 MOJYJIIO, U Iipeobpasyem Tabdi. 1.21

B COOTBETCTBHH C CHMILJIEKC-METO/I0M, HA OCHOBE KOTOPOTO BBOAWM B
0a3uc IepeMeHHYI0 X; BMECTO ), .

Tabmuma 1.22

Bbasuc | CBoOOIHBIC UICHBI | X Xop | X3 | Xq4 | X5 | V1| Vo | V3 | Va
Y1 7/2 0 (32 |112)112|-122] 1 (12| 0 0
X 3/2 1 (323252 |-122] 0 [12] 0 0
3 1/2 0 |32 |-12|-1/2|132| 0 |-1/2| 1 0
V4 4 0 3 5 5 1 0 | -1 0 1
-® -8 06 |-10|-10] 210 2 0 0

Hcxonst u3 yka3aHHOTO BBIIIE MpaBuiia, B Tabn. 1.22 BeiOupaem pas-
peLIArONIUi JIEMEHT B CTOJIOLE X, .

Ha ocHOBaHuu cHMILIEKC-METOAa BBOAUM B 0a3HC MEPEMEHHYIO X,
BMeCTO 5. lIpu aTom momyuum tabm. 1.23.
ITpu BbIOOpE pa3permaroiiero aiemMeHta B tadn. 1.23 (cronden xj)

HUMCEM MUHHMAJIbHBIC OTHOIICHMS
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131 3 1
mimny—,—,—~r=—,
62 6] 2
B TpEX CTPOKaX, COOTBCTCTBYIOIIUX JJIEMCHTAM )1, X{, V4. CJIeJIOBa-

TEJILHO, 3aJja4a BBIPOXKJICHHAS, OJJHO3HAYHOI'O BBIOOpA pa3pelaroiiero
3JIEMEHTA HET.

Tabmuma 1.23

basuc | CBoOomHble uneHsl | X1 | Xp | X3 | X4 | X5 [ Y1 | Y2 | V3 | V4
» 3 0 0 6 6 | 2 1 1| -1 0
X1 1 1 0 2 3210 1| -1 0
Xy 173 0 1 |-173]|-1/3] 1 0 (-1/3]123] 0
Ya 3 0 0 6 6 |21 0 0 | 2 1
- —6 0 0 [-12|-12| 4| O 0 4 0

[Ipumensiem aHTUIUKIHH. [[1s1 3TOTO cocTaBuM TaOJHILy, HIEeMEHTa-
MH KOTOPOW SIBIISTIOTCS OTHOIICHHS 3JeMEHTOB TaOm. 1.23, yka3zaHHBIX
BBIIIE CTPOK K KOI(GHUIUEHTAM (3, Ol53, OLy3 COOTBETCTBEHHO.

Tabmuma 1.23a

oy, fos 121 0] 0| 1 1 |-13| 16| 16 |-1/6] 0

Ly /0‘23 12 | 172 0 1 32 | -1 0 172 | -12] 0

ay, [0as 2o | o | 1| 1 |[-13]0 -—1/3 1/6

AHanu3upys KaxAbli u3 croiOuoB Tabn. 1.23a B COOTBETCTBUH C
HOAXO/0M, U3JIOKEHHBIM B 1. 1.3.2, moxydum, 4ro u3 6azuca HeoOXo-
JIIMO BBIBECTH [IEPEMEHHYIO 4.

B pesynbrare nomyuum tabdm. 1.24.
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Tabnuma 1.24

Basuc CBOOOIHBIE WIEHBI | X| Xy X3 X4 X5 Y1 Y2 Y3 | Ya
Y1 0 0 0 0 0 0 1 1 1| -1
X 0 1 0 0 1 |[-43] 0 1 |-1/3|-1/3
Xy 12 0 1 0 0 |89 0 |-1/3]5/9 |1/18
X3 12 0 0 1 1 [-1/3] 0 0 [-1/3]| 1/6
-o 0 0 0 0 0 0 0 0 0 2

Tabn. 1.24 — ontumanbaas 1 ®=0. CrenoBareinbHO, 3a7a4a UMEET
HEIYCTOE JOIyCTUMOE MHOXKECTRO.
Vnamute y; n3 0a3HCHBIX IEPEMEHHBIX HEBO3MOXHO, TaK KakK KO-

3¢ durmenTs! 3T0# CTPOKU IPU CBOOOTHBIX HEPEMEHHBIX X, ,X5 PABHBI

HyJIF0. DTO 3HAYUT, YTO OTPAHHYCHHE NEPBOE — JUILIHEE, €r0 MOKHO
OTOPOCHUTH M PAHT MaTPHUIBl OTPAHNYEHUI CTAaHET PaBHBIM YHCIY CTPOK
(r =3).

HpI/I 5TOM Ha4YalbHBINA 0a3uc JJIsL OCHOBHOH 3aga4y 3arrimecTCsa B BU-

Jc:

X3 =

2

1
Xy _EXS

)

Bripazum neneByro ¢yHknuo f(X) uepe3 cBOOOAHEBIE ITEPEeMEHHBIC

X4, X5

+

[

— ==X
2 377

)+[1—2x4 +§x5)+4x1 + X5 =§—(—x4 —lxs

3

}
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Torna HavaabHAs CUMIUICKC-TAOMMIIA JJIsi OCHOBHOMW 3ajauu MPUHU-
Maert By Tadm. 1.25.

Tabmuma 1.25

bazuc CB0OOTHBIE YJICHBI X1 X3 X3 X4 X5
X 0 1 0 0 1 —4/3
X 172 0 1 0 0 8/9
X3 1/2 0 0 1 1 -1/3

f(x) 5/2 0 0 0 -1 -1/3

B nepBoii cTpoke Taba. 1.25 ects BRIpOXKAEHHOCTD. VcrOnb3ys cM-
IUIEKC-METO[], BBOAUM B 0a3uC MEPEMEHHYIO X4, IPH 3TOM II€pEMEH-

HYI0 X| HCKIO4aeM u3 Oasuca. B pesynprare Ttadmn. 1.25 npuBogurcs k
tabi. 1.25a.

Tabmuma 1.25a

bazuc CB00OOHBIE YJICHBI X1 Xy X3 X4 X5
X4 0 1 0 0 1 —4/3
Xy 172 0 1 0 0 8/9
X3 172 -1 0 1 0 1

f(x) 572 1 0 0 0 5/3

[TockomnbKy pelieHue 3a1aui Ha JaHHOM 3Tare He MMOIy4YeHO, IIpoBe-
JeM jAanbHeimue npeodpa3zoBaHus nocieqHeld Tabmuubl. Beibupaem B
Ka4eCcTBE Pa3pelarolero 3JaeMeHTa KO3 (HUIMEHT, PaclolOoKEHHbIH B
TpeTbel CTpOoKe TaOJHIbI, B COOTBETCTBUH C YKa3aHHBIM BHIIIE MPABH-
som. [Tomyunm Tabm. 1.26, koTopas TpeOyeT HampHeHmux npeodpas3o-
BAHUM.

B cooTBeTCTBUM C CHMIUIEKC-METOJIOM, BBIOMpasl pa3peraroniui
3JIEMEHT B cTojbue X, Tadin. 1.26 npuBoaum k Tadu. 1.26a.
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Tabmuma 1.26

bazuc CB0OOOTHBIE YIEHBI X1 X3 X3 X4 X5
X4 2/3 -1/3 0 4/3 1 0
X2 1/18 8/9 1 -8/9 0 0
X5 172 -1 0 1 0 1

S 10/3 -2/3 0 5/3 0 0

Tabnuma 1.26a

Bazuc CB0OOTHBIE YJICHBI X1 X3 X3 X4 X5
X4 11/16 0 3/8 1 1 0
X 1/16 1 9/8 -1 0 0
X5 9/16 0 9/8 -1 1 1

f(x) 27/8 0 3/4 1 0 0

Takum o0Opa3oM, Kak cienyeT W3 IMOcieJHeH TaONHIbI, ONTHMAalb-
HBIM pEIIeHUEeM HCXOHON 3aa4u OyayT:

x, =1/16, x, =0, x5 =0, x, =11/16, x5 =9/16, f()_c)=27/8.
Ipumep 3. Halitn max f(x) = 2x; + X3 — X, + X5 IPHU OTPaHUYCHHU-
AX:
—X] +2x2 +X3 22,
3x) + 5%, + X3+ x4 +2x5 =14
X| =Xy +x5 =1.
3anuineM BCIIOMOraTebHYIO 3a/1a4y:
Haiity min {®(y)=y; + ¥, + y3} HOpHU OrpaHUYCHHIX:
Y1 = 2= (=% +2xp +x3);
Yo = 14—(3x1 +5x2 +X3 +X4 +2XS);

3 =1=(x — x5 +x5).
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[Toacrapnss 3HadeHus y B GOPMYIY IUIS IEINEBOW (YHKITUH BCIIO-

MOraTejbHOMI 3aa4u, MoJIy4unuM:
D(x)=17 — (3x; + 6x, +2x3 + X4 +3x5).

Bynem nckate max {— d)(x)}.

Ucxonuas cumiuiekc-tadnumna nMeet Bun taoi. 1.27.

Tabmuma 1.27

basuc | CBoOonHble uneHsl | X X X3 X4 X5 M1 Y2 Vs
Y1 2 -1 2 1 0 0 1 0 0
b)) 14 3 5 1 1 2 0 1 0
3 1 1 -1 0 0 1 0 0 1
-0 -17 -3 -6 -2 | -1 -3 0 0 0

IMocne psaa mociae0BaTeNbHBIX MPEOOPa30BaHuii, B COOTBETCTBHH C
CHUMITJICKC-METOJIOM, TIOJYYHUM TOCIICAOBATEIBHOCTh CUMILICKC-TA0IHIL,
OTPKAIONIUX TMPOIECC HAXOKACHHUS PEIICHUS WCXOMHOW 3a1adu
(Tabn. 1.27a—1.27.8).

Tabnuma 1.27a

basuc | CBoOonHble uneHsl | X X X3 X4 X5 bg Y2 Vs
1 -12 1 172 0 0 172 0 0
9 1172 0 |-32] 1 2 |52 1 0
2 172 0 172 0 1 172 0 1
-11 -6 0 1 -1 -3 3 0 0

Ecnu B Tabn. 1.276 B3s1h 35emMeHT 7/11 B KauecTBe pa3peliaroiiero,
TO TPOILIECC COWIETCs OBICTpee M OKOHYATENIbHasi CHUMILIEKC-Taliuna
npumet BuA tabmn. 1.27s.
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Tabmuma 1.276

basuc CB‘(:ggggme Xy X X3 X4 X5 by Y2 Vs
X 20/11 0 1 4/11 | 1/11 | 2/11 | 3/11 | U/11 0
X 18/11 1 0 [=3/11] 2/11 | 4/11 |=5/11 | 2/11 0
3 13/11 0 0 7/11 | -1/11 | 9/11 | &/11 |-1/11 1
-0 -13/11 0 0 [=7/11] /11 |-9/11 | 3/11 | 12/11 0

Tabnuua 1.278
bazuc CroGopmrie Xy X X3 X4 X5 by Y2 Vs
YJICHBI

X3 8/7 0 1 0 U7 | =217 | =17\ U1 | 47
X 15/7 1 0 0 1/7 5/7 1/7 1/7 3/7
X3 13/7 0 0 1 -1/7 | 9/7 87 | -1/7 | 11/7
-@ 0 0 0 0 0 0 1 1 1

B pe3ynbpraTe HalJE€HO ONTUMAJIBHOE PEUIEHUWE BCIIOMOTaTeIbHON
3a/1a4u.
IMockonbky min® =0 u y; =y, = y3; =0, To HavanbHBIA Oa3uc

JUTSL OCHOBHOWM 3aJ1au 3aITUIIETCs CISAYIOUUM 00pa3oMm:

8§ (1. 2 )

X2 27—(7354 —7355),
15 1 5

X1 :7—(7)(74 +7x5];
13 1 9

X3 27—[—7)&'4 +7x5j .

BBIpa?:I/IM CJICBYIO q)yHKHI/HO qepe3 x4 U Xg:
f(f):le +X3 — Xy +XS =
30 2 10 13 1 9 43 8 12

X Xg+—+—=X3 ==X — X4 +Xg=———=X4 ——X5.
A R R R R R T B R
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C YUYCTOM MOJYUCHHOI'O pE3yJjibTaTa COCTABUM UCXOAHYIO CUMILIICKC-
TaONHITy 1T OCHOBHOM 3amaqu (Tadim. 1.28).

Ta6muna 1.28
Bazuc CB0OOIHBIE YJIEHBI X X) X3 X4 X5
X3 8/7 0 1 0 1/7 -2/7
X 15/7 1 0 0 1/7 57
X3 13/7 0 0 1 -1/7 9/7
f(®) 43/7 0 0 0 8/7 12/7

B mmwxueit crpoke tadi. 1.28, cooTBETCTBYIOIIEH 11eeBON (PyHKITHIH,
HET OTPUIIATEIbHBIX KO3(PPHUIIMEHTOB, CJICJOBATEIBHO, MOJYUYEHO OIl-
TUMAJIbHOE PEIlICHUE MOCTABICHHON BHAYale 33/1a4i, 8 IMEHHO:

15 8 13

_\ 43
X - x2=7, x3—7, x4 =0, x5=0, f(x)=7.

1.5. /IBoiicTBeHHbIe 3a1a4M JIMHEHHOT0 MPOrPaMMHUPOBAHUS
1.5.1. Ocnoenvie nonosxcenun
[TonsiTue NBOMCTBEHHOCTH B 3ajavyax JUHEHHOrO0 MpOrpaMMUpPOBa-
HUS paclIUpsieT TPaHULbl IPUMEHEHUS! CUMIUIEKCHBIX aJITOPUTMOB.
ITycth nana 3ajaya JIMHEMHOrO NpOrpaMMHUpPOBaHUs, KOTOPYIO HA30-

BEM HCXOJHOH WX NIEPBOU 3aaueil:
3apaua 1 (ucxoanasi). Haittu

n
max f(X) =) c;x; +c¢g
j=l

IIPU OIPAHUYECHUSX




CdopmynupyeM Opyryro 3aaady, KOTOPYIO HA30BEM JIBOWCTBEHHOM
10 OTHOILICHHIO K UCXOJHOW MM 3a7a4dei JBa:
3anauya 2 (aBoiictBenHas). Haiitu

m
min () = > b;y; +¢q

i=1

IIPU OIPAHUYEHUSAX

m R
Zaijyl-ZCj, j=Ln;
i=1

120, i=1,m.

B MaTpuuHOM BHJIE 9TH 33]a4l MOXKHO 3aIKCATh TaK.
3apauya 1. Haiitu max f(X) =(c,X) + ¢, IIpu OrpaHUYCHUAX

Ax<b; x20.
3anaua 2. Haiitu min @(y) = (b, V) + ¢y Ipu OrpaHUYEHUSIX
A'y=>c;
y2>0.

Hrak, npu nepexojie OT HCXOJHOM 3ajlaud K COOTBETCTBYHOLIEH
JIBOMICTBEHHOM 3a]]a4e MPOU3BOJIAT CIIEAYIOIINE TPEOOpa3OBaHUS:

1) 3aMEHSIOT MAKCUMHM3AIIMIO LIEICBON (PYHKIIMM MUHUMH3AIIUCH;

2) CMBICJT HEPaBEHCTB — OTPAHUICHUI MEHSICTCS] Ha MMPOTUBOIIOIOXK-
Hbli. Ecnu B MicxonHOM 3a7aue HEPABEHCTBO MEHbILE WIIA PaBHO HYJIIO,
TO B JIBOMCTBEHHOM 3aj1aue — OOJIBIIIE WU PABHO HYIIIO;

3) 4nCcI0 MEepeMEHHBIX X B MCXOMHOM 3ajade paBHO YHCITY OTpaHH-
YEeHHI B BOWCTBEHHOH, U HA00OPOT;

4) Mmatpunia 4 cuUcCTeMBbl OIpaHUYEHUN HCXOJHOW 3ajjaud TpaHCIo-
HUpYETCH,

5) BEKTOPHI b W T MEHSIOTCS MECTAMH, T.C. KO3 UIIUCHTHI 11eTIe-
BOHM (DYHKITUH WICXOJHOU 3a7a9u (E) CTAHOBATCS CTOJIOIOM CBOOOIHBIX

YIEHOB CHCTEMBI OTpaHMYEHUI ABOWCTBEHHOMN 3ajjauu, a CTOJIOEI] CBO-

OOJIHBIX YJIEHOB CHCTEMBl OFPAaHMYCHUN HCXOMHOU 3a7auu (b) CTaHO-

BUTCA K03 urenTamu neneBoi QyHKINH ABOHCTBEHHOH 3a/1a4uu.
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Ipumep. Hcxoouas 3aoaua:
HaiTi max f(X) =12 +8x; +36x, + 4x; +12x, npu orpaHUUCHUAX

88x) —20x, +32x5 +14x, <12;
—16x; +4x, +48x3 +4x, <10;
—24x; —10x, 4+ 6x5 +8x, <44;
x; 20, i=r4.
Jlsoticmeennas 3a0aua:
Haiitu min @(y) =12 +12y, +10y, + 44y, npu orpaHUYCHUAX
88y, =16y, —24y; >8;
-20y, +4y, —10y; 236;
32y, +48y, + 65 24;
14y, +4y, +8y; 212;

y; 20, j=13.

Jlerko mokaszaTh, YTO €CIIM 32 HMCXOJHYIO MPUHATH 3a1ady JBa U
MPUMEHUTh K HEH aHAJIOTWYHBIE MpeoOpa30BaHUs, TO IMOIYYUM 3aJia-
yy 1. TToaTOMy paccCMOTpEeHHBIE 3a/laud Ha3bIBAKOTCA B3aUMHO JIBOMCT-
BEHHBIMH.

B3anMo03aBUCHUMOCTh UCXOHOM U IBOMCTBEHHOH 3a/1ay OmpeneisieT-

Cs1 pSLZIOM TEOPEM, KOTOPBIE MbI PACCMOTPUM 0€3 JIOKa3aTebCTB.

Jlemma. Ecmu x°

— MPOU3BOJILHOE JAOMYCTHMOE pellleHHe 3a1a4u 1,
a fo — IPOM3BOJIEHOE JIOMTYCTUMOE pelIeHue 3a7auu 2, TO CIIPaBEJINBO
cooTHOomeHue f (X 0) < (p(fo). Ecm s X° n )70 3HAYEHUS LEIEeBHIX
¢byHKUIMI coBnagamoor, T.e. f(X 0) = (p(fo) , 70 X° — onTHManbHOE pe-
meHue 3a71auu 1, a )70 — ONTUMAJIBHOE pelIeHre 3a1a9u 2.

Hoxa3zareabcrBo. 1. Tak kak x O gpnsiercs JIONTYCTUMBIM pellIeHUEM
3agadu 1, TO UMEEeT MECTO CCTEMa HePaBEHCTB

0 .
a;X; <b;, i=lLm.

‘M:

~
I
—_
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YMHOXHM i-€ HEPAaBEHCTBO Ha i-}0 KOMIIOHEHTY BEKTOpa )70, T.€. HA

ylp (Tak Kax yi0 >0, TO 3HAaK HEpPaBEHCTBA HE W3MEHHUTCS) U

MIPOCYMMHUPYEM I10 BCEM 1.
B pesynbrare nomyuyum:

ZZ% 2 Zb !

i=1 j=1

AHaJIOTHYHO, JIJIsl BEKTOpa )70 CIIpaBeIJINBO HEPABEHCTBO
0
24y 2¢;, j=ln
i=1

YMHOXKUM j-€ HEPaBEHCTBO Ha x > 0 1 MpOoCyMMHpPYEM IO BCEM J:

ZZal,yl Zi)

Jj=li=l
OObenuHsst MOTy4YeHHbIE HEPABEHCTBA, IMOJTyYUM
ch j—zzalj Y <zbyz'
i=1 j=1 i=l
Orcrona

m
ZC X tcp = Zbiylo-i-c()a
i=1

re. f(x°)<o(3).
0

2. [Tokaxewm, urto ecnu f(x 0) = (p()_/o) ,TO X H )70 — ONTUMAaJIbHBIE
peLIeHHs.

a) TIpearonokum MPOTUBHOE, T.€. YTO CYIIECTBYET Takas TOYKa X ,
aro f(X")> f(x°), Ho B 3TOM ciyuae momyunm, uto f(X) > o(3°),
YTO MPOTUBOPEUUT JOKA3aHHOMY B IMyHKTE 1.

0) AHAJIOrUYHO, MPEIMOI0KHAM, YTO HAHAETCA Takas ToYka ), 4To

o(y) < (p(}o) , HO B »ToM ciydae moiayunmM @(y') < f(x 0) , 4TO
HPOTUBOPEYUT JOKA3AHHOMY YCIIOBHIO.
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IlepBasi Teopema nBoiicTBenHocTu. Ecinn onna w3 3amau (1-s1 wim
2-9) UMeeT ONTHMAbHOE pelIeHHe, TO M Jpyras TakKe HNMEeT OITH-
MaJbHOE pelIeHHe, TMpPHYeM WX ONTHMYMBI COBIAJAlOT, T.e.
max f(x)=ming(¥).

Ecnu neneBast ¢yHKIMS OAHON U3 33734 HE OTPaHWYECHA, TO ApyTas
3aJa4a He NMEeT JIOYCTHUMBIX PEeIICHHUH.

Bropas Teopema nBoiicTBeHHOCTH (TeopeMa 0 JONMOJIHSAIOLIEH

—% %
HexkecTKOCTH). /11 TOro 4TOOBI TOMyCTUMBIE BEKTOPBI X W J ObUIH

OIITUMAaJIbHBIMU, HCO6XOZ{I/IMO BBITIOJIHCHUEC CIICAYIOINX yCJ'IOBHfI:

* L * .
Jj=1

o m N .
x| 2agy; —¢; |=0, j=ln
i=1

DTy TeopeMy HaJ0 NOHUMATh TaK, YTO €CJIM ONTHUMAJIbHOE PEIICHUE
WCXOJTHOM 3ala4yi TMOACTaBUTh B CHUCTEMY OTPAaHHYCHUNW M €CIH i-5
CTpOKa OOpaTHUTCS B CTPOrO€ HEPaBEHCTBO, TO i-5 KOMIIOHEHTA OIITH-
MaJbHOTO pEUICHUs ABOWCTBEHHOM 3a]aul paBHA HYIIIO.

Wnu tak, ecnu i-s1 KOMIIOHEHTa ONTHMAJIEHOTO PEIICHUS JTBONCTBEH-
HOH 3a7a4u MOJIOKUTEJIbHA, TO i-€ OFPAaHUYEHUE UCXOAHOU 3aJa4yM BbI-
MIOJIHSETCA KaK CTPOroe PaBeHCTBO.

Hcxons U3 pacCMOTPEHHBIX CBOWMCTB B3aMMHO JABOMCTBEHHBIX 3a/1ay
MOXXHO C(OPMYITHPOBATh MPAGULO peuteHUsi O0BOUCMBEHHOU 3a0ayu.
OkasbIBaeTcCsl, €CIU pelIeHa UCXOAHAs 3a/1a4ya, TO JBOWCTBEHHYIO 3aia-
4y pemaTth He HyXHO. ONTHMaIbHBIM PEIICHUEM JBOMCTBCHHON 3a/1a9u
SIBJISTFOTCS. KOA()(PUIMEHTHI TIPH OCIIA0JISIOIMX TEPEMEHHBIX B CTPOKE
1[eJIeBOI (PYHKIIMU B TIOCJICTHEH CUMILIEKC-Ta0I1IIe UCXOIHOM 3a1auH.

OrmernM, 9T0 KOI(QQHUIMCHTH IPH OCTAIBHBIX X ; B CTPOKE Lieile-

BOW (pyHKIMH MOCTEeTHEH CUMILICKC-TaONUIBI PABHBI PA3HOCTH MEXKIY
JIEBOHM M MpaBOM YaCTSMU j-I0 OTPaHUYECHMSI JBOMCTBEHHON 3aJauH, T.€.

m &
BENHYMHE D d;y; —C; .
=1
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1.5.2. J/IsoiicmeeHHblil CUMRIIEKC-A120PUMM

B cBs3u ¢ mocTaHOBKOW JABOWCTBEHHBIX 33J]1a4 W MPUBEIACHUEM UX K
CTaHJIaPTHOMY BHUJY BO3HHKAaeT MpoOiieMa pelleHus] JTUHEHHBIX 3a/ad,
KOTJIa ONITUMAJILHBIN 0a3uC SBISETCS HETOMYCTUMBIM.

Hanpuwmep, ecnu mpuBecTH JBOMCTBEHHYIO 3a7ady MOCIEIHETO MIPH-
Mepa K CTaHIaPTHOMY BUIY, TOIYYHM:

HaiTH max {— o(y))=-12-(12y, +10y, +44 y3} IIpY OrpaHuye-
HUAX:

—32y; —48y, —6y;3 + ys =—4;
—14y; =4y, —8y3 +y; =-12.
HavaneHblii 0a3uc It JaHHOM 3a1a49d UMEET BU;
V4 =—8—(-88y; +16y, +24y;);
ys ==36—(20y, =4y, +10y3);
Ye=—4-(-32y, —48y, —6y3);
V7 =—4—(-14y, -4y, —8y3).

OtoT 6azuc Oyner HemOmyCTHUMBIM, Tak Kak [3; <0, T.e. cBOOOJHBIE

YJIEHBI B CUCTEME OIPaHUYCHUH — OTPHUIIATEIbHEI.

[TooOHBIE 3a1a4M MOTYT BO3HHKATh HE TOJIBKO MPH PEUICHUU JIBOM-
CTBEHHBIX 33]1a4, HO U B CAMOM OOIIIEM CITyJae.

OpHaKO CYIIECTBYET METO/, TO3BOJISIONIMNA pPemaTh 3a/1a4 ¢ HeJllo-
MyCTUMBIM 0a3uCOM. DTOT METOJ Ha3bIBACTCS JIBOHCTBEHHBIM CHM-
TUIEKC-aJTOPUTMOM.

AJNTOPUTM JBOHNCTBEHHOTO CHUMILIEKC-METOa MOXXHO TOJIYYHUTh,
MPOBEsl PAcCYXKACHWS, aHAJIOTUYHBIE BBIBOAY MPOCTOTO CHMILIEKC-
MeTona. Bece MyHKTHI paccMaTprBaeMoro ajlrOphTMa TakKHe XKe, Kak y
MPOCTOTO CHMITJIEKC-METO/1a, HO UMeeTcs pad omauyui (IpenmnoaaraeT-
Csl, UTO pelaeTcs 3aa9a MaKCUMH3AIIHH):
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1) BO3MOXKHOCTh IPUMEHECHHS OOBIYHOTO CUMILICKC-METO/Ia ONpe/ie-
JIS1aCh TMOJOKUTEIBHOCTRI0 KO(D(UITMEHTOB CTOJIONA CBOOOMHBIX dJIe-
HOB [3; B CHCTeME OrpaHHYCHUH, pa3pelIeHHO! OTHOCUTEIBbHO Oa3uca.
[Ipu3HaKoM JOMYCTUMOCTH B JBOMCTBEHHOM CHUMILICKC-aJIrOPUTME SIB-
JISICTCS. HEOTPHULATENBHOCTD KO3 QUUMEHTOB LeneBoii GyHkuuy v ; (He
cyuTasi CBOOOHOTO YICHA);

2) MPU3HAKOM ONTHUMAIBHOCTH IOJIYUYEHHOTO PEIICHIS SIBIIACTCS He-
OTpHLATEILHOCTD BceX [3; -koadduiuuentoB cronbua cBOOOIHBIX diie-
HOB (HE CUUTasi 3HAYCHHUS [IEIeBON (PYHKIINHN);

3) nepeMeHHass x;, BbIBOAUMAs U3 0a3uca, ONpENeNseTCS MaKCH-

MaJILHBIM TI0 MOJYJIIO OTPHUIATEILHBIM KOI(QQHIMEHTOM B CTOJOIE
CBOOO/THBIX YJICHOB,;

4) pa3permaromuii JIEMEHT BEIOMPASTCS B i-i CTPOKE CPEeIH OTpHIla-
TeIBHBIX KOIPQUIMEHTOB O ; <0 ¥ COOTBETCTBYeT MaKCHMAaIbHOMY

OTHOIICHUIO KOX(QQHIIMEHTOB CTPOKU LIENEBOW (PYHKIMH K 3JIEMEHTaM

i-# cTpOKHY, T.€. 50 (Tabm. 1.29).
i

Tabmuma 1.29

CBo0OOHBIE
bazuc X X p p X X
YIeHE 1 i 7 r+l J n
x| B 1 {...]107] ... 0 Olyp] e | O ] | Oy
X; Bi 0./ 1]...] 0 iyt | e | Oy | o | Oy
X, B, 0|...]0].. 1 Cppst | oo | O | oon | O
f(x) Yo 0 |...[]01].. 0 Yr+l e | Y ] Y
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1.5.3. IIpumepot peutenusn 060iicmeeHHbIX 340ay
JIUHEIHO20 HPOZPAMMUDPOBAHUSL

Hpumep 1. Hcxoouas 3a0aua: HalTH max {f()_c) =21x; +1 lxz} npu
OrpaHUYCHHSX:

Tx) +4x, <13;
x <1
2x) +xy <35
X1,Xy 2 0.
Heolicmeennas 3adaua: HaWTH min {(p(}) =13y, +y, +3 y3} npu
OrpaHUYCHHSX:
Ty +y, +2y3 221,
4y, +y; 211
Y1:¥2,¥3 2 0.
Pemenne nBONCTBEHHOM 3a1a4l IMEET BUIL:
y1=0, y,=0, y3=1L
Pmin (¥) =33.
[TomyueHHOE penIeHUe HAXOAUTCS M3 ONTHMAIBHOW TaOIHIBI HC-
XO/IHOH 3a7a4n
Mpumep 2. Hcxoouas 3adaua: HaWTH max { f(xX)=3+4x,+ 6x2}

NIpU OTpaHUYCHUSX:
2x1 — 3X2 < 0,
—2x+2x, <4
- 4x1 + SX2 < 20,
X1,%y 2 0.
Jleoticmeennas 3a0aya: HAUTH min {(p()_/) =3+4y,+20 y3} IpH Or-
PaHUYEHUSX:
2y =2y, —4y; 24
_3_)/1 +2y2 + 5y3 > 6,
Y1:Y2,¥3 20.
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Tak kak B UCXOIHOU 3aaue LesneBas (yHKIUS HEOTPaHMYCHHO BO3-
pacraer, JBOWCTBEHHAs 3aJada TaKKe HE MMEET PEelIeHus (IpuueM ee
JIOTTYCTUMOE MHOKECTBO ITYCTO).

Hpumep 3. Hcxoonas 3a0aua: HalTH

max {f(X) =2 +4x; +2x, +2x3}
MPpU OTPAHUYCHUSIX
le _3.7C2 + ISX3 < 3,
2x) +2x, +8x3 <32;
2x) —4xy +16x3 < 2;
X1,X9,X3 >0.
Jleoticmeennas 3a0aua: HauTH
min {p(¥) = 2+3y; +32y, +2y3}
MIPU OTPAHUYCHUSX
2y +2y, +2y5 24
3y +2y, —4y; 22
15y +8y, +16y5 = 2;
Y1,¥2,¥3 20.
Perntenuie 1BOMCTBEHHON 3a1a4l UMEET BUI:

2 8

:—, :—, :O;
Y1 5 Y2 5 Y3

- 2
®(y) =34

B paccmarpuBaemom mpuMepe pelieHneM sSBISIOTCS KO3 QUIIMEeHTHI
IpH OCIAOJIAIONINX MEPEMEHHBIX X4, X5, Xg B CTPOKE II€IEBON (PyHK-
LMY ONITUMAaJIbHOM TaOIUIIBI UCXOIHON 3a1a4H.

[Ipumep 4. Pemuth 3amayy Ha OCHOBE BOMCTBEHHOTO CHUMILIEKC-
ajTopuTMA.

Hcxoouas 3a0aua: HaiTn

max {f(X)=12+8x, +36x, +4x; +12x,}
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IIpU OTPAHUYECHUSIX:
88x; —20x, +32x3 +14x, <12;

X1, Xp, X3, Xy >0.

Ilsoticmeennas 3a0aya.; HANTH
min {p(7) =12+ 12y, +10y, + 44y, }

MIPH OTPAHUUYCHUSX
88y, =16y, —24y; 28;
-20y, +4y, —10y5 > 36;
32y, +48y, + 65 2 4;
14y, +4y, +8y; 212;
Y1, Y2, 3 20.

Jlo6aBumM ocnaOnsmoye NepeMeHHble Yy, Vs, Vg, V7 - B pe3ynbraTe

MOoJIy4yumM HavaIbLHEINA 0a3HC:

Vg = —8—(88y, +16y, +24y3);
ys ==36—(20y; =4y, +10y3);
Vg =—4—=(=32y; =48y, +6y3);
y7 =—12—=(=14y; -4y, —8y3).

DTO HEAOIMyCTUMBIA 0a3uc, TaK Kak CBOOOTHBIC WICHHI B YpaBHEHU-
X HavalbHOro 0asuca orpunartenbHbie. CleaoBaTeIbHO, HEOOXOIMMO
HCII0JIB30BaTh IBOMCTBEHHBIN CUMILIEKC-aITOPUTM.

Byzem uckath max {(—p(7)) = —12 - (12y, +10y, +44y;)}.

COOTBETCTBYIOIIAs TTOCIIEIOBATEIIPHOCTS CHUMILICKC-Ta0IMI] MMEET
BU/I:
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Basuc CB0OOIHBIE YJICHBI B4 V2 V3 Y4 Vs Y6 Y7
Va -8 —88 16 24 1 0 0 0
Vs -36 20 —4 10 0 1 0 0
V6 -4 -32 | 48 | -6 0 0 1 0
V7 -12 -14 | 4 -8 0 0 0 1
-0 -12 12 10 44 0 0 0 0

Basuc CB0OOIHBIE YIEHEI N V2 V3 Y4 Vs Y6 Y7
Ya -152 -8 0 64 1 4 0 0
V2 9 -5 1 -5/2 0 |-1/4 0 0
Ve 428 272 0 |-126| O -12 1 0
V7 24 -34 0 -18 0 -1 0 1
—¢ -102 62 0 69 0 2.5 0 0

Basuc CBOOOTHBIC YJICHBI N Y2 3 Ya Vs Y6 Y7
N 19 1 0 -8 -1/8 | -1/2 0 0
Yo 104 0 1 -85/2 | -5/8 | -11/4 0 0
Y6 5596 0 0 |-2302| -34 | -148 1 0
V7 670 0 0 -290 | -17/4| -18 0 1
-0 —1280 0 0 565 | 7.75 | 672 0 0

Kak crenyer u3 mocnemHeil CUMIUIEKC-TAOIHIIbI, ONTUMAIBHBIM pe-
eHUEM OYIyT:

y1=19,y, =104, y; =0;
D min (5)21280

[Ipumep S. Pemuth 3a7adyy ¢ HCHONB30BAHUEM JIBONCTBEHHOTO
CHUMIIIEKC-AJITOPUTMA.
[Tycts mocie npuBeaeHUss HEKOTOPOH 3a/1a4ui K CTaHAApTHOMY BHIY
BMECTE C OTPaHHMYCHHUAMHU M 3aMEHbl TpeOOBAaHUSI MHUHUMH3ALWU Iielie-
BOM ()yHKIIMU Ha MaKCHMH3ALMIO MBI IIPUIIUIM K CICAYIOIICH 3agaue:
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HalTH max {— o(y)=-8y, —12y, —18 y3} [IPU OTPAHUYCHUSX !
Yi+3y, 22
yi+3y; 21
V1:Y2,V3 2 0.
3anuineM HavanbHbINA 0a3uc:
{)M =-2-(y +3»);
Ys ==1=(y1 =3y,).

OTtpunaTensHble CBOOOHBIE WICHHI B HaYaJIbHOM 0Oa3uce mpeobpa-
30BaHHOMN 3aJ]a4¥ YKa3bIBAIOT Ha HEOOXOIUMOCTh TIPUMEHEHUS TBOMCT-
BEHHOT'O CUMIIIEKC-ITOPUTM, TIPH 3TOM

—0(y)=0-8y; +12y, +18y3).

COOTBETCTBYIOIIAS] CHMILIEKC-TA0JIAIIa UMEET BU/:

Basuc CB0oOOIHBIE YIECHBI n V2 V3 Va4 Vs
N 2 -1 0 1 0
1

e -1 -1 -3 0 0

- 0 8 12 18 0 0

Kax cnemyer u3 Tabmauiel,

max {1k :max{—§,—§}=max{—8,—6}=—6.
O i 1 3

COOTBCTCTBGHHO, npeo6pa30BaHHa;1 Ta6J'II/II_[a HUMECT BUA!

Basuc CB0OOIHBIE YIECHBI B4 2 V3 Va4 Vs

3 2/3 1/3 0 1 -1/3 0

Vs -1 =3 0 0 1
- —-12 2 12 0 6 0

AHaJOTUYIHO, U3 MTOTYICHHOU TAOJIUIIBI CIICTYET:
max{-2,~4}=-2.
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Torna, mpeoOpazoBaHHas TaOIUIIA IPEACTABUTCS B BUJC:

Basuc CB0OOIHBIE YIECHBI » Vo 3 Va4 Vs
V3 1/3 0 -1 1 -1/3 1/3
» 1 1 3 0 0 -1
- -14 0 6 0 6 2

B pesynbrate, U3 mocieqHel TaOIUIBI CIEIYET, YTO ONTUMAIbLHBIM
peIIeHeM 3a1a9u Oy IyT:

yl =1,y2 =0,y3 21/3,
(pmin:14'

1.6. TpancnopTHas 3a/1a4a JUHEHHOI0 POrPaMMHUPOBAHUA

PaHee ObUT PacCMOTPEH CHUMILIEKC-METO/I, KOTOPBIN SIBJISIETCS METO-
JOM pelleHHs 3a1ad JIMHEWHOro MPOrpaMMHUpPOBaHMS OOILIEro BHIA.
CUMILIEKC-METO, SIBIIICTCS KOHEUHBIM, & HE UTEPallMOHHBIM, TEM HE
MEHEe, YHCII0 €r0 HTepaluii MOXKeT OBITh BechbMma OosbiuM. MHoOTHE
KJIacChl MIMPOKO pPaclpOCTPAHEHHBIX Ha MpaKTUKE 3a1ad JMHEWHOTro
MpOrpaMMHUpPOBaHMs 007a1al0T O0COOEHHOCTSIMU, BBIPAXKAIOIIUMHUCS B
crienu(UIecKoM CTPOCHUHU MATpHIlbl A KO3 (DHUIIMEHTOB CHCTEMBI OT-
paHUYEHHH, KOTOPBIE MO3BOJISIOT CYIIECTBEHHO YIPOCTHTH OOLIHIT Me-
TOJ pelIeHus] MPUMEHUTENBHO K pacCMaTpHUBaeMOi B JJAaHHOM pasfesnie
3amave. IIpu 3TOM npouecc NoiaydyeHus: ONTUMAIBHOIO PELICHUS YCKO-
psetca. B npyrux ciaydasx ynaeTcst OCTPOUTh MPUHINITHAIBHO HOBBIN
METO/I PeLIeHUs, MPUCTIOCOOICHHBIN K ONPEeICHHOMY KJlaccy 3aad.

OpHUM U3 OPUMEPOB 3a1ady CO CHELHATBHON CTPYKTYpPOU MAaTpHULbI
OTpaHUYCHUM SIBIISIETCS TPAHCIIOPTHAS 3aay4a.

MBI pacCMOTPUM IIOCTAHOBKY IIPOCTEUIIEN TPAHCIOPTHOM 3a1auu U
OJIVH W3 HanOoJee MOMyJIIPHBIX METOMIOB €€ PelICHHS, TPUHIIUITHAIEHO
OTJINYAIOLIUICS OT CUMILIEKC-METO/1A.

1.6.1. Ilocmanoexa 3adauu

[lycts Ha 0azax A4, A, ..., A, COCPeNOTOYEHBI OIpEJeICHHbIEC pe-

m
CYPChl B KOJIMYECTBE dy,dy,...,d, . JTH PECYpChl JOJKHBI OBITH AOC-

TaBJIeHbl Ha 00bEKTHl B|, B,,..., B, B konuuectse by, b,,...,b, . Crou-
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MOCTb IEPEBO3KH CAMHHLBI IPy3a U3 4; B B; 0003Ha4MM udepes c;; .
Hepes x;; 0003HAYMM KOINIECTBO PECYPCOB, KOTOPOE AOCTABIAIOTCS U3
4; 8 B;.

3anaua. Haiitu maTpuily nepeBo3ok HXUH’ i=1l,m, j=1,n, koro-

m n

pas MUHEMH3HPYeT LeneByo QyHKumo f(X) = ZCijxl-j , YIIOBJIETBO-
i=1 j=1

PSAIOIILYIO OTPAaHUYCHHSIM

[TepBoe u BTOpOE OrpaHUYCHUS O3HAYAIOT, YTO CYMMapHOE KOJINYECT-
BO I'Py3a, BEIBO3UMOIO C 0a3bl A;, TOUYHO PAaBHO MMEOLIMMCS TaM 3ara-

cam da;, @ BBO3UMBIH Ipy3 Ha 0asy B; TOYHO paBeH 3asiBKaM 9Toi O6a3bl.

[Tocnennee ycnoBue HA3BIBACTCA OAIAHCHLIM YCA08UeM W O3HAYACT
PaBEHCTBO BCET0 KOJUYECTBA UMECIOIIUXCS 3aM1acOB U MOTPeOHOCTEH.

[locraBneHHass TpaHCIIOPTHAS 3a/1a4a — 3TO 3aja4a JIMHEHHOTO TPO-
TPaMMHPOBAHUS, HO 3amUcaHHas 0COObIM oOpazoMm. s e€ pemeHus
pa3paboTaHbl crienuaibHble MeToAbl Ooiee 3(dekTuBHBIE, YeM cHM-
IJIEKC-METO/T.

B npeacraBneHHol 3a1aue m x 1 HEU3BECTHBIX.

Beenewm psan noHsTuid.

Marpurna HxUH Pa3MEpPHOCTH m X 1 Ha3bIBAETCS NJIAHOM Nepeo3ok,

X;; — nepeso3Koil, CUH — mMampuyeti uzoepicex.

ij
[lman Ha3pIBaeTCS OdonycmumviM, €CIIA OH YJOBIETBOPSET yKa3aH-

HBIM BBIIIIE OTPAHUICHUSIM.
[InaH Ha3BIBACTCS ONMUMATLHLIM, €CIH OH MHUHUMH3UpPYET (DyHK-

muio f(X).
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llepeMeHHBIE X;; YAOBICTBOPSIOT M + 1 YPABHCHUSM CHCTEMBI OT-

paHUYEHUM, paHr KOTOpoil r paBeH m+n—1. Eciau pacnonoxuTs me-
PEMEHHBIE X; CIEAYIOLUM 00pasoMm:

X115 X125 005 X1ppo X215 eees XDppseees Xyl ooes Xy »

TO MaTpula OFpaHPI‘ICHI/Iﬁ TpaHCHOpTHOﬁ 3aavy NpUMET BUJ

n n n

f—/%

11 1 00 0 0

0 0..0 0
m

A_oo 0 0 0 11

11 0 0 10 0 1 0 0

01 0 0 1 0 0 0
n

0 0 1 00 1 0 0 1

Herpynano Buzeth, uto panr » matpuilsl A paBeH m+n—1. Jlei-
CTBHUTEJIHO, BCETO B MaTPUIE 71+ 1 CTPOK M BCE CTPOKHU JIMHEHHO 3a-
BUCHMBL. UTOOBI B 3TOM YOEIUTHCS, JOCTATOYHO CIOXKUTH MEPBBIC 71
CTPOK U BBIYECTh CyMMY IIOCIECIHHUX 71, IIPH 3TOM IOJIyYUTCS HYJIEBOM
BekTop. C Opyroil cTOpOHBI, HETPYIHO 3aMETHTh, YTO JIIOOBIE m + 71 — 1
CTPOK MaTpullbl A JTHHEHHO HE3aBUCHMBI.

Wrak, panr cucremsl orpaHuueHuil paseH m+n—1. CnenoBarenb-
HO, MO>KHO BBIJICIIUTH M + 11 — 1 0a3MCHBIX IEPEMEHHBIX.

Cy1ecTByeT MOHATHE ONOpHbILL NAGH — 3TO NJIaH, B KOTOPOM OTJINY-
HBL OT HyJIsl He 0osiee 4eM /7 + 1 — 1 NEePEeMEHHBIX x;; .

OmopHEIH TTaH 3TO (PaKTHIEeCKH Oa3wuc.

1.6.2. Haxoosrcoenue nepeozo onopHozo nianda

Kak u B 3amade NTMHEHHOTO MPOTPaMMHPOBAHUS, B TPAHCIIOPTHOU
3a/1adye HEOOXOAMMO CHAYajla HAWTH TEPBBIA JOMyCTHMBIA Oa3uc. Jlis

69



9TOT'0 CYHIECTBYCT HECCKOJIBKO MECTOAOB, Ha HEKOTOPLIX U3 HUX OCTAaHO-
BHUMCA HMXC.

3aganuM TpaHCHIOPTHYIO 3a1ady Tabm. 1.30.

Tabmuma 1.30

y B
B, B, B, 3amachl a;
11 €12 €
A4, v " 4]
X11 X12 Xn
€21 (&)) Con
Az cee as
X1 X2 X2n
Am Cml Cm2 = Cmn a,
Xl X2 Xmn
m n
3asBku b; b b, by, 24 = ij
i=l =l

B tabn. 1.30 4 — nyHKT oTnpaBieHus, B — MyHKT HA3HAYCHMS.

JnaroHaJbHbIii MeTOA HAaXOXKACHUs OMOPHOIO IUIaHa COCTOMT B
CleAyIoleM. B BEpXHIOI JIEBYIO KIETKYy TaONHIBI CTABUTCSI MUHH-
MaJlbHOE M3 YHcen a; u by, T.e. min{a,,b,} .

Ilycts a; < b;, CnenoBarenbHO, MOCTaBUIMK A, MOIHOCTBIO HC-
HOJIb30BaJl CBOU 3allachl M HPU YCTAHOBJIEHUU OCTAJIbHBIX IEPEBO30K
€ro MO>KHO HE YYUTHIBATh (CTPOKA, COOTBETCTBYIOMIAS @, U3 TaOIMIIbI
BbIUEpKUBaeTcs). Temepb MOTpeOHOCTH 1-ro moTpedutens Oymer co-
CTaBISITh b —a .

Eciu Hao00poT, a; > by, TO COOTBETCTBYIOLIMI CTOIOEI 13 TaOIUIIBI
BBIYEPKUBAETCSL.

Jlanee mporiecc MOBTOPSIETCSL.
Mpumep 1. Paccmotpum taba. 1.31. B atom npumepe m =3, n=4.

B pesynbrare momyunim m+n—1=6 OTIMYHBIX OT HYJS TIepEMEH-
HBIX, T.€. TO OMOPHEIH IJIaH, B COOTBETCTBUU C KOTOPHIM

Jf(X) =iic,jx,.j =1630.

i=l j=I
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Tabmuma 1.31

B
4 B, B, By By, 3amacel a;
4 60 > 20 7 ! 3 80/20
Ay 4 20 8 0 4 2l 90/70
4 1 ’ 20 ° 70 ’ %0

asiekn b 60 40/20 90/20 70 260

MoXHO TIOKa3aTh, YTO JMATOHAJIBHBI METOJ BCETJa MPUBOIUT K
OMOPHOMY JOMyCTUMOMY perneHuio. OgHaKo cienayeT UMETh B BUAY,
YTO MOCKOJIBKY JaHHBIA METOJl HE YYUTHIBAET CTOUMOCTD IEPEBO30K, TO
OTIOpPHBIC TUTAHBI, TTOMYYCHHBIE C €r0 TIOMOIIBIO, 3HAYUTEIHHO OTIHYa-
JOTCSI OT ONITUMAaJIbHBIX.

MeTox MUHHMAJBHOTO 3JIeMEHTAa AT BO3MOXHOCTh Y4YecThb 3a-
Ia"Hble cTouMOocTd. OT TMaroHaJILHOI'0 METOJA OH OTIMYAETCS TOJIBKO
TeM, YTO B TaOJHIIC BHIOMpPAETCS HE BEPXHsISA JIeBasl KJIETKA, a KIIETKA C

MHHHUMAJILHON CTOUMOCTBIO Cij , 1 KaK B JUaroHaJlbHOM MCETOAC B OTY
KJIETKY 3alliChIBAaeTCS MUHHMAalbHOE M3 IBYX umcen a; u by, T.e.
min{a;, b;} . 3aTeM COOTBETCTBYIOIIUH CTONOEI] MK CTPOKA U3 TabIH-

bl BBIYEPKUBACTCS U T.I.
Mpumep 2. Paccmotpum taba. 1.32.

Tabmuma 1.32

B
4 Bl Bz B3 B4 3amacel a;
4 5 7 N 1 3 %0
4 8 4 2
A4, 10 10 70 90/20/10
1 5 6 9
A
s o %0 90 /30
3asBKH bj 60 40/ 10 90/10 70 260
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B cooTBeTrcTBHU C OIMOPHBIM IIJIAHOM, IMOJYYCHHBIM AAHHBIM MCTO-
ITIOM, 3Ha4YCHHE (PYHKITIH

3 4
S(X)=2 Y eyx; =550.

i=1 j=I

OnsIT pemeHust TPaHCIIOPTHBIX 33]ad MOoKa3aj, YTo JaJeKo He Bce-
I/1a KCIOJIb30BaHUE METOJa MHUHHMAIBHOIO 3JIEMEHTa, BMECTO UAaro-
HAJIBHOTO, JJAeT JydIllee MPUOIMKEeHNE K ONTUMAIIEHOMY PEIICHHIO.

1.6.3. Memoo nomenuyuanos

DTO OCHOBHOW METOJ| PEIICHUS TPAHCIIOPTHOH 3ajauu. Meton 6a3u-
pyeTcs Ha psifie TEOpPEM, KOTOPBIE PACCMOTPHUM HIDKE.

Bgenewm nousiTHe ncegdocmoumocmu.

ITycTb 3a nepeBo3Ky €AUHMIIBI Ipy3a ¢ 0a3bl A4; BHOCHTCS ILIaTa o,

a 3a IIepeBO3KY €/IMHULIBI IPy3a Ha 6asy B; —mnata ;. Ilcesdocmou-

MOCMbIO IEPEBO3KH U3 4; B B ; HasbiBaeTcs cymma ¢; = o, +f3 ;.

COBOKYITHOCTh  BEJIMYUH (ocl-,Bj), i=1,m, j=1,n, Ha3bpIBaeTC

naamencamu, WM NOMeHYuaiamu.
Teopema o miuarekax. (11 3a7aHHON COBOKYIHOCTH IUIaTEXEMN
CyMMapHasi TICEBJIOCTOMMOCTh IMEPEBO3KH TPU JTHOOOM JOITyCTHUMOM

IJIaHe xij COXpaHsiCT OJHO U TO K€ 3HAYCHUEC, T. €.

- m n
f(x)=2.>.¢;x; =const.

i=1 j=1

Joxa3aTeabcTBO.

~ m n - m n m n m n

Sy =22 ey =2 2.0 +By)xy; =2 > oy + 2.2 B =
i=l j=1 i=l j=1 i=l j=1 i=l j=1

m n n m m n
= Zaizxij + Zf’jle’j =>o,a; + Zﬁjbj = const.
== J j=1

=1 i=l i=1

Taxk kak miaH — HOHyCTHMLIfI, TO BBIINTOJIHAIOTCA COOTHOIICHUSA
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MY 9TOM CyMMapHasi NICEBJIOCTOMMOCTD TIEPEBO3KH HE 3aBUCHT OT TLia-
Ha x;, T.e. f(X)=const. Takum 06pa3om, Teopema 10Ka3aHa.
Teopema 00 omTumaabHocTH. Ecim juts Bcex Oa3WCHBIX KIIETOK

(x;>0) nceBLOCTONMOCT PaBHA CTOUMOCTH, T.C. Ci7 ij = Cij» @ JUIs CBO-

0OIHBIX KICTOK (X;=0) BBINOIHSACTCS HEPABEHCTBO cU < ¢;;, TO IUIAH

SIBJISICTCS ONTUMAIBHBEIM U HUKAKUM CIIOCOOOM HE MOJKET OBIThH yiyu-

TIIeH.
Joka3zaTeabcTBo. /{151 0a3UCHBIX KIIETOK HMEEM

3

n

f(x)= ZZCU =2 2.CX; = 7 (%) = const..

i=1 j=1 i=1 j=1

—_

3aMEHUM ILIaH )Cl Ha 11000k ,Z[perI/I ,Z[OHyCTI/IMI:II/I IJIaH )C TOFI{a

MOJTyYUM JIPYTO€ 3HAYCHHE 1IeNIeBOH (pyHKINU

m n
—n _ ’
X =20 cx;
i=1 j=1
B 6a3ucHBIX KJIETKaX, KOTOPhIC COXDAHWIHCh OT CTAPOTO ILIAHa,

CTOUMOCTB C] lj ,dB 0a3MCHBIX KJICTKaX HOBOT'O IJjiaHa, KOTOPBIC B

IJI1aHe )C ObLIH CBO60,Z[HLIMI/I CTOUMOCTB Cl/ 2 CJ'ICI[OBaTCHLHO

n

f(&)> i D.Cyxj; = const = f&@),

i=1 j=1

~

= 7 -
Te. f(X)= f(X').
Takum o0Opasom, npu JIFOOOM IUIAHE, OTIMYHOM OT X, (QyHKUHS
f(X") Moxer ObITh TOIBKO OOJIbIIE. 3HAYHT, X;; — ONTHMAJIbHBIi UIaH.

Teopema nokazaHa.
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U3 ycnoBus paBeHCTBa ¢;; =C; B 0a3MCHBIX KJIETKAX MOKHO OMpe-

JEIUTh TIOTeHIuansl o; u f3 ;. B omopuom mnane (n+m— HCHBIX
e OTEHIUAIIBl O ;- B omopro ane (n+ 1) Ga3zuc

KIICTOK; IMPUYEM 3HAYCHUA cij HU3BCCTHBI. I[J'IH HaXO0XICHUA IMOTCHIUA-

JIOB COCTaBUM CHUCTEMY YpaBHEHUH, UCIIONB3ys Tabm. 1.32:

o +P3 =1L
o +P3 =4
oy +Py =8
o3 +PB, =5
a3 +P; =1L
o, +B4 =2.

Cucrema nmeer (n +m —1) YPaBHEHUN U (n + m) HEU3BECTHBIX IO-

TCHIIUAJIOB. I[ﬂﬂ MOJIy4YCHUs PCHICHUA HeO6XOﬂHMO IMPOU3BOJIBHO BBbI-
Oparth OMH U3 MOTEHIMAIOB, HanpuMep o, = 1. OcTajbHble MOTEHIINA-
JBl OJIHO3HAYHO OMNPEIEISIOTCS TPU PENIEHMU CHCTEMBI YPABHEHHMIA:
B3=0, 0, =4,B, =4, az=1,B; =0, By =-2.

CHCHyeT OTMCTUTD, YTO B CUCTCMC NMOTCHLUHAJIOB MOT'YT OBITH U OT-

pULAaTCIIBHBIC DJICMCHTBI.

OnpesienMe NOTEHIMANBI, HAXOAAT TICEBAOCTOMMOCTH C; =0; +

/)

B OCTaJbHBIX HEOA3MCHBIX KJICTKaX W MPOCTABISIOT MX B JICBOM YIIIy
He0a3MCHBIX KIIeTOK (Taba. 1.33).

Tabmuma 1.33

B
A
Bl BZ B3 B4 a[
A _

1 1<5 6<7 30 1<3 1
A, 4<4 8 4
- 10 10 70
5

A _
3 60 30 1<6 1<9 1
Bj 0 4 0 -2
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Jlanee npoBepsIOT, SIBJISETCS JIU OMOPHBIN IUIaH ONTUMAaBHBIM.

B paccmarpuBaeMoM citydae IUTaH SIBJASIETCS ONTHMAJIBHBIM, TaK Kak
BO BCEX HEOA3UCHBIX KIETKAX Cj < Cj; .

BosbpmeM apyryro Tabnmily, MOCTPOCHHYIO THArOHAJIBHBIM METOJOM
(Tabim. 1.34).

Tabnuma 1.34

B
A
Bl Bz B3 B4 a;
5 7
A
1 60 20 3>1 6>3 1
8 4
A
2 6>4 20 70 7>2 2
6 9
A
3 8>1 10>5 20 70 4
B 4 6 2 5

OmNopHKIi MIaH HE SBJISIETCS ONTHMAIIBLHBIM, TAK KAK MMEIOTCS KIIET-
KM, TIE El-j >y

BriOupaercss KiIeTka ¢ MaKCHMAIIbHON PasHOCTBIO (C3; —C3p =7).

Orta kieTka Oepercs 3a Ha4albHYIO JUIsl TOCTPOSHHSI, TaK HAa3bIBAEMOT0,
LUKJIa TepecyeTa, ¢ MOMOIIbI0 KOTOPOTO MOXHO HAWTH HOBBIN OIOp-
HBIH TUTaH C MEHBIIIMM 3HAYCHHUEM IIeJIeBOH (yHKINH.

Luxnom nepecuema Insg NaHHON CBOOOJHOW KIIETKH Ha3bIBACTCS
3aMKHYTasl JIMHUS, BCE BEPIIMHBI KOTOPOW, 32 UCKIIFOUEHUEM JaHHOH,
JIeKaT B Oa3sHCHBIX KIIETKaX. BepH_II/IHaM UKJIa nepecyera npucBanBa-
I0TCS 3HAKHU «+» WIH «—». 3HAKH TOCIEAOBATEIBHBIX BEPIINH YEPEIy-
I0TCS, TIpUYeM CBOOOJIHAS KJIETKa MMEET IOJIOKUTENbHBIN 3HaK. J{oka-
3aHO, 9TO JJISl K&KAOH CBOOOJHOM KJIETKH CYIIECTBYET ¥ MPHUTOM €IWH-
CTBEHHBIH I[UKJI [IepecyeTa.

L]enoti yuxna HA3BIBAETCS MPUPAIICHUE CTOMMOCTH NEPEBO30K IMPHU
MepeMeNIeHNH eIWHUIIBI TPy3a Mo IUKIY, OHA paBHa anredpandeckoit
CyMME CTOHMOCTeﬁ, CTOAIUX B BEPHIMHAX HUKJIA, a, B KOHCYHOM CYCTE,
paBHa:

Vijg =€ —Cy-
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Ilena MoxeT OBITh KakK IOJOXHUTENbHOW, TaK W OTPHLATEIHHOH.
Ouesunuo, y; <0 mpu Eij > ¢;; ¥ B 9TOM Clly4ae CTOMMOCTb IIEPEBO30K

yYMEHbIIaeTCs.
HexkoTopsle nukiibl epecueTa mpeacTaBieHs! B Tadm. 1.35.

Tabmuma 1.35

B
A
Bl Bz B3 B4 BS B6
4 1 - < 13 C14 + g5 | = Cl6
A 2 +lex — €23 €4 €25 A C26
43 + 3| - exp + ¢33 34 -] ¢35 C36
Ay ca ca - cy3 Cay4 cg5 | | cus
— + . . ; . ,
As €s1 €52 "+<¢53 Cs4 =Y oss €56

[ToxakxeM crpaBeNIMBOCTH TOTO, YTO II€HA Y j =Cj —Cij -

B coorBercTBHE ¢ Tabm. 1.35 mena mukia mia kieTku (5, 3) omnpene-
JIACTCA BBIPAKCHUEM!

Y53 =Cs53 —C43 T C46 —C16 T C15 = Cs55 =
=cs3 —(ay +P3) + (o +Bg)— (o) +Bg) + (o) +Ps)—(as +Ps)=
=53 — (B3 +05) = €53 = Cs3,
YTO COOTBETCTBYET YKa3aHHOMY BBILIE YTBEPKICHHIO.
PaccmoTrpum nipumep, npeacTaBieHHbIH Tabd. 1.36, aMeMeHTh KOTO-

PO COOTBETCTBYIOT dJIeMeHTaM Tabi. 1.34.

Bribepem KIIETKy ¢ MaKCUMaJIBHON Pa3HOCTHIO El»j —Cy

(3, 1), u moctpouM Jyis Hee MUK nepecdera. [Ipsimas, BeIXOAsIas U3
KIIETKH, COBEPIIAET IMMOBOPOTHI B OA3MCHBIX KIETKaX W BO3BPAIAETCS B
HaYaJIbHYIO.

Tenepsr Hy>KHO TepepacHpeenuTh 0a3uCHbIE IEPEMEHHbBIE, HaXOs-
IIMeCs B BEPIIUHAX IMKJIIA, TAK, YTOOBI B CBOOOHOMN KIIETKE MOSIBUIIOCH
MIOJIOKUTENIEHOE 3HAYSHHE, a OJIHAa U3 0a3MCHBIX NePEMEHHBIX MPHHSIIA
HyJIeBoe 3HaueHHe. [Ipy 3TOM JOIDKHO COXpaHUThCs TpeOOBaHUE, YTO

Bce x; 2 0. JlokasaHo, YTO NPU TaKOM HEPEMELICHIH OyACT IOy 4eHO

T.€. KIIETKY
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HOBOE PEIICHUE TPAHCIOPTHOM 3a/a4yll C YMEHBIICHHBIM 3HAYCHUEM
[EJICBOM (DYHKIIMH, €CITH [ICHA ITHKJIa Yy < 0.

Ta6muma 1.36
, B
B, B, B; B,
4 B 5 N 7 3
44—
60 20 f 3 6
4 J‘ 8 ) 2
4, - +
6 20 70 7
| 5 l 9
43
g Y 10 n 70
F(X)=1630.

B npumepe HaviMeHbIIIee 3HaUCHHE 0Aa3UCHON NIEPEMEHHON, KOTOPYIO
MOYKHO TEPEMECTHTh MO LUKy, paBHO 20. TakuM 00pazom, 3TO YUCIIO
HYXKHO NpuOaBUTh K 0a3MCHBIM IEPEMEHHBIM BEPIIMH LHKJA, UMEIO-
IIHMX 3HAaK «+», U BBIYECTh U3 IEPEMEHHBIX B BEPIIMHAX LIUKJA CO 3Ha-
KoM «—». B pesymprate, B kietke (3, 1) mosiBUTCS mepeMeHHas
x3; = 20. 3HaueHue nepeMeHHON Oosiee 20 BbIOpaTh HeNb3sl, TaK Kak

OTO MMPUBEACT K IMOABICHUIO OTPULATCIIBHBIX 3HAYCHUH Xii -

[Mocne nepemenieHus MO MUKITY Moy4uM Tadm. 1.37.

/)

Tabmuma 1.37
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B

A

Bl Bz B3 B4 a;
A, 40 40 80
A 0 (¢) 90 90
As 20 0 70 90
b; 60 40 90 70

F(¥)=1490.




HoBblil ONOpHBIA I1aH COOTBETCTBYET MEHBILIEMY 3HAUCHHIO LiEle-
BOH ()YHKUMH, NPUYEM YMCHBIICHHE COCTABISCT BEIMYMHY ;X

(7-20=140), rze X;; — HEPEMCIICHHOE 10 LUKy YHCIIO.

Crnengyer OTMETUTL OJHY OCOOCHHOCTH IMOJYYCHHON TaOJHIIBI: BMe-
CTO OJHOM IIEPEMEHHOM HYJIIO CTAJId PABHBI JBE MIEPEMEHHBIE X5y, X33.

DTO 03HAYALT, YTO 3a/1a4a BHIPOXKICHHAS, TaK KaK YHUCIO 0A3MCHBIX IIe-
PEMEHHBIX MEHBIIE (n +m —l). Jns  ycTpaHeHHUS BBIPOXKIECHHOCTH

MPEAIOIOKUM, YTO B OJHOM U3 KJIETOK, HAllpUMED B KIIETKE (Az,Bz),

nMeeTcsa OeCKOHEYHO Majas BennduHa € >0, KOTOpYI0 B OKOHYATEIb-
HOM IJIaHE [TPUMEM PaBHOU HYJIIO.

[MonBoxast utoru, cHOpMyIIUPYEM @r2Opumm peuteHuss mpaHcnopm-
HOU 3a0ayu.

1. B xagecTBe mepBOro MpUOIMKEHUS OepeTcsl MOMyCTUMBIA IIIaH,
HOHy‘IeHHBIfI OAHUM U3 MCTOJ0OB HaAXOXJICHUA HAYAJIBHOTO OIOPHOIO
TUTaHa.

2. JIns naHHOTO IUIaHA ONpPENEISETCS CUCTEMA IIATEXEH UCXO0ns U3
YCJIOBHSI, YTO B JIO0OW 0a3MCHOM KJIETKE CTOMMOCTH paBHA IICEBIO-
CTOMMOCTH.

3. [loxcunThIBaeTCs NMICEBAOCTOMMOCTB JIJISl BCEX CBOOOTHBIX KJIETOK.

Ecmu okaxercs, 4To 11 BCeX KIIETOK IUTaHa Ez‘f < ¢, TO 3a7a4a pe-
IIIeHa, HAWJICHHBIN TIJIaH ONTUMAJICH.

B mpotuBHOM cnydae, T.€. €CIM CYLIECTBYIOT KJIETKH, B KOTOPBIX

C;j > C; , IEPEXOUM K IIary 4.

4. Jlnst cBOOOJHOMN KIIETKHM C MaKCMMAJbHOH PasHOCTBIO C;; —¢; >0

CTPOUTCS IHKII IEepPecUeTa, IMOCle Yero COCTABIISAECTCS HOBBIA OIOPHBII
IJIaH W OCYIIECTBIISAETCS TePeX0 T Ha Imiar 2.

OTMeTHM, YTO JIOTUYECKUE OIEpaIlii, COCTABJISIIOIINE COICPIKAHHE
MIPOIEAYPHI MOUCKA [UKIIA, TOPa3I0 0oJiee SKOHOMHBI B CMBICIIE 3aTpaT
BpeMeHH OBM 10 cpaBHEHHUIO ¢ apu(PMETHICCKUMH OTIEPAITUIMU CHM-
IJIEKC-METO 1a.

B 3aknrouenue, oOpaTuM BHUMaHKE Ha JIFOOOMBITHYIO 0COOEHHOCHb

mpancnopmuol 3a0ayu: €CId BCE YhCa ai,bj (izl,m, j=1,n) -

Hesnple, TO JII0OOH OMOPHBIA MJIaH TPAHCIIOPTHOH 3a1auu (B TOM YHCIE
ONTHUMAJIBHBIHN ) — IIEIIOYNCIICHHBIH.
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JlelicTBUTEIBHO, KOTAa Bce 4ucna a;, b ; — Lemble, HadaJbHBIN

OTNOPHBIA IUJIAH, TMOJYYEHHBIM NHUATOHATBHBIM WU APYTHUM METOAOM,
sIBJISIETCA 1esiouuciaeHHbIM. KpoMe Toro, Ha Kaxjoil uTepaluu MeToja

NMOTCHUHAJIOB II€pEMCIIacMOC YHCIIO xij SABJISACTCA LECJIbIM, IIO3TOMY

000 CIEAYIOMIMA OTIOPHBIH TUIAH — IIeTOYNCICHHBIN.
1.6.4. Tpancnopmmuoie 3a0a4u ¢ HeNPAGUILHBIM OATAHCOM

Panee ObLT pacCMOTpPEH METOJ PEIICHUS npocmetiuieli mpancnopm-

m n
HOU 3a0auu B CIlydyae BBIIOJHEHHS yCIOBHSL ».a; = Y b
i=1 Jj=1

;> T.e. Korua
CyMMapHbIH 00bEM BO3MOXHBIX MMOCTABOK PABHSJICS CYyMMapHOMY OO0b-
&My moTpeOHOCTe (3aKkpwimas TPaHCIIOPTHAS 3a1ava). Mexay TeM ya-
e BO3HUKAIOT TPAHCIIOPTHHIE 3aJladd, B KOTOPBIX YCIIOBHE OaiaHca
HapyIICHO B Ty WJIN WHYIO CTOPOHY (0mKpbvimbie TPAHCIIOPTHBIE 3a/1a-
qH).

m n
Tak B ciydae, Korma D a@; > ».b; 3amady MoxHO chopMyIHpoBaTh
i=l =l
CJIeYFOIUM 00pa3oM:
HalTH

m n
min< f(x) =) Zcijx,-j
=l j=l

IIpu OrpaHUYCHUAX:

M=
=
=
A
NQ
I
—
3

Mz

=

=
Il
S

~.

~
Il
—
S

OTO 03HAYaeT, YTO y HEKOTOPBIX IMOCTABIIUKOB OCTAaETCA HEOTIIPAB-

JIEHHAs TPOAYKIIHUS, CyMMApHBII 00bEM KOTOPOI PaBeH Z a; Zb
i=1
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e Ecmm 663pa3HI/I‘IHO, Y KaKuX UMCHHO IMOCTaBIIMKOB U B KaKHUX KO-
JIMYECTBAX OCTAHCTCA MPOAYKIUA, TO 3ajjadya C HCIPaBUJIbHBIM 6aﬂaH-
COM MOXET OBITh CBEJCHA K SKBHBAJICHTHOH €il 3a7ade C MpaBUIBHBIM
OayaHcoM, T.€. K 3aKpBITOM TPAHCIIOPTHOH 3amade. [ aToro BBOgUTCS
eIIe 0JIH (PUKTUBHBINA TOTPEOUTEIH C 3asIBKOM

m n
by =2 a; - Zb,-
i=1 j=I1

1 CTOUMOCTBIO IIEPEBO30K OT KAXKAOT'O IMOCTABIINKA

Ciny =0, i=1Lm.

Torpga, mocTaBiaeHHAas 3a7a4a MOXKET OBITh 3alMcaHa B BHJIE:

HauTH
m n+l

min f(X) =2 > c;x;

=l j=1

TP OTPaHUYECHUSIX:

m —_—

ITonydenHas 3ajgaya JEWCTBUTENBHO SKBUBAJEHTHA MCXOJHOW, Tak
Kak ()MKTUBHBIC IIEPEBO3KH HE BIMAIOT HA 3HAYCHHE 1IeJIeBOH (DYHKIUH,

HOCKOIIBKY ¢; ,,1 = 0.

CoBepmieHHO  aHAJOTMYHO  MOXKHO  TIOCTYNIUTH B CiIydae

m n
Ya;<Yb j » T-€. KOT1a IPOAYKIIMH HEAOCTATOYHO IS IIOJIHOTO y/O0B-
i=1 J=1
JIETBOPEHHUHU MOTpeOHOCTEH. B 3TOM Ciydyae BBOOUTCS B pacCMOTPEHHE
(UKTHBHBIA TMOCTABIIUK C OOBEMOM BO3MOMKHBIX ITOCTaBOK, PaBHBIM

3

n
1 i=1

.M=

HEJIOCTATKY MPOIyKIIUU . CTomMOCTH TIEPEBO30OK  OT

J



(bI/IKTI/IBHOFO IIOCTaBIIMKa KO BCEM HOTpC6I/ITCHﬂM IIPUHUMACM TaKiKe

PaBHBIMH HYJIIO, T.C. Cppyp; =0, j=1n.

e FEciu He 6e3pa3iInyHO y KAKOTO IMOCTABIIMKA U CKOJILKO OCTaHET-
Csl MPOAYKIMU (WM KaKOW MOTPEOUTENh U CKOJIBKO HEAOMONIYYHUT), TO
JUTS. CBEJICHUS 3a/1a4d K 3aKPBITO TPaHCIOPTHOM 3amave Hago mpuode-
raTh K 60j1€€ CIIOKHBIM IpUéMam.

[lycth, Hampumep, cyMMapHBId 00BEM NPOAYKIUU HEJOCTATOYCH;

m n
T.e. »,a; < ) b;. U mycTh y6BITOK, K KOTOPOMY TIPHBOJIUT HEIOMONY-
i=1 j=1

YeHUe MPOIYKIUU j-M TOTpeOUTEIeM, OIICHEH B rj CIMHHIL TEX ¥Ke, B

KOTOPBIX M3MCPCHEBI Cij . Torna €CTCCTBCHHO, JAaHHYIO 3aJa4y MaTeMma-

THYECKH MOKHO 3aIMCcarh TaK:
HaWTH

min f()_c)zi icl-jxij+irjyj. (1.8)
j=1

i=1 j=1

B cootnomenue (1.8)

npezcTaBiIsieT co0ol 00bEM HEYJIOBIETBOPEHHOTO CIpOCa j-I'O TOTpe-
OuTelns IpU OrpaHUYCHUSIX:

n _—

le‘j :aia izlam; (19)
j=1

m —_—

i=1
Ota 3a7ada MPUHAMAET BHUI OOBIYHOM 3aKpBITOM TPAaHCIIOPTHOH 3a-
ad¥, €CIM BBECTH (UKTUBHOTO (m +1)-ro mocTaBmimka ¢ 00BEMOM

IIOCTAaBOK

U IIPUHATH



n
Heznocrarouiee OrpaHudeHue Y X, . j =y TONYYACTCs Kak
J=1
cymma o j orpanwdenwuit (1.10).

WA
m n n
Da;+ me+1j = ij .
i=l Jj=1 Jj=1
Otkyna

n n m
me+lj = ij _Zai =y -
j=1 j=1 i=1

Takum 0Opazom, mmoirydaem 3a1aqy:
HallTH

m+l n

min f(X)= Y, > c;x;

=l j=I

IIpu OrpaHUYCHUAX:

B 3akntoueHue ciaeayer OTMETUTb, UTO:

METOJI MOTEHIINAJIOB SABJSAETCA HE €UHCTBEHHBIM METO/IOM PELICHUS
MpocTeUIIel TpaHCIIOPTHOH 3aauu;

K aHAJOTMYHOMY BUAY MaTe€MaTH4eCKOW MOJETH MOXKET NPHUBECTH
3ajaya, [0 CBOEMY COJIEP’KaHUIO HUKAK HE CBS3aHHAasl C TPAHCIIOPTOM U
C IJIAHUPOBAHUEM I1E€PEBO30K.

3ameuaHus. MHOTHe IPaKTHUECKUE 33]1a4H, CBA3aHHBIE C [UIAHUPOBAHUEM IIEPEBO-
30K, HE YKJIaJIBIBAIOTCSI B PAMKH PAaCCMOTPEHHOM 3a/1aull, TaK KaK OCIIOKHEHbI TEMHU MIIN
WHBIMH JIOTIOJTHUTETIbHBIMH OTPAHHIECHISAMH.

1. Hapumep, TpaHCTIOPTHBIE MAaruCTPaiy, CBA3bIBAIONINE HCTOYHUKH IIPOILYKIUH C
HOTPEOUTENSIMU, UMEIOT ozpanuyentble (B OTpaHMYEHHBIH IPOMEKYTOK BPEMEHN) NpO-
nYCKHble CnocoOHOCMU, 9TO MOXKET HE TMO3BOJMTH PEaln30BaTh ONTHMAIbHBIN IUIaH
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MepeBO30K, HalIeHHBI 0e3 ux ydera. [103TOMy OrpaHWuYEHHs, CBSI3aHHBIE C IPOIYCK-
HBIMH CITIOCOOHOCTAMH, HEOOXOANMO BKIFOYATh B 33/1ady.

Tax BMecTo ycnosust x;; 2 0 HY>XHO MCHOJB30BaTh OIPaHUYCHUE (O <x; < di/-), rae

d;; MakcuMalbHbI 06beM NPOXYKIMHU, KOTOPbLA MOXKET GbITh IIEPEBE3CH 110 3TOH Ma-
TUCTpai® (M3 i B j ) 32 pacCMaTpWUBAeMbI MPOMEKYTOK BpeMEHH (T.€. TPOITyCKHas
CIIOCOOHOCTE dj; MOXET OBITh paBHa OECKOHEYHOCTH).

ScHo, 4TO 3amava MPUHIUIHMAILHO OTIMYAETCS OT IPOCTeiel TpaHCIIOPTHOI 3a-
Jaud, Ui e€ penIeHus NMEeeTCsl METO SIBIISIONIUICS BHION3MEHEHHEM MeToa HOTeH-
JUAJIOB.

2.3agaua MOXET OBbITb OCJIOXKHEHA HATUYUEM HPOMENCYMOUHLIX MPAHCHOPMHBIX
3108, B KOTOPBIX MPOU3BOIUTCA 00padoTKa rpysa (Hampumep, IepeBajka Ha APYTroi
BUJ TpaHcrmopTa). Jyisi Takux 3aiad Takke UMEroTCsi Oosee wian MeHee 3((EeKTUBHbIC
METO/IbI PEICHHSI.

3. [IpuHOUNMaTBEHO MEHSETCS XapaKTep MOMENH 3a[add AaXke B NMPOCTEHIIeM CITy-
gae, ecii 32 KPUTEpHil ONTUMAJIBHOCTH BEIOpaHO BpeMsi, HeoOXoauMoe s obecriede-
HUS BCeX MOTpeOHTeNnel HyKHBIM 00BEMOM NPOAYKIMH, U TpeOyeTcs 3TO BpeMsi MHHH-
MH3UPOBATh — MPAHCNOPMHAA 340a4a NO Kpumepuro épemeHnu. MaremaTtndeckas Mo-
JIeNb 9TOM 3a7a4n OKa3bIBAeTCsl HEJIMHEHHOW 3a cYeT HeNMHEHHOW IeleBOH (yHKINH.
MeTozb! peleHuns Takoil 3a1a4i U3BECTHBEI.

4. Yacto TpebyeTcsl COCTaBUTb ONTUMANBHBIA TUIaH MEPEBO30K HE OAHOrO, a He-

CKOJIbKHUX BUIOB MPOAYKIHNHU. B nmocranoBke 3ala4yi HOABJIACTCSA 00BEM TIEPEBO30OK xijk

k-To BU/a IPOAYKIMH OT i -TO TIOCTaBUIMKA K j -My moTpeburento. B ocransHOM dop-
MYJIMPOBKA 3a7jauu aHAJIOTW4HA mpocteiiel. [lomydaercs, Tak Ha3pIBaeMas, mpéxun-
OeKkcHasi TPAHCIIOPTHAs 3aa4a.

BriBatoT 3a1auu 1 ¢ GOIBIIMM KOJIMYECTBOM HHIEKCOB.

Hanpumep, x;;; — 00beM [epeBO30K & -ro BHAA MPOAYKUMH [ -M BHOM TPAHCIIOP-

Ta OT 7 -TO IIOCTaBIIMKa j -My nmotpeburemo, k=1,p, [=1,q.

CrnemoBaTeNbHO, CYMIECTBYET KIACC MHO2OUHOEKCHbIX MPAHCHOPMHBIX 3a0ay.
MOXXHO OTMETHUTh, YTO:

MIPOCTHIX METOJOB PELICHUS TaKUX 3a/a4, NOAOOHBIX METOAY MOTEHLHANOB, HET U
OBITh HE MOXET;

IIPA UX PELICHWH HaJ0 MCIIONB30BAaTh CHMIUIEKC-METO[], KaK I OOBIYHOM 3amadn
JIMHEHHOTO MPOrPaMMHUPOBAHHUS, HO IIPHU STOM MOTYT BO3HHUKATh IPOOJIEMEI, CBSI3aHHBIC
¢ OOIBIION Pa3MEPHOCTHIO 33aJa4uy MTPU OONBINUX 3HAYCHUSX M, I, P, ¢ W T.J.

B 3akiroueHue cienyer OTMETHTB, YTO JJISi MHOTHX 3a/lad TpaHC-
MOPTHOTO THIIA UMEIOTCSI METOJIbI PEIICHHUS, OCHOBAaHHBIE HA MaTeMaTH-
YeCKOM aHalmn3e CBOUCTB rpadoB (wmm cereil). CeTeBble METOMBI pellle-
HUS TMOAOOHBIX 3a/1ad 9acTO OKa3bIBAIOTCS Oojiee 3P(HEKTHBHBIMU, YEM
METO/IBI B PACCMOTPEHHON HAMU MaTPUYHOU IMOCTAHOBKE.

83



1.7. JluckpeTHOE MPOrpaMMHPOBaHUeE

JlickpeTHOE TpOTpaMMHpOBAaHNE — OCOOBIHN Kilacc 3a7ad JIMHEHHOTrO
IIpOrpaMMHUPOBaHHA.

1.7.1. ITocmanoeka 3adauu
Maremaruveckass MOAENb OOIIeH 3aa4 TUCKPETHOTO MPOTPaMMHU-
POBaHUS MOKET OBITh IIPEIICTaBIICHA CICAYIOIINM 00pa3oM:
HANTH
n
max- f(X) = chxj +¢

IIPY OrPAHUYECHUSX:

agX; S(Z)bi’ i:L_m;

M:

1

R\

Ajz{O,A 4 Ajk}

j € Jl

Urak, B 3TOM 3amaye I KaXA0H NEPEMEHHON X j 3apaHee ompeje-

JieH Habop 3HAYCHMIA, KOTOPHIE OHA MOXKET IPUHUMATH.

YacTHbIM ciiydaeM 3a7ad IUCKPETHOTO MPOrpaMMHUPOBAHHUS SIBIISIOT-
cA 3a71a4U YeI0UUCTIeHHO20 NPOSPAMMUPOBAHUSL:

HaWTH

n
max 1 f(¥) =D c;x; +cg
j=l

IIPU OFPAHUYECHUSX:

Zalj ; _(_)bj, i=1,

x; 20, j=ln;

X ; — LeInble, j=1n.
Ecmu n; < n, TO 3a1a4a Ha3bIBACTCA YACMUYHO YENOYUCIEHHOU, ECITH

ny =n — noiHocmovito L;e]lO'{MCJZEHHOIJ.
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YacTHBIM clly4aeM 3a/ad LEeTOYHUCICHHOTO MPOrpaMMHUPOBAHUS SIB-
TISTIOTCS 3a0auu ¢ 6y1e8blMu nepemMeHHbIMU.
[locraHoBKa 3ajjauM TOYHO TaKas K€, TOJIBKO HAa X HAKIAJbIBACTCS
OTpaHUYCHHE
0,

x; = L j=1Ln.
Kak u B nuHEWHOM NIpOrpaMMHpPOBAHUHM, BEKTOP X, YJOBIJIETBO-
PAIOIIMIA BCEM OTPaHUYEHUSM, HA3BIBACTCA OONYCMUMbBIM, a JOMyCTH-
MBI{ BEKTOP, ONTHMHU3UPYIOIIUI LEIeBYI0 QYHKIHIO, — ONMUMATLHBIM.
PaccmoTpum psig KilaccHYecKUX 3aJay LEOYHUCICHHOTO Mporpam-
MHUPOBaHMUSI.

1. 3agaua o panne. CoOpaBmmiicss B IOXOA MyTEUIECTBEHHUK OJ-
JKE€H YIaKoBaTh B paHEI] pa3IMyHbIE TOJIE3HBIE MPEIMETHI, BCETO /1 Ha-
MMCHOBAaHUH, TPUYEM MOTYT MOTPEOOBaThCS HECKOJIBKO OJMHAKOBBIX
npeameToB. ViMeeTcst m orpaHU4eHUH, HApUMep: Ha Bec, Ha 00beM, Ha
JIMHEHHBIE pa3Mepbl U T.JA. — T.€. UMEETCS 7 XAPAKTEPUCTHK, IO KOTO-
PBIM BO3MOKHOCTH paHIia (WM MyTelIeCTBEHHUKA) OTpaHHYEHBI.

ITycrs:

a;; — i-5l XapaKTePUCTUKA NIPEAMETa j-r0 HAUMCHOBAHHS;

b, — orpaHnuuBaONas BEJIUYMHA IS i-i XapaKTEepPUCTUKY;

C]- — INOJIC3HOCTH O,Z[HOFOj—I‘O npeaMeTa,

)C]- — KOJM4YECTBO IMPEAMCTOB j-l"O HAaUMMCHOBAHUs, 3allJTaHUPOBAH-

HOE K 3arpy3Ke B PaHEII.
Toraa maTtemarnyeckasi popMyIMpPOBKa 3a/1a4u O PAHIIC UMEET BHJI:
HaWTH

maxy f(X)= ﬁ:cjxj
j=1

IIpu OrpaHUYCHUAX:

n
Da;x;<b;, i=lm;
j=1

X; >0, X ; — LebIe, j=Ln.
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K 3amaguam nogo0HOro BUIA NPUBOIUTCS OONBLIOE YHUCIIO TpaKTHYe-
CKHX 3a]1a4, KOI/ia B Ka4ecTBe X (UTrypuUpYyIOT OTIENBHBIC MPEIMETHI

(ManHbl, KUPIHYH, JTIOIU U T.1.). B nepBoHAYaIbHONW MOCTAHOBKE 3a-
Jlagyl O paHIle paccMaTpuBajach 3arpy3ka OoMOapaupoBmmKa 60MOO-

BEIM 3aI1aCOM.
2.3amava o HazHa4yeHusix. MiMeercst n pa3iauyHbBIX CaMOJIETOB, KO-

TOpBIE TPeOyeTCs paclpenesInTh MEeXIy 7 aBHaIuHusIMH. 3BecTHO, 4TO
Ha j - aBHAIMHUK -1 caMoseT OyAeT NIPUHOCHTB 10X0x ¢;; . Tpelyer-

CdA TakK pacnpe):[enHTL CaMOJICTHI 110 JIMHUAM, T-ITO6I>I MaKCI/IMI/ISI/IPOBaTL
CYMMapHBIH JT0XO/I.
TTomoxum
I, ecnu i-¥ caMolleT HAIpaBIICH HA j - 10 aBHAIMHUIO,
l.
4 0, B IPOTHUBHOM CIIy4ae.

Toraa maremaTrueckass MOJCb 3a7a4d MOXKET OBITh NpEJCTaBIICHA
B CJIEJIyIOIIIEM BHUJIE:
HalTH

max 4 f(¥)= i ic,-jxij

i=1 j=1

[IPU OFPAHUYEHUSX:

OrpaHuueHHUs 3TOW 33J]a4d OTPAXKAIOT TPEOOBAHUS TOTO, YTO Kaxk-
IIBIA caMOJIET Ha3HAYaeTCs TOJNBKO Ha OJHY aBHAIMHHIO M Ha KaXKIYIO
aBHAJTMHUIO HA3HAYAETCS OJIMH CaMOJIET.

OueBHIHO, TaHHAs 3a]lavya SBJSICTCS 3ajJa4yeii ¢ OyJIeBBIMU TIEPEMCH-
HBIMH.

3.3agauya o komMuBoskepe. [lycTb UMeroTcst ropojia, 3aHyMEpPO-
Bannbie yncnamu 0, 1, 2, ..., n. BeiexaB u3 ropoga 0, KOMMHBOSDKED
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JIOJDKeH 00beXaTh BCE OCTAJIbHBIC TOpPOJia, OOBIBAB B KAXKJJIOM W3 HUX
M0 OJTHOMY pPa3y, M BEpHYTHCS B UCXOJHBIN ropo. VM3BecTHHI paccTos-

HUSA C;; MEXKJy TOPOJAaMH i U j (i=0,..,n,j=0,...,n).

Tpebyercst HATH caMbIil KOPOTKHIA MapmIpyT.
Beenem crenyronye nepeMeHHblE:

1, ecii KOMMUBOSIKEP U3 TOpo/ia [ Iepee3kaeT B roposl j, i # J;

X
1}
/10, B mpotuBHOM cITyHae.

Takum 00pazoM, ImoIryIaeM CIEAYIONIYIO 3a/1a4y:
HaWTH

min< f(x) = i ﬁ:cyxy-

i=0 j=0

TP OTPaHUYECHHUSIX

L, j=Ln

'M=
&
1l

(u3 TOpoIa § KOMMHUBOSIKED BBIE3)KAET TOJIHKO OJIUH pas).

Jns obecniedeHust cgsasHocmu MapuipyTa BBEIEM JIOTIOTHHUTEIBHEIC
IMIEPEMCHHBIC u;, uj , KOTOPBIC YAOBJICTBOPSAIOT CICAYIOIICMY HCPABCH-
CTBY:

U —uj +nx; < n—1; i,j =1,_n; X = (Ovl).

BcrmomorarenbsHbIe NIEPEMCHHBIC u;, Llj , Y4aCTBYIOIIUEC TOJIBKO B OI'-

paHUUYEHUSIX, COBEPIIEHHO HEOOXOIUMBI.

Hampumep, mapuipyT, n300pakeHHBINM Ha TMPUBEACHHOM HIDKE PH-
CYHKE, YAOBJICTBOPACT IIEPBLIM JIBYM OI'paHUYCHUAM, HO HEC MOAXOAUT
noJ yCJjioBus 3aJa4 O KOMMUBOSKEPC.

6 5 4

87



1.7.2. O pewenuu 3a0au
JIUHENHO020 YeI0MUCTEHHO20 RPOZPAMMUDPOBAHUSL

Ha nepBrIx mopax TpeboBaHMe MEI0YNUCICHHOCTH ITEPEMEHHBIX SIBU-
JIOCh CYIIECTBEHHBIM MPEMSTCTBUEM JIJIsi UCCIIEOBAHUS U PELIECHUS Ta-
kux 3a1a4. CaMbIM €CTECTBEHHBIM ITyTeM OBLIO TOIBITATHCS HCIIOIB30-
BaThb OOBIYHBIC METOABI JIMHCHHOTO IPOTPAaMMHPOBAHUS, HECKOIHKO
BUJIOM3MEHUB HX.

Kazamochk Obl, 4TO €CTECTBEHHBIN MyTh PEIICHUS IEIOUYNCICHHON 3a-
Jla4yll COCTOUT B PELIEHUU COOTBETCTBYIOUIEH JMHEHHOM 3amayu ¢ mo-
CIEAYIOUMM OKPYIJIEHHEM KOMIIOHEHT €€ ONTHMAalbHOIO BEKTOpa JI0
OymkaimXx 1enbix yuced. Ha camoM Jienie Takoi myTh B OOJIBIIMHCTBE
CJIy4yaeB HE TOJIbKO YBOJUT OT ONTUMYyMa, HO JaKe IMPUBOJUT UHOINA K
HEJIONyCTUMOMY PEIICHHUIO 3aa4H.

IIpumep. Haiitu

max{f()?) =X +x2}
IPU OTPAaHUICHUIX
2x; +11x, <38,
4x; —5x, <5,
x 20, x, 20, x|, x, —LeJbIe.

Pemum 3amauy reomerpudecku (puc. 1.7).

SA 4x, —5x, =5

2x, +11x, =38

132 3 4 5°6 7 8 X

Puc. 1.7. 'eomeTpuueckoe perieHue 3a1a4u
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Ha pwuc. 1.7 makcumym f(Xx)=7,17 nmocturaercs B BEpIIHHE

A(4,54; 2,63). IlockoJIbKy HAaC WHTEPECYIOT JIUIIh TOYKU C I[CIOYHC-
JICHHBIMH KOOpAMHATaMH, CIIEZIOBATEIbHO, TOUKA 4 HE ABISAETCS AOIMyC-
TUMBIM pelleHHeM 3a1aun. Eciiu oKpyrauTh 3HaueHHs KOOpAMHAT TOY-
ku A, To noiyuum touky A’ (5; 3), KoTopas BOOOIIe HE MPUHAICIKHUT
obnacti moncka. MOXXHO IOKa3aTh, YTO MEIOYHCICHHBIH ONTHMYM
nmocruraercss B Toukax N(3; 2) u M(2; 3) u paBen 5. O0e TOYKH HaxoO-
JIATCS] BHYTpH 00J1aCTH TIOUCKA.

Wrak, mig 3amad ¢ TpeOOBaHWEM IICITIOYUCICHHOCTH HEOOXOIUMO
MMETh 0COObIe METOABI PEIIeHUs, U, KPOME TOT0, OKa3bIBAETCs, YTO OIl-
TUMaNbHOE pelIeHue 3aJad ILENOYHCICHHOTO MPOTrpaMMHUpPOBAHHS He
00s13aTeTTbHO TPUHAUISKNT TPAHUIIE TOIMyCTUMOTO MHOTOTPaHHHKA, UTO
OBUTO XapaKTEepHO I OOBIYHBIX 33J1a4 JIMHEHHOTO ITPOTPaMMHUPOBAHUSI.

Tem He MeHee, HEKOTOPbHIC W3 LEJIOYHMCICHHBIX 3a7ad MOTYT OBITH
HETIOCPENICTBEHHO CBENIEHBI K 33Ja4yaM JIMHEHHOTO MPOrpaMMHUpPOBAHUS.

1
TaK, 06paTI/IMC$I K 3a1a49€ O HA3HAYCHUAX U 3aMCHUM YCJIOBUC xij = 0 ,

ycnosueM x; 20, 7, j=1,n. [locne Takoro npeoOpasoBanus 3a1a4a o

Ha3HAYEHUSX NIPUHUMAET BUJ TpaHCHOPTHOU 3adauu. [lockonbKy yucia
B MPaBBIX YACTSIX OTPAHWUYEHHUM — IENble, TO M0 M3BECTHOMY CBOWCTBY
TPAaHCIOPTHOM 3a/1ayul BCE OMOPHBIC TIAHBI TAKOM 3a/1a4il LIETOUYUCIICH-
Hbl. ClIe10OBATENIbHO, €€ MOMHO PEIIUTh METOAOM MOTCHIIUAIIOB.
VYcnoBuss Ke HEOTPUIATEIBHOCTH M OCTaJbHBIE OTpPaHUYECHUA

2.X; =1| obecreuar, 4TOGBI Kakas KOMIIOHEHTA JTOTO PENICHHs

Onuta pasna 0, wm 1.

OpfHako LENOYMCIICHHYIO 337ady JUHEHMHOTro NporpaMMHMpOBAHHUS
Ooree o0Iero Bumaa, TAaKOTO, KaK 3a/a4ya O paHIle, y)Ke Helb3sl CBECTH
TaK MPOCTO K OOBITHOM 3aJadue JTUHEHHOTO IporpaMMupoBanus. [1osTo-
My TE€OpHs pa3BUTHA ATHUX 3334 pa3BUBAJach B IBYX HalpaBJICHUAX.

OnHO U3 HUX, MPETHA3HAYCHHOE IS PEelIeHHs OOIIeH 1eI0YrcIIeH-
HOW 3a/a4r, HOCHUT Ha3BaHHE «METOJ OTCEYCHHS» M PEean3yeT HACI0
COTIOCTABJICHHS IIEJIOYUCIEHHON 3aJjadui HEKOTOpOil OOBIYHOM 3amade
JIMHEHHOr0 NPOrpaMMUPOBAHMUSL.
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Bropas rpynmna MeTo10B HOCUT Ha3BaHUE «METOJ] BETBEH U I'PAHUL).
371ech TakkKe UCIONb3YIOTCA HHOTa CBOMCTBA COOTBETCTBYIOIIUX 3a/1a4
JUHEWHOTO TporpammupoBanud. Kpome toro, mis cennpuyeckux 3a-
Jad pa3pabaThIBAIOTCS MPUHIUIHAAIEHO HOBBIE KOMOMHATOPHBIEC MPHH-
uunbl. Hanpumep, i 3a1a4 0 KOMMHUBOSDKEPE — €CTh OCOOBIM METOA U3
KJIacca «BETBEW M IPaHUI, a Ui 33Ja4d O Ha3HAYCHHUAX — €CTh OUYCHb
IIPOCTOM METOJ, IMOJIYYMBIIMM Ha3BaHWE — «BEHICPCKHUH aITOPUTMM.
IlocnenHuit cymiecTBEHHO MpOILE NMPOLENYphl CBEACHUS K TPAaHCIOPT-
HOW 3a1ade.

1.7.3. Memoo omceuenusa. llepeuwtii anzopumm I'omopu

CyIIHOCTh 3TOTO METO/Ia COCTOUT B TOM, YTO €CIIH TIOCIIC PEIICHUS
TMHEHHOHN 3amaun (0e3 yuyeTa ycJOBUS LETIOYHCICHHOCTH) CHMILICKC-
METOJIOM HE IOJIyYeH IeJIOYUCICHHBIA OTBET, TO CTPOST JOMOIHUTEIb-
HO€ JIMHEHHOE OTrpaHMYEHWE, yYMEHBIIAloIIee IOMyCTHUMYI OO0JIacTh.
JlomomHUTENbHOE OTpaHUYCHUE, HA3hIBAEMOE OTCEUYCHHEM, OTCEKaeT
TaKyl 4acTh OOJIACTH, B KOTOPON HE COJCPKHUTCS OIMYCTHUMBIX pellie-
HUU LIEJIOYHUCIICHHON 3a7]aui, HO €CTh HAWJIEHHOE ONTHMAJIBHOE pelle-
HUE HEIETOYNCICHHON 3a1aun. TakuMm o0pa3oM, OTCEUEHUE HE IT03BO-
JIAET NOTCPATh OINTUMAJIBHOC PCIICHUC HGHO‘IHCHGHHOﬁ 3aJa4du. I[aﬂee
MPOIIECC MTOBTOPSIETCS.

PaccmoTpum miporiece hopMHpOBaHUS aNropuT™Ma OTcedeHus 1mo [ o-
Mopu. [TocTaHOBKa 3371aun B KAHOHUYECKON (hopMe UMEET BUJI:

HaUTH

max f()_c)zicjijrco (1.11)
i=1
IIpHA OTPaHUYEHUIX :
fa,-jxj =b;, i=lm; (1.12)
j=1
x; >0 —nenble, i=1,n. (1.13)

ij =

Hckomoe oTceueHue NpeacTaBisieT co0OHM JIMHEHHOe ypaBHEHUE H
CTPOUTCS IO [-U CTPOKE CHUMILICKC-Ta0muIbl. OYeBUIIHO, I -5 CTPOKA
COOTBETCTBYET HEKOTOPOM IpoOHOM Oa3ucHol nepemeHHol. OTceueHue
uMeeT BUI!
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Xpa1 =—Bi} + z{aij}xja (1.14)

JE®
rIe X,,; — AOIOJIHUTEIbHAS IIepeMEHHasl, Ha KOTOPYIO TaKKe HaKJIaabl-
BACTCs YCIOBUEC LEIOYUCICHHOCTH, {0;}, {B;} — ApoOHbIe yacTu oT

COOTBETCTBYIOIIMX YHCEN, (® — MHOXXECTBO HMHAEKCOB CBOOOAHBIX Iie-
PEMCHHBIX.

Kak u3BecTHO, qpoOHAast 4acTh MOJIOKUTEIBHOTO Yucia d onpeaens-
ercs 1o opmye:

{dy=d-[d],

rae [d] — Ommkaiiiee 1enoe Yruciio, He mpeBocxosmee d (s OTpH-
[ATENHHBIX YUCEIT TIOCIETHEE COOTHOIIEHIE MOKET HE BBITIOIHATHCS).

Hanpumep, nmms umcna 5,8 OygeM HMeTs: {d }=O,8 , a AN 4Hc-
na — 5,9, COOTBETCTBEHHO, MOIYYUM, {d }= 0,1.

OuesmHo, uto 0 < {d}<1u d = {d}+ [d]

Joxaxxem, uro moctpoerHoe orceuenue (1.14) nckimodaer Tekyriee
ONTHUMAJIBHOE PEUICHHE, HO COXPAHSET BCE JIOMYyCTHMBIC 3HAYCHUS IIe-
PEMEHHBIX B IIEJIOUMCIICHHON 3aiadye. Takoe oTceYeHue SBISETCS npa-

BUNLHBIM.
Bgenem nousTHE MPaBHILHOTO OTCEYEHUS OOJIEe CTPOTO.

%k
Omnpenesienne. [lycte ¥ — ontumansHoe peuienue 3agaun (1.11),
(1.12), He sBIISIOMIEECS LIENOYHCICHHBIM. HepaBeHCTBO

M=

Hjix; < g

J

Il
—_

HA3BIBACTCS MPAGUIILHBIM OMCeYeHUeM, SCIIU OHO YJIOBJIETBOpPSET Tpe-
OOBaHUAM:

%
1) anst BEeKTOpa X HEPaBEHCTBO HE BHITTOIHSAETCS;
2)ecnd X — IETOYHCIEHHOE JOMYCTUMOE pellleHue 3ajaadyu (T.e.
yaoBieTBopsieT ycioBusaM (1.12)), To ajis X HEPaBEHCTBO BBINOIHSICT-
csl.

Teopema. Ilycts X " _ onTuManbHOe pemenwne 3amaun (1.11), (1.12).

_*
Ecmn X; — HEUEJOC YHCJIO, TO HCPABCHCTBO
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Z{aij}sz{ﬁi} (1.15)
Jjeo
SBJICTCS NIPABWIBHBIM OTCEYCHHUEM.
(YpaBuenue (1.14) monmyuaercst u3 HepaeHctBa (1.15) mpu nobas-
JICHUU OCNadisAIoIell IepeMeHHON X, .|, YTO HEOOXOAUMO Ui IIpHUBeE-

JCHUA 3aJladyu K KAaHOHHMYCECKOMY BHIAY IIpU PEIICHUHU CHUMILICKC-
METOJIOM.)
Joka3aTeabcTBO.

%
a) [Iycte X — 0OaszucHoe pemrenue. Torma

x; = B, —Henenoe, ciemoBarenbHo, {B;}>0;
L ' (1.16)
x;=0,jeo.

Takum 0O6pazom, mOITydInMm,
JjE®
T.e. U3 HepaBeHcTBa (1.15) cunenyer, urto {B,;} <0. OTo mpoTHBOpEUUT

yciaosuio (1.16).

0) [lyctp X — menouncienHoe, IomycTumMoe pemenune 3aaaun. Cre-
JIOBaTeNIbHO, OHO YJOBJIETBOPSIET CHCTeMe orpaHuueHuid. PaccmoTpum
i -I0 CTPOKY CHCTEMBI OTPAHMYEHUN, a IMEHHO:

x; =B — Z“ijxja
Jjew
YTO 3KBUBAJICHTHO
x; =B 1+B:} - Z([GU]JF {o ;.
JE®
3anuiiem 3To ypaBHEHHUE M10-IPYroMy:
X =B 1+ 2loy Ie; =By — 2oy ;.
JjE® JE®
Wrak, neBast 4acTh ypaBHEHHUS — I1€JI0€ YMCIIO, CIICI0BATEIbHO, Mpa-
Basl 4acTh ypaBHEHHS (0003HAUMM €€ Yepe3 z) — TOKE LEeI0e YUCIIO:
z={B;} - D {o;}x; —nemoe.
JEo
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Hpuuem z <1, rak kak {B;} <1l,a {o;}>20 n x; 20.

Ortcrona crnenyer, 4To —z > —1, HO Tak KaKk —Zz — IIeJI0€ YUCIO, TO
—z 20, wiu, ¢ y4eTOM MPEIbITyIIEeTO BEIPAKCHHUS,

—-{B;}+ Z{aij}xj >0, T.e. Z{ocl»j}xj >{B;}.
Jjew JEO)

Takum 00pa3om, T0Ka3aHO, YTO JHOO0E LETOYHCICHHOE JOIYCTUMOE
peIIeHIE 3a/1a9l yIOBICTBOPSET HepaBeHCTBY (1.15).

AJITOPUTM METO/Ia OTCeYeHHsl.

1. Halitu ontuManeHOe pelieHue 3a1adu JIMHEHHOTO OpOrpaMMHUpPO-
Baaus (1.11), (1.12) 6e3 ydera yCcIIOBHUS IIETOINCICHHOCTH.

Ecnu Bce 6a3ucHbIe TIepeMEHHBIE MOTYYCHHOTO pEeIleHHs IeIble, TO
LeNoYKCIICHHas 3a/1a4ya pelieHa. B mpoTHBHOM ciydae mepeiTH K ma-
ry 2.

2. BoiOpaTh (B ONTHMAaIbHOM PEIICHUH) APOOHYI0 0a3UCHYIO mepe-
MEHHYIO ¢ MaKCUMaJIbHOH IPOOHOW YacThlO X; W MOCTPOMUTH JOMOJIHU-

TEIbHOE JIMHEIHOE OTPaHUYEHHE 110 i - CTPOKE MOCJIECIHEN CHUMILIEKC-
TaOJIHUIIBI

X =B} + Z{a‘lj X
JjE®

3. Jlo6aButh k ucxoanoi 3amaue (1.11) — (1.13) HOBOe orpaHuYCHHE
u neperity k mary 1. [Ipu 3ToM HcXoaHOH cUMILTeKC-TabauIen s Ho-
BOH 3a/1a4¥ CIYXXHUT TMOCIEHAS CUMILIEKC-Ta0uIa peapl Iy el 3ana-
9H, B KOTOPYIO JOOABJIEHBI CTPOKA U CTOJIOEI], COOTBETCTBYIOIINE HO-
BOMY OTPaHUYCHUIO.

Mo>XHO TIOKa3aTh, YTO B pe3yJIbTaTe MPUMEHEHHS TaKOTO alrOpUTMa
yepe3 KOHEYHOE YHCIIO IaroB JUO0 OyIeT HaWIeHO IEIOYHCICHHOE
petenue, 1100 OyneT oOHapy)KeHa HePa3peIIMMOCTh 3a/1a4H.

3amevanns.
1. Iocrie BBe€HUS OTCEYCHHUS B YHCIIO OTPpaHWUYCHUH 3a/1a4a CTAHOBHUTCS 3a/1a4ei ¢
HEJIOMyCTUMBIM 0a3ucoM, TaK Kak IOSBISETCS OTPUIATENHHBIA CBOOOTHBIN WICH —

{B,} , mosTOMY pelieHue 3a1a41 OCYIECTBIAETCS IBOHCTBEHHBIM CHMILIEKC-METOJIOM.

2. ITo mepe BBOJA JOMOTHUTEIBHBIX OIPAHUYEHHH Pa3MEpHOCTh pelIaeMoi 3a1auu
Bo3pacTaeT. OrpaHUYUTh POCT Pa3MEPHOCTH MOKHO CIIEIYIOIINM 00pa3oM: eciii B 0a-
3WCe OCTaNach MEPeMEHHas], BBEICHHAsI KaK JOMOIHUTENbHAs Ha IPEIbIAyIEeM IIare, To
HaJI0 BEIYCPKHYTH COOTBETCTBYIOIINE €if CTPOKY U cTOJIOE.
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1.7.4. Memoo eéemeeii u cpanuy

Mertoa BeTBEH U IpaHuUll 3aKIIOYAETCS B CIEAYIOIIEM: MHOMXECTBO
JIOMYCTUMBIX PEIICHUH JENSIT Ha JABAa HEMEPECEKAIOIMUXCS MOIMHOMXKE-
CTBa, B KaXJOM M3 KOTOPBIX BBIUUCISIOT ONTUMAIbHbIC 3HAUCHHUS 1IeIIe-
Boil (pyHkummu. U3 AByX MOAMHOMKECTB BBIOMPAIOT TO, JJISI KOTOPOTO
3HauUCHUE 1eNeBoi (QyHKImu Jtydmie. BeiOpanHOE MOIMHOXKECTBO CHOBA
JeNT Ha JIB€ 4acTU. B pe3yinpTaTe mpolecc MOUCKa 3KCTpeMyMa pas-
BeTBisieTcs. [Ipn 3TOM BO3MOXKEH BO3BpaT K OTOPACHIBAEMBIM BETBSIM.

Ha puc. 1.8 npuBeneH npuMep morucka ONTUMAIBHOTO PEIICHUS Me-
TOZOM BETBEU U IPAHUILL.

Puc. 1.8. [lpunuun ¢opmupoBaHus AepeBa MeTO1a BETBEI U TPaHUL]

JIist JTaHHOTO MpUMepa, JOIMYCTUMOE pellieHue f; nydme f,, oJHa-
KO pemeHust fg U f5, KOTOpbIE MOJTYyYeHbI U3 PEIICHHs f|, OKa3aJIUCh
Xyke 4yeM f, . B pe3ynbraTe, ONTUMaNbHBIM PEIICHUEM SBISETCS [ .

Kak mpaBuio, MeTos BeTBeH M TpaHMIl IPUMEHSETCS K 3a]a4aM cJie-
JYIOILErO BUAA:
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HauTH

n
max { f(X) =cy+ 2 ¢;x;
j=1
NPU OTPaHUYCHUSX:

n
=

Mj <x; SNj, j=1n; X >0 — 1enple .

Yucna M_]-,Nj — uenble uucia. Bo3MoxkHa cuTyauus, Korja

M;=0,a N; =co. B aTom ciIy4ae MOC/ICAHEE yCIOBUE MPOCTO IKBH-

BaJICHTHO YCIIOBHIO HEOTPUIIATEILHOCTH X .
Wnes MeToma TakoBa: CHaJaJia pemaeTcsl OObIgHas 3a7ada JIMHSHHO-
ro ImporpamMmmupoBanus. Eciu pemienue He 1iemoe, T.e. UIMeeTcs ApoOHast
sk
0asucHas IEepeMeHHas, HanpuMmep X;, TOrAa U3 OrpaHUYEHUs

M; <x; <N, nna x; GopMUpPYIOT ABA OTPAHUYEHUSL:
* *
[xi]+13xiSNl- u M,-Sx,-S[xi].

* L%
3nech [xi ] — [eJstast 9acTh IEPEMEHHOH X; .
DTO MOXKHO MPOWLTIOCTPUPOBATH pHC. 1.9.

Puc. 1.9. ®opmupoBanue 001acTel MOUCKA PEIICHUS

Urak, B pe3ynbpTare MoirydaroTcs ABe 3aa4H JIMHEHHOTO TPOrpaMMHUpPO-
BaHus. [Iporecc neneHns mociaenoBaTeIbHO MPOIOIDKASTCS.

AJITOpUTM MeTO/1a BeTBei U rPaHMIL.

0-1 umepayus. IlepBoHaUaIBHBIN CIHCOK 33724 COCTOUT U3 HCXOJ-
HOW 3a71a4u 0e3 yCIIOBUS LEIOYHCICHHOCTH. 3a HA4aJbHYIO OLICHKY Iie-
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sieBoi QyHKIUH [ 1()_c) OepyT 1100 OUEBUIHOEC MUHHUMAJIBHOE 3HAYe-
HUE [eNeBON (QYHKIUM P JIOMYCTHUMBIX 3HAYCHUSX MMEPEMCHHBIX, JIU-
60 f!(x)=—o0 B TpyAHBIX CiyHasL.

k-a umepayusa. 1. BeIOpaTh U3 OCHOBHOT'O CIIHCKA U PEIIUTH Ouepes-
HYIO 33]ayy C MOMOIIBIO CHUMIUIEKC alroputMa. Eciam chnucok mycTt, To
MOCTIeIHASL OLIEHKA IIeNIeBOW (YHKIIMM M COOTBETCTBYIOIIWE € 3Hade-
HUsI TIEPEMEHHBIX HPEACTABISIOT COO0M MCKOMOE LEIOYUCICHHOE pe-
IIEHHE 3aa4u.

2. Ecnu BbIOpaHHas 3aaua HE MMEET PEICHMS WM €CIH IOJIy4YeH-
HOE ONTHMAJbHOE 3HAUYEHHE IeJIeBOH (YHKIMM MEHbIIE TeKyIei

OLICHKH | k()_c), TO OCTaBUTh B Ka4ye€CTBE OICHKHU IENEBON (DYyHKIIUH

_ A pal ~p o .
fk (X), T.e. monoxuth f (Xiy) = /" (X). Iepeiitu k mary 1.

B npotuBHOM ciyuae, T.e. €Clid BRIOpaHHAs 33ajjadya UMEET pelIeHHe
M ONTHMAJIbHOEC 3HAYCHHE IeJeBON (DYHKIMU OOJbIlIEe OLEHKH f k (%),
nepenTH K mary 3.

3. Ecnu mony4eHHOE ONTHMAaNbHOE pEeIleHHE 3ajadd LeJIOYHCIICH-
HOE, TO 3aUKCHPOBATh €ro, MPHHATH B KauyeCTBE HOBOH OIICHKH
f kel (X) momydyeHHOE ONTHMAIBLHOE 3HAYCHHE IIENIEBOM (YHKIIUA H
BEpHYTbCS K mary 1.

B npoTuBHOM cityuae, T.e. €M pellieHHE 3aJaudl He SBISETCS LeN0-
YUCJICHHBIM, IEPEUTH K Wary 4.

*
4. BeiOpatp mo0y1o IpoOHYIO IEPEMEHHYIO X; M3 HOIYy4YEHHOTO OIl-

TUMaJIBHOTO PELIEHHs U JOTOJIHUTh OCHOBHOW CITMCOK JIBYyMSI HOBBIMH
3a/la4yaMy, OTJIMYAIOIUMHUCA OT PELIEHHON TOJIBKO I-M OTPaHUYEHUEM.
B nepBoii 3agaue i-€ OrpaHU4EHUE UMEET BUJ;

P
M; <x; S[xi] ,
a BO BTOPOit
*
[xi]+1Sx,- <N;.

5. CoxpaHUTh HMMEIOIIYIOCS OLEHKY LeNeBOM (yHKIMH Ui crie-

IIYFOIIIeH UTEpallny, T.€. MOJOXKUTh j} kel x)= j} k (X), u mepedTH K 1ma-
ry 1.
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1.7.5. Memoo 30n0uposanusn peuwienuil

JlaHHBIM METOJOM pEIIAIOT 33a/layy LEIOYUCICHHOIO MPOrpaMMHUPO-
BaHMS ¢ OyJIEBEIMU TIEPEMECHHBIMU:
HalTH

maxs f(X) = icjxj
j=1

IIPY OFPAHUYECHUSX:

PemenneM 3amaum sBisieTcsl HA0Op IMEPEMEHHBIX {xl, X s X, },
Kak/1asi U3 KOTOpBIX MpuHuMaeT 3HaueHue 0 wiu 1. Beero cymectByer

2" rtakmx HaGopos. [lig MONyYeHMs pENIEHMS MOCTABICHHON 3a1auu
JUHEHHOTO MPOrpaMMHUPOBAHMS, B CYIIHOCTH, HEOOXOANMO NepedpaTh
Bce 3TU Habopbl. HemocpeacTBeHHbll nepebop NPUBOIUT K JUINTEIb-
HBIM BBIYMCIICHUAM. MeToa 30HAMPOBAHUS O3BOJISET ATH BBHIYUCIICHUS
COKpaTUTh. MeTO OTHOCHUTCS K KIIacCy «BETBEH U IPaHUID».
CoBoOKynHOCTb ¢ mepeMeHHBIX, rae 1</ <n, NpUuHUMAIOIIUX 3HA-
yenus 0 uinu 1 Ha3bIBaeTcs npobHbiM 30HOUposanuem. IlepeMeHHble, He
BXOJSIINE B IMPOOHOE pelleHHe, HA3bIBAIOTC C80000HbIMuU. JIF00oM
KOHKPETHBI Ha0Op CBOOOJHBIX IEPEMEHHBIX 00pa3yeT OonoHeHUe
npobHoco peutenus. Eciin umeeTcst n nepeMeHHBIX, { U3 KOTOPHIX BXO-

JIIT B MPOOHOE pemieHre, TO MOXHO ITOCTPOWTH 2" nononsenuit
NpOOHOTO peHICHUS.

[Tycts n =8 um mpoOHOE pemeHne MEET BHT {x3 =1, x5 = 0}, TOTIIAa
YHUCIIO CBOOOJHBIX NMEPEMEHHBIX paBHO #n—{ =8—2=6. [Ipou3Boinn-
HBIM JIONOJIHEHHEM ITPOOHOro pemeHus OyaeT, HanpuMep, Takoil Habop
CBOOOIHBIX IIEPEMEHHBIX

{xl = 1,x2 = O,X4 = O,X5 = I,X7 = 1}
Beero ke MoxHO cocTaButh 2° = 64 nomonHeHuii MPOOHOTO periie-

HHS.
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[TycTb KakuM-TO 00pa3oM BBEIOpaHO POOHOE pelIeHHe. 30HOUPOBaHU-
eM Ha3bIBAETCS POBEPKA BCEX €ro JOMOJIHEHMI Ha JOITyCTHMOCTh U OII-
TUMAaILHOCTB. JI7Isl cOKpalieHuss 00beMa BBIYUCICHUN TPH TOCTPOCHUM
IrOpUTMa 30HIMPOBAHUS HCHONB3YIOT JABE TEOPEMBI, IMO3BOJISIOIIUC
CleNaTh 3aKJIIOYCHHE O HEBO3MOXKHOCTH HAWTH JOIMOJHEHHE, KOTOPOe
yIydIIaeT TeKyIIyIo OIEHKY LeNeBOoH (DYHKIMH, WM TO3BOJISET BKIIIO-
YHUTH B IPOOHOE pellieHre KaKyl0-HUOY b CBOOOTHYIO TICPEMEHHYIO.

Hpumep. [Tycte TpeOyercs HaliTH

max {f()_c) =x; +8xy +4x;3 +9x4 — x5 +3x6}.
[IpennonoxuM, YTO OLCHKA LENCBOW (YHKIMM Ha Kk - WTepanun
FEE =15.
PaccmorpuM mnpoGHOe perieHue {x2 =0, x3 =1, x4 =0}, OLICHKA
LeNIeBON (DYHKIUH, CJIeI0BATENIBbHO, OyneT

FENE) = x, +4— x5+ 3x.

MakcuManbHOE 3HAYCHUE IENEBON (YHKIHH, KOTOPOE IMPH ITOM
BO3MOXHO (TIpY MaKCHUMAJIbHBIX 3HAYCHHSX CBOOOJHBIX MEPEMEHHBIX
x; =1, x5=0, x¢ =1)—o310 f(¥)=28. A Tekymas olcHKa fk()_c)=15.
CrnenoBaTenbHO, HENB3sl MONOOpATh JTOMONHEHUS MPOOHOTO pelleHUs,
YBEIMYMBAIONIETO 3HAYCHHE TIeNIeBO (DYHKITHH.

Teopema nomoJsiHeHus. J[omonHeHus, yIydIIaromero npobHoe pe-

MEeHUEC, HC CYHICCTBYCT, C€CJIM BBIIOJHACTCA XOTH OBl OOHO U3 HEpa-
BCHCTB!:

Y min(a; ,0)>b; = Yagx;, i=lm+l;
10 CBOOOTHBIM 10 IPOOHBIM
MIePEeMEHHBIM MePEeMEHHBIM
raue
— _ gk =
Ami1,j =€) bm+1 __f (x)_l'

Teopema pacmmpenusi. CBOOOAHYIO NEPEMEHHYIO X; MOXHO

BKJIFOYUTH B HpO6HO€ peUICHUEC, €CJIN XOTA OBl Impyu O JHOM I BBIIIOJIHS-
€TCA HCPABCHCTBO

Zmin(ay,0)+|aik|>bi— 2a;x;, i=lm+l,
10 CBOOOXHBIM 10 IPOOHBIM
HIePEMEHHBIM [IepeMEeHHBIM
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[Tpuuem
x, =0, ecmu ay =0;
x, =1, ecmu ay <0.
AJITOPUTM METOJa 30HTUPOBAHMS PelIeHHId.
0-1 umepayus. 1.B3sSTh B KadecTBE OLEHKH IeNIeBOW (PyHKIUHU

Al
f (X) Hynmb WM CyMMy BCEX OTPHUIATEIBHBIX KOI(PQPHUIMESHTOB Ieie-

BOW ()YHKUUH (B TPYIHBIX CITydasix J} ! (X)=—00).

2. ChopmupoBath mepBoe MpoOHOE pelIeHUe, COCTOAIIeEe M3 OJIHOM
nepeMeHHOH. IlepeMeHHy0 X, , BXOASIIYIO B IIEPBOE IPOOHOE pelleHHe
BBIOpaTh MPOW3BOJIBHO HIIM, YTOOBI YJIYYIIUTH CXOJWMOCTB, BBEIOpPAThH
MEPEMEHHYI0, HMMCIONIYI0 MAaKCUMAIIbHBbI KOA((UIMEHT B IIENICBOM
¢yHKIMHA. 3aHECTH B OCHOBHOHM CIMCOK JBE 3a/a4yd. B omgHOW M3 HUX
x,=0,B gpyroii — x, =1.

k-5 umepayus. 1. [IpekpaTuTh BEIYUCIICHUS, €CIN OCHOBHOW CIIMCOK
mycT. B IpoTHBHOM citydae BBIOpaTh 33/1a4y U3 OCHOBHOTO CITUCKA.

2. C IOMOIIBbI0 TEOPEMBI JOTIONHEHHS yCTaHOBUTh, CYIIECTBYET JIH
JOMyCTUMOE AOMNOJHEHHE NMPOOHOTO PELICHHUs, Y KOTOPOro 3Ha4YeHHUE

1eneBol QyHKIMK MPEeBOCXOIUT TEKYIIYIO OLCHKY f k (¥) . Ecnu tako-

ro JOIOJIHEHHS HE CYLIECTBYET OCTAaBUTh OLICHKY f ke (x)= f k()_c) u
BEPHYTHCS K mary 1.

B npoTtuBHOM cnydae nepeitu k mary 3.

3. C TOMOIIBI0 TEOPEMBI PACITUPECHHS HAWTH CBOOOIHBIC TIEPEMEH-
HBIE, KOTOPBIE CIeIyeT BKJIIOYUTH B MPOOHOE PELICHHE.

4. Ecnu pacumpeHHoe TPpoOHOE pellieHue SBISIETCS MOJIHBIM, T.€. CO-
JIEP)KUT BCE 71 TIEPEMCHHBIX, TO (€CJIM 3HAYCHUE IEJNIEBOW (DYHKIUH

NPEBBIIIAET OIEHKY) 3a(UKCUpOBATh €ro, NMPUHITH OLUEHKY f ke (x)

paBHOW COOTBETCTBYIOIIEMY JaHHOMY DEUICHHIO 3HAYEHHWIO IEIEeBOM
(YHKIIMH 1 BEPHYTHCA K mary 1.

B npotuBHOM cityyae nepenTH K mary S.

5. BoiOpaTh 1100y10 CBOOOAHYIO MEPEMEHHYIO X; , HE BXOJISILYIO B
poOHOoe penieHre. BHecTH B OCHOBHOM CITUCOK JBE 3a1a4u. B o/1HO# 13
Hux x; =0, B gpyroit x;, =1.
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6. Eciu B mody4eHHBIX 3ajadax NpOOHBIE pEIIeHUs HE SBISIOTCS

kel (x)= j}k (X) u BepHYThCS K TIary 3.

Ecmn HpO6HbIe peHICHUA obenx 3aa4 MOJIHBIC, TO NPOBCPUTH KaK-
J0€ U3 HUX Ha JOIIYCTHUMOCTb. I[J'IS[ J0IIyCTUMBIX pCHICHI/Iﬁ ImocuyuTaTh

IIOJIHBIMH, TO B3ATh 3HAUYCHUC f

3HaUeHUs TeneBord GyHKIuA. CpaBHUTH MX C OICHKOM f’ k (x). BmoI-
OpaTh M 3aUKCHPOBAThH pEIIeHHWE y KoToporo f(x) > /} k(y_c) , TIoJIo-
JKUTh j} k“()_c): f(X). Ecam Takux pemieHudl HET, TO TMOJOKUTh

f e x)= f k (¥) , a moryueHHbIE 331241 OTOPOCHUTD.
[lepeiitu k mary 1.

1.7.6. IIpumepul peuwtenus 3aoau
UENOUUCTIEHHO20 RPOZPAMMUPOCAHUA

IIpumep 1. Meroa oTceueHus.
Haiitu

max{f (¥) = 21x, +11x, }
IPU OrpaHUYCHUAX

Tx +4x, <13,
X, X, 20— nensle.

B xaHoHMueckoi popme 3aada BEITIISIUT TaK:
HauTH

max {f(¥X) = 21x, +11x,}
IPH OTPAHHYCHHSAX:
Tx; +4x, +x;3 =13;
Xy, Xy, X3 20— 1emnsble.

1. Perienue 3a1a4u CUMIUIEKC-METOJIOM.
CoctaBuM cumIiekc-Tabnuiy (tadm. 1.38).

Tabmuma 1.38

basuc CBOOOHBIN YJICH Xy Xy X3
X3 13 7 4
S (x) 0 -21 -11 0
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[IpeoOpasyst Tabn. 1.38 B COOTBETCTBUM C CHUMILICKC-METOOM, IO-
myanm taosm. 1.39.

Tab6muna 1.39

Basuc CBOOOIHBIN YICH X, X, X5
X1 13/7 1 4/7 1/7
S(x) 39 0 1 3

Hcxonsa n3 mocienHeld CUMITIICKC-TaOUITBI, ONITHMABHBIM pelIecHH-

13
eMm Oyner: x; =

YHCJIO.

2. BBeneM oTcedEHHE MO CTPOKE I X;

[TocTpouM criemyronryro cuMIuIeKc-tadnuiy (tabi. 1.40).

1
Xg=——+=X) +=Xx3.
4 7T 72T

, X =x3 =0, f(x)=39. OueBunHo, x; — ApobHOE

Tabmuma 1.40

Bbazuc CB0OOIHBIH ulleH X X3 X3 Xy
x| 13/7 1 4/7 1/7 0
X4 —6/7 —4/7 -1/7 1

S(x) 39 1 3 0

IIpeoOpa3oraB Tabna. 1.40 B COOTBETCTBUH C CHMILICKC-METOIOM,
noiayuuM tadi. 1.41.

Tabmuma 1.41

Baznc CB0OOTHBIH YlieH X1 X3 X3 Xy
X 1 1 0 0 1
X2 32 Ya —7/4

f(x) 75/2 0 11/4 7/4

W3 tabn. 1.41 cnemyet, 4YTO ONTUMAIILHOE PEIICHHE:

xp=1, x,=3/2, x4=x3;=0, f(x)=75/2
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3. BBeILeM OTCCYCHHC I10 CTPOKC JIA X, , B PE3YJIbTATC IIOJYYUM:

Xs ==1/2+1/4x5 +1/4xy,;

Hcnonb3yss CHMILIGKC-METOJ, IPOBEAEM PsJi IOCIEI0BATEIbHBIX
npeobOpa3oBanuii Tabn. 1.41. [Momyuum tadm. 1.42 — 1.44.

(~7/4 =-7/4—(-8/4)=1/4.

Tabmuma 1.42

Bazuc CBOOOHBIH WiIeH X1 X3 X3 X4 X5
X1 1 1 0 0 1
X 32 0 1 1/4 -7/4
X5 -1/2 0 0 —-1/4 -1/4 1
S (x) 75/2 0 0 11/4 7/4 0
Tabmuma 1.43
Baznc CBoOOIHBIH UIieH X1 Xy X3 X4 X5
X1 -1 1 0 =l 4
X2 0 1 2 -7
X4 2 0 0 1 —4
S(X) 34 0 0 1 0 7
Tabmuma 1.44
Baznc CBoOOIHBIH UIleH X1 Xy X3 X4 X5
X3 1 1 0 1 0 -4
Xy 3 2 1 0 0
X4 1 1 0 0 1 0
/() 33 1 0 0 0 11

Taxkum 06pa30M, nojry4aeM CJICAYIOIIEC onmumdaibHoe peuleHue uc-

XOOHOU 300a4u:
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Ipumep 2. Metos BeTBeH 1 TpaHMUIL.

Haiitu
max {f (%) = 5% — 1, } (M)
IPH OTPaHUYCHHSAX:
3x; —8x, <35 2)
—4x; —8x, <125 (3)
Tx; +6x, <42; “4)
0<x <9
0<x,<9;
Xy,X, — LEIBbIE.

B KkayecTBe HayanbHON OLCHKHM LEJIEBOH (YHKIMH BO3BMEM
A .
f (X)=—c0, Tak KaK HAWTH SBHO MHHUMaJbHOE 3HaUCHHE 3aTPyAHH-

TEIBHO.

1-1 urepanus. Mmeem 3amauy 1 — ucxonnas 3amada 0e3 ycCIOBHUS
LIEJIOYHCIICHHOCTH.

Pemenne 3amaun 1. Mcxons W3 MCXOMHOW CHUCTEMBI OTPaHUUYCHUH,
HMeeM:

X3 = 3— (3X1 — 8X2);
Xyq = -12 - (—4x1 —8X2);
X5 = 42 — (7x1 + 6XZ);

Xe =9 —x;

X7 =9-x,.
Ha ocHoBe cumiuiekc-meToza nocrpouM tadim. 1.45.

Tabmuma 1.45

Bazuc CB0OOHBII WieH X1 X3 X3 X4 X5 X X7
X3 3 3 8 1 0 0 0 0
X4 -12 -4 -8 0 1 0 0 0
Xs 42 7 6 0 0 1 0 0
X6 0 0 0 0 1 0
X7 9 0 1 0 0 0 0 1

AS) 0 -5 1 0 0 0 0] 0
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Tak xak k03()(HUIHEHTH B CTPOKE LiesieBOH (YHKIUU HE BCE TIOJIO-
KUTEIbHBI, TO IBONCTBEHHBIH AJITOPUTM CUMILIEKC-METOAA HE IPUTO-
JeH. Ui pemeHus 3aia4dl BOCHOJIB3YyEMCS METOIOM HCKYCCTBEHHOTO
Oasuca. [Ipu 3TOM cucTeMa orpaHUYEHHI TPUBOJUTCS K BHIY:

Y1 =3-0x =8xy +x3);
Yy =12—(4x; +8x5 —x4);
vy =42 —(Tx; +6x5 + Xx5);
V4 =9—(x; +x6);
Vs =9—(x; +x7).
IleneBas pyHKIUSI UMEET BUI:
OY)=y1+y2+y3+ys+ys=
=T75—(16x; +6x5 + X3 —X4 + X5+ X5 +X7).

OnmumanvHoim pewenuem 3adayu 1 6yaer:

x =4,78; x,=142; f(x)=225.

IMony4yeHHOe pellicHWE HE SBISCTCS IETOYMCICHHBIM, 3HAYCHHE
fx)>f 1()?) = —00, CIIeZIOBATEIIbHO, HEOOXOJWMO WPHHATH HOBYIO
OIICHKY IIeJIEBOM (DYHKITUU PaBHOW TPEKHEH, T.C. f 2()?) =—o00 u 00pa-
30BaTh JIBE€ HOBHIE 3a/1a4M, B3sIB IpOOHYIO NepeMeHHy0 x| = 4,78 .

3agaua 2. Coornomenus (1), (2), (3), (4) npeacraBisiroT cOO00H cUC-
TEMy OTPaHHUYEHUH, IPH ATOM

0<x <4

OSXZ <9.

3agaua 3. Coornomenus (1), (2), (3), (4) npeacraisiroT co00# cuc-
TE€MY OTPaHUYEHUN, IIPH 3TOM

5<x =9
OSXZ <9.

Ha pwuc. 1.10 rpaduuecknn n300pa’keHBl TOITYCTUMBIC MHOXKECTBA,
COOTBETCTBYIOIIME UCXOTHOM 3a/1a4e U 3af1adam 2 u 3.
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Puc. 1.10. I'padrueckoe n300pakeHne TOMYCTUMBIX MHOKECTB 3a1ad 1, 2, 3

2-s1 uTepanms. 3adaua 3 — peuienus Hem (f3 (X)=-o).
3-s1 urepaumsi. Onmumansroe pewenue 3adadu 2:
x;=4; x, =L125; f(X)=18875.
Kak BuauM, peiieHue He SBISICTCS 1EIOYUCICHHBIM. [IpudeM 3Have-
Hue f(x)> j} 3 (X), ciaemoBaTenbHO, j} 4()?) =—00 U 00pa3yrTcsa JBe
3a7ia4yM, IpU 3TOM HCIIONIb3yeTcs IpoOHas nepeMenHas x; = 1,125.

3apaua 4. Coornomenus (1), (2), (3), (4) — cucrema orpaHUICHUH,
IIPU 3TOM
{0 <x <4

OSXZ <I.

3agauya 5. CootHomenus (1), (2), (3), (4) — cucrema orpaHUYEHUN,
[IPH 3TOM
{0 <x <4

2<x, £9.
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N300pazum rpaduyecku J0MycTHUMbIe MHOXecTBa 3amad 4 U 5
(puc. 1.11).

Puc. 1.11. I'pauaeckoe m300paxkeHne JOIMYCTUMBIX MHOXKECTB 3a1a4 4 1 5

4-s1 ntepaumsi. Onmumanvroe pewenue 3a0adu 4:

X, =366, x,=1, f(x)=1733.

Pemienre He menouucieHHoe, 3HadyeHue f(Xx) > f 4()?), clenoBa-

TEJIbHO, f 5 (X) = —oo0 , Ipu 3TOM 00PA3YIOTCS ABE 3aqa4H.
3anaua 6. Coornomenus (1), (2), (3), (4) — cucrema orpaHudICHUH,

IIpH 3TOM
{0 <x <3

OSXZ <I.

3apaua 7. CootHomenus (1), (2), (3), (4) — cucrema orpaHudeHUH,

IIpu 5TOM
0< Xy <I.

O‘ICBI/I}IHO, OIITUMAJIbBHBIM 6y,Z[€T peuieHue, COOTBETCTBYIOLICEC pC-

IIeHWIO 3a1a49 5, 6 uan 7.
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5-s1 utepaums. Onmumansvroe peuterue 3a0a4u 5:
=4, x,=2, f(x)=18.
DTO LEJIOYMCICHHOE PEIIeHUE, CICI0BATEIbHO, B KAUECTBE OIICHKH IIe-
JIeBOH (PYHKITUH BO3bMEM f 6 (x)=18.
6-s1 uTepauusi. Onmumanvroe peutenue 3a0ayu 6:

X =3, x,=075 f(X)=14,75.

OueBunHo, f(X)< J} 6()?) , IO3TOMY IIEPEXOJIUM B OCHOBHOM CIIMCOK
3aja4, TJe ocTajach OJlHa HEpeIIeHHas 3a1a4a 7.

7-s1 utepaums. 3aoaua 7 — He umeem peueHusl.

8-1 urepamusa. Mtak, OCHOBON CIHUCOK IYCT, CJIEIOBATEIbHO, OnN-
MUMANbHOE YELOHUCTIEHHOE peuleHue:

x=4, x,=2, f(x)=18.

Pemienue 3amaun METOIOM BETBEM M I'paHUI] XOPOILIO HUILTFOCTPUPO-

BaTh C MIOMOIIIKIO JiepeBa perieHus (puc. 1.12).

ﬂ 1) = —oo;

x =4,78; Xy =1,42;

(%) =225
ﬂ I = ﬂ E) = -o;
X =4 Xy =1125; HET pelieHusL.
(%) =18,875.
4 -
SHE) =0 ol @
x =3,68; Xy =1 x; =4 Xy =2;
(%) =17,33. £ =18.
ﬂ o =18; " @ =s;
x =3 xy =0,75; HET  peIleHus.
£(X) =14,25.

Puc. 1.12. J/lepeBo pemieHus 3aa4yd METOAOM BETBEH U IPaHMUIL
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F'maBa 2

JUHEHHOE MPOTPAMMMWPOBAHUE
B NIPUKJIATHBIX 3ATAYAX OIITUMU3ALIUA

2.1. IllpuMeHeHUe JHHEHTHOTO MPOrPaMMHPOBAHUSA
B T€OPETHKO-HIPOBBIX METOIaX UCCIeJOBAHUS CJIOKHBIX CUCTEM

2.1.1. Teopemuueckue 0CHOBbI MAMPUUHBIX UZD

Matpu4Hoii urpoii OyJaeM Ha3bIBaTh aHTATOHUCTHYECKYIO WIPY, B
KOTOPOU KaXK/IbIil UTPOK UMEET KOHEUHOE MHOXECTBO CTpaTEruil.

Kax m3BectHo [28], urpa AByxX JHUI[ 3aJae€TCS NMPSIMOYTOJIBHOM MaT-
puuei:

A=Haij 5 i=1,_m, j=1,_n,

IJie a;; €CTh 3HAYCHUE BBINTPBILIA UIPOKA 1, ecii OH BBIGpAI CBOO i -F0

CTpaTeTnio, a UTPOK 2 BRIOpAJ CBOIO j -I0 cTpareruro. JlaHHas urpa Ha-
3BIBAETCS UTPON Pa3MEpPHOCTH (m X n), a MaTpuma A — niamesxtcHoll
mampuyei.

Ecmm urpox 1 BeIOMpaeT HOMEpP CTPOKH i, a BTOPOH — j, TO B pe-
3yJbTaTe BHIOOpA MTPOKAMH HE3aBHUCHUMBIX CTPATETHH UTPOK 2 TUIATHT
UrpoKy 1 BeIHrphI a; . CrepoBaTenbHO, HTPOK 1 MOXET rapaHTHpO-
BaTh ce0e BBIMTPHIII HE MEHEE 3HAueHWs: V; = maxmina

i
YeHa uepel, a BTOPOW TapaHTHPOBaTh ceOe MPOUTPHIINI He 0ojee Belu-

YUHBl V, =Mminmaxa; — 6epXHAsA yeHa ucpbl. B obmem ciyuae
Jooi

i T HUJICHAA

i
Vi SvEvy,.

Ecnn minmax a j =max mina

=as» =V, TO B TAKOH UTPEe MUHHU-
Jj i i J J

ij

.* .*
MAKCHBIC CTpATCru ¢ W j SBJIIIOTCA ONTUMAJIbHBIMU, TAK KaK pCIIc-
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HUA O IMPUHATBIX CTPATCIUAX UT'POKOB IMOJTYYCHBI HE3aBUCUMO. B stom
CiIydya€ pCIICHUEC UI'PBI ABJIACTCA chyauHeﬁ PpaBHOBECHA, a CTPATCTHUU

*

-* .
! W ] HAa3bIBAKOTCA YUCTBIMU CTPATCTUSAMMU.

Ecan minmax a j > max min a i
J i i

CHUs B YHCTBIX CTparerusx. [y paspenieHus JaHHOW CUTyallid BBOJST-
Cs1 CMEIIaHHBIC CTPATETHH UTPOKOB.
Cmewannoti  cmpameueti WTrpoka 1  Ha3pIBaeTCs  BEKTOP

TO B UT'PC HET CUTyallul paBHOBE-

X =(x|,sX,;) ", YIOBIETBOPSIOIIMI YCIOBHSM:

x;=1,x,20, i=Ln,

M

Il
_

Il YUCIO X; — BEPOATHOCTb, C KOTOPOM UrpoK 1 BbIOMpaeT CBOMO i -10

YUCTYIO CTPATETHIO.
Bennunna

m n
i=l j=1 '

IpeAcTaBiIsieT cOOOH MaTeMaTHYECKOe OXXMIAHWE BBIMIphIMIA 1-ro ur-
poka B cutyauuu (X,Y).

* * .
Curyauus (X ,Y ) HaswsIBaeTcsi cumyayueii paeHosecus B CMe-

[IaHHOM PACHIMPEHUH MaTPUYHOMN UTpPBI, €cIH JUId TI0O0bIX X U Y BHI-
MOJIHAIOTCS] HEPAaBEHCTBA

HX,Y)<HX ,Y)<H(X".Y). (2.2)

B MaTpuuHOI UTpe MOXKET OBITh HECKOJIEKO CUTYAIHi PAaBHOBECHSI.
MoxHO A0Ka3aTh ClIEyIOIIee CBOMCTRO:
* * o
nyctb X €S8, Y €8§,, v — IcHCTBUTENBHOE YHCIO, TOrAA Ui
* * o
TOTO YTOOBI X ,Y OBUIM ONTUMAIBHBIMH CTPATCTHSAMH, & V — IICHOU

HI'PHBI, HGO6XO,I[PIMO " 10CTAaTO4YHO, YTOOBI BBITOJIHSAIOCH COOTHOIIICHHUS :
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(2.3)
m R
HX",)=Ya;xizv j=Ln.
i=l
[Toxg pemeHneM MaTpUYHOH WIPHI OylleM ITOHUMATh HAXOXICHHE

BEeKTOpoB X ® Y , a Take 3HaUCHUS LIEHBI UTPHI V .
U Tak, mycTh naHa TuTaTeXHas MaTpHIIA

[TonmoxuM, 4TO pelICHNsI B YUCTBIX CTPATETUAX HET.
Bynem uckatp pemieHue Urpsl (m xn) B CMELIAaHHBIX CTPATErusx B
BHJIE!

(2.4)

IIPU OrPAHUYECHUSX:

~
Il

—
~
]

—

* * o
Torma, ecniu X ,Y — onTuMajbHbIEe CMEILIaHHbIE CTPATErHUH MEPBOU

1 BTOPOH CTOPOHBI, TO, B COOTBETCTBHH C COOTHOIIEHUAMHU (2.3), BBI-
TIOJTHSIFOTCST HEPAaBEHCTBA:

(2.5)

TAC v — L€Ha UTPHL.
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2.1.2. Céedenue mampuunoit uzpol
K 3a0aue JUHENUH020 RPOZPAMMUPOBAHUSL

Kak npaBuito, moGast MaTpiyHast UTpa MOXKeET OBITh CBEJICHA K Iape
JIBOMCTBEHHBIX 3aJ1ad JMHEWHOT0 MPOrpaMMHUpOBaHus. UToOkI mpeodpa-
30BaHHE OBUIO KOPPEKTHHIM, HEOOXOINMO BBIMTOTHEHHE YCIOBUS v > (.
OT0 ycnoBue 00s3aTENbHO BBITIONHAETCS, €CIIM BCE DIIEMEHTHI TUIATEX-
HOW MaTpHIIbl HEOTpULaTeNbHbl. JloOOUTHCS HEOTPULATENTBHOCTH MOYKHO
MyTeM MPUOaBIEHUsI AOCTATOYHO OOJIBIION KOHCTAHTHI KO BCEM OIle-
MEHTaM MaTpHIIbl, YTO HE MEHSIET MHOXECTBA ONTHMAJIBHBIX CTPATETHH
UTPOKOB, TaK KaK MPUBOIUT K UTPE CTPATErMYeCKH SKBHBAJICHTHOH HcC-
xoaHoM [28], [29].

B Teopum urp pokassiBaeTcs ClEAYIOmAs TeopeMa.

Teopema 2.1. ITycTsh MHOKECTBO V' COCTOWT M3 T€X M TOJBKO TEX
gucena V', ISl KOTOPBIX CYIIECTBYET Takasi CTparerust Y Urpoka 2, 4ro
CIpaBeIMBEI HEPABESHCTBA

HGY)<V, i=Lm, (2.6)

TOoraa 3HAYCHUEC LICHBI ManI/I‘{HOI‘/'I HWI'PBI Vv paBHO HAUMCHBIIEMY U3 YHCCIT

*
MHOXecTBa V', a BekTop Y , IUIsl KOTOPOTO 9TH HEPABEHCTBA CIIPaBE/l-
JIUBBI TIPU V' = v, SIBJISICTCS ONITUMAJIBHOM CTpaTerueii urpoka 2.

o *
Takum oOpa3zoMm, 9TOOBI HAWTH v B Y , HAIO OMPEIACIUTH MUHH-
MallbHOE 3Ha4YeHHne V', yIOBIETBOpsONIee HepaBeHCTBaM (2.6), KOTO-
pbie yioOHee 3anucaTh TaK:

2a;y; <V, i=lm. (2.7

Pasnenum o6e wactu HepaBenctBa (2.7) Ha V' M MOJOXHM
!
u; =y;/v', T0r1a OHO IPUMET BHJL

n
>a azu; <1, i=Lm. (2.8)
J=1

C Y4€TOM TOTO, 4YTO
L 1 & 1

j= Voj=l v
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1
3agadya MHUHHMMH3AIIUU v CBOJUTCA K 3aJa4€ MaKCHUMMH3aAIINH - HJu,

4TO TO ke caMoe, MakcuMu3aiuu QyHKuu f (i), T.e. TOJIY4YHId 3a/1a-
4y JIMHEHHOr0 TPOTPaMMHUPOBAHHUS, KOTOPYIO MOXHO C(HOPMYJIUPOBATH
B BUJIC:

HalTH

max { (@)= (2.10)

M=
=
~.

IIpu OrpaHUYCHUAX:

n
Zaijuj <1, i=Lm;
=i

*

n) — ONTUMAaJIFHOE pelIeHne MOTy9IeHHON 3a/1a-

%k *
Ilycts u = (ul sy U
YU JTUHEHHOTO IPOTpaMMHUPOBAHUS, TOTIa HCKOMasl IieHa UTPHI OIpeIe-
JIIETCSI COOTHOIICHUEM

1

V=—"

fa@"y

HCXOI{H N3 OTOr0, KOMIIOHCHTBI OINTHMAJIbHOM CTpaT€run BTOPOI'O
HUI'PpOKa MOXXHO ITPEACTaBUTh B BUIC

. 2.11)

* * . T
yj=vu;, j=Ln. (2.12)
HeobxoauMocTh yIOMSHYTOTO paHee YCIOBHUS HEOTPHUIIATSIHLHOCTH
(v > 0) musg KOppEeKTHOCTH IIPOBEICHHBIX MTPeoOpa3oBaHuil OUEBHIHA.

[IpuBenennyto Bbiie TeopeMy 2.1 MOXHO aHAIOTHYHBIM 00pa3oM
MPUMEHUTh U K CTpaTEeTUsM IepBOro urpoka. M3 Heé cneayert, 4To it

o *
OMpEACIICHNUA LCHBI UTPBl V W ONTUMAJIBHOU CTPATCIrUU X Heobxo-
JAUMO HalTH MaKCHMajJbHOE 3HAUYCHHC 4YHCIIa V”, YAOBJICTBOPAIOIICC
HCPABCHCTBAM:
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B pesynbrare, nonaras t;=x; / v", IPUXOJIUM K CIEIYIOIIEH 3a1aue
JIMHEMHOTO TTPOrpaMMHUPOBAHMUS:
HalTH

t

M=

min { o(7)=>¢, (2.13)

LN

IIpu OrpaHUYCHUAX:

m _—
i=l
ti > 0, i= l,m.
*

3 * v
Torma, ecnu ¢t = (tl yeees tm) — ONTHMAJIbHOE PEIICHUE ITOU 3a/1auH,

TO IICHA WTPBI OMPEIENAETCS COOTHOIICHHEM aHATIOTHYHBIM BBIpaXke-
Huto (2.11):

y=— (2.14)

Hn, COOTBCTCTBCHHO, KOMIIOHCHTSI OIITUMATLHOM CTpaTrerun nepBOro
HI'pOKa 3aJar0TCA B BU/IC

T=vi, i=Lm. (2.15)
Kak BugHO, BTOpas 3amava (2.13) siBisieTcss TBOMCTBEHHOM K IEPBOM
(2.10), mosTOMY CIIpaBEUTMBO PABEHCTRO:

@ )=olc"). (2.16)

Kak ormedeno B pasn. 1.5 qaHHON KHUTH, pellieHUE JBOMCTBEHHBIX
3aJ1a4 JJUHEHHOTO POTPaMMHPOBAHUS OCYIIECTBISCTCSI OJJHOBPEMEHHO,
MyTeM OJTHOKPATHOTO MPUMEHEHHUS CUMIUIEKC-METO/1a.

Takum 00pa3om, cBemeHWE JIOOOW MAaTPHUYHOH WTPHI K 3amade JIu-
HEHHOTO MPOrpaMMHUPOBAHUS NPUBOIUT K HEOOXOIWMOCTH, C OJHOM
CTOPOHBI, MAKCUMU3AIUN PyHKIUU | (L_l) :

max 4 /(i) = u;
j=l
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IIPU OrPAHUYECHUSX:

—_ ’
rie u; =y; /v

C npyroif cTOpOHBI, MUHIMH3AITUH (QYHKITAN (p(f ):

IIpU OrpaHUYCHUAX:
m JE—
zaytl 21, ]=1,}’l,
i=l

tlZO, i=1,m,

rae t; =x; [v".

Jlerko BuUieTh, UTO BTOpas 3ajiaya ABJISIETCS JBOHMCTBEHHOM K Tep-
BOMi, OoJiee TOro, U MepBas U BTOpas 3ajada MPEeKPacHO CBOISTCS K Ka-
HOHMYECKOW (opMe 3amucH 3aJa4ydl JIMHEHHOTO IMPOrpaMMHUpPOBaHHUS,
KOTOpasi yCIENIHO PEeIaeTcss MeTO1aMH, N3JI0KEHHBIMH B TJ1. 1 HacTos-
IIero U3aHusl.

2.2. OnTnManbHOe pacipeiesieHre 3al1aCOB PeaKTHBHOCTH
npu padoTe cUCTEMBbI SI/ICPHBIX PEaKTOPOB
B IIePeMEHHOM CYTOYHOM rpajuke Harpy3ku

2.2.1. Dusuueckan nocmanoséka 3adauu

B ycnoBusx mMpOKOro BBOAA SAECPHO-IHEPIeTHUECKUX MOLIHOCTEH U
pacTyllero pasyIUIOTHEHUs Ipa(UKOB HAarpy30K 3HEProcUCTEM, HCIOJb-
30BaHUE aTOMHBIX 3j1ekTpocTaHimii (ADC) B 6a3oBoii uyacTu Tpaduxa
Harpy3ok OyZeT NpeaCcTaBisATh Bce Oosplne TpyaHocTH. [lostomy yacTsb
3NEKTPOCTAHLIUM BBIHY)KAEHa OyJaeT paboTaTh B COOTBETCTBUM C CYyTOU-
HBIMH ¥ CE30HHBIMH KOJICOAHUSIMHU MTOTPEOHOCTH B AIICKTPOIHEPTUH.

[Ipu 3TOM, pemeHue mpoOIeMbl MAaHEBPEHHOCTH dHEpro0okoB ADC
BO3MOXKHO TOJIBKO IIOCJI€ NPOBEACHHs KOMIUICKCAa HAay4YHO-HCCIIECAOBa-
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TEJIbCKUX M OMBITHO-KOHCTPYKTOPCKUX paboT. OCHOBHBIC M3 HHX Clle-
IYIOIIHe:

1) cHsiTHE OTrpaHWYEeHU Ha YHCJIO IHMKIIOB IyCK-OCTAHOBKA IS BCe-
ro obopynoBanus ADC;

2) ynydiieHHe cXeM MycKOB B 0cTaHOBOK ADC W CHIDKEHHUE TIOTEPh
TeIUIa P pacxojaKUBaHUU OJIOKOB 3a CUET PallMOHAIBHOI'O UCIIONb30-
BaHMs OCTATOYHOTO JHEPTOBBIICICHUS SJEPHOTO TOIUTMBA M TEIUIOAK-
KyMyJIMpYIOLIel criocoOHOCTH rpaduTOBON KA KH;

3) pemrenre TpoOJIEMBI BHIOOpA ONTHMAIBLHOTO THIIA TOIUIMBA, 3a-
HIMTHBIX O0O0JIOYEK JISi HETO W KOHCTPYKIUH TEIUIOBBLICISIONINX diie-
MEHTOB C YYETOM Pa0OThl pEaKTOPOB MPH MIEPEMEHHBIX Harpy3Kax;

4) npuBeeHUE B COOTBETCTBUE C TPEOOBAHUSIMHM SKCILUTyaTallUH CUC-
TEM YTpaBIeHUs] U 3allUThl PEaKTOPOB U OOECIeYeHHUEe PeaKkTopoB He-
00X0IMMBIM 3aI1aCOM PEAKTHBHOCTH.

[lepBbie Tpu mpoOIEMBI HOCAT, B OCHOBHOM, TCIUIOTEXHHYECKUN H
IIPOYHOCTHOH XapakTep, B TO BPEMs KaK IOCIEIHs CBsI3aHa ¢ (PU3UKOM
SJIEPHOTO peakTopa M OOyCIOBIIEHA HECTAIlMOHAPHBIM OTPAaBICHHUEM
peaKkTopa KCEHOHOM.

OOecneueHne peakTopa ONEPATUBHBIM 3allaCOM PEAKTUBHOCTH, IIO-
3BOJISFOIIMM KOMITEHCHPOBATh HECTAIMOHAPHOE OTPaBIIEHHE KCEHOHOM,
NPUBOIUT K CHHKCHHUIO SHEProBBIPA0OTKH peakTopa. [loTepio sHepro-
BBIpa0OTKH peakTopa, paboTaloIIero B IepeMeHHOM IpaduKe Harpy3KH,
10 CPaBHEHHWIO C JHEPTroOBBHIPAOOTKON IpH paboTe Ha HOMHHAIBHOMH
MOIIHOCTH, MOXHO CBSI3aTh C PE3EPBUPYEMBIM 3aIlacOM PEaKTUBHOCTH
COOTHOLLICHHEM

AQZ%, (2.17)

rae a — temn Beiropanusi, 1/(kBt - cyT); Ap — 3amac peakTUBHOCTH,
oTH. ell.; AQ =(Q,, —O — pa3HOCTb MEXIYy SHEProBbIPAOOTKOH IpH pa-
6ote B 6asucHOM pexume (Q,, ) U pexxuMe epeMeHHbIX Harpy3ok (Q ),
KBT - cyT.

BenuuuHa pe3epBUpyeMOro 3arnaca peakTHBHOCTH, a CIIEJOBAaTEIIbHO,

Y TIOTEpPsl SHEPTOBBIPAOOTKU PeaKTopa, 3aBUCHT OT TpeOyeMOU UTUTEIb-
HOCTH paboThl peakTopa HA MOHW)KEHHOW MOIIHOCTH W, OT CTemeHH

w
CHWXXCHUA MOIIHOCTH pPEAKTOpa € = W , T WH — HOMHWHAJIbHAasA MOIII-
H
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HOCTb PEaKkTopa, OT BeJIMYMHBI IFIOTHOCTH NOTOKA HEMTPOHOB MpH padoTe
Ha HOMUHAIIbHON MOIITHOCTH U JPYTUX XapaKTEPUCTUK PEeaKTopa.

B paMkax TouewyHONl MonenM 3amac PeaKTHBHOCTH, 00ECIeYHBaIO-
muil paboTy peakropa Ha IMOHWKEHHOH MOIIHOCTH €W, B TeueHHE

MMPOU3BOJIBHOI'O BPEMCHU MOCJIC CHUKCHUS MOIITHOCTH PABCH

Ap=x, —X,, (2.18)

rac x,, u x, — MaKCHUMaJIbHas U PABHOBCCHAsA KOHUCHTPAlIMN KCCHOHA,

p

Vi
HOPMHPOBAHHbIC Ha L; h) ; — MaKpOCKOIINYECKOE CEYECHHE JIeie-
Oy :
HUSl aKTUBHOW 30HBI peakTopa; v / — CPelHee YMCIO BTOPUYHBIX HEll-

2
TPOHOB Ha aKT ACJICHUSA; O y — CCUYCHHC INOIJIOLICHMUA KCCHOHA, CM .

Ha A3C, kak npaBuiio, yCTaHaBIMBACTCSI HECKOJIBKO SHEPrOOJIOKOB.
B ob0mem ciydae 3HeproOJI0KM MOTYT OTIMYATHCS BIIEKTPUYECKOH
MOIITHOCTBIO, TEMITOM BBITOPaHUs, IPYTHMHU XapaKTepUCTHKaMHU U pabo-
TaTh HE3aBUCUMO JPYT OT Apyra. Y CIOBHEM, CBA3BIBAIOLINM PEaKTOPBI,
Bxomasmue B coctaB ADC, ABseTCsS BBIpaOOTKA 3aJaHHOTO KOJMYECTBA
3NEKTPOIHEPTHH aTOMHOM 3JIEKTPOCTAHITUEH.

[Ipu orpannveHHOM ONEPaTHBHOM 3allace PEaKTUBHOCTH, HAIpHUMED,
IUISL PEaKTOPOB C HENPEPHIBHOM MEperpy3Koi MK B KOHIE KAMITaHUU AJIS
PEaKTOpOB C TUCKPETHOM Meperpy3Kol BO3HHMKAET 33/1a4a ONTUMH3ALNU
pacIipeieNieHns] 3alacoB PEakTHMBHOCTH B CHCTEME PEAaKTOPOB C IIETIbIO
MHHUMH3ALMN CyMMapHOH MOTEPH 3HEProBHIPAOOTKH MU yIOBIETBOpPE-
HHH 3aJaHHOMY I'padyKy CyTOYHOTO CHI)KEHUS MOILITHOCTH.

Maremarndecku 3a1a4a GOpMYIUPYETCS CIEAYIOIUM 00pa3oM:

HalTH

N
min > APi
App-Apy (=1 4
IPU OrPaHUYCHHUSIX:
N
2.8:81(Ap;) =0

5 (2.19)
0<Ap; <Ap;,,,i=1,..., N,
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rae N — 4uCIIO PEaKTOpPOB HA CTaHUUHU; A p,; — OIECpaTHBHBIN 3arac

PCAKTUBHOCTH I-TO peaKkTopa; €; — CTCHCHb CHMKCHHA MOIIHOCTHU I-TO

peakTopa;, o — 3amaHHas CTEMEeHb CHIKEHUS wMomuoctn ADC,
N
W
ocz;jl—; 8, — OIS SJIEKTPUYECKOW MOIIHOCTH i-TO DPEeaKTopa,
2 Wi
i=1
W,

2 Wi
i=1

3amMeTHM, 9TO ONTUMHU3AIHS BO3MOXHA TOJBKO Tipr < 0 < o <1, Tak
Kak Ipp oo =0 1 o =1 3HAYEHUS ONEPATHBHBIX 3aITaCOB PEAKTHBHOCTHU
OTIPE/ICIICHEI:

Api = ApiM’

[TosTOMy Ka4eCTBEHHO IMOHSATHO, YTO 3(PPeKT oT onTUMU3anuu Oy-
JIET CUJIbHEE BCErO CKa3hIBATHCS B CpPeJHEW 4YacTu jJMana3oHa U3MEHe-
Hus o .Bun 3aBucuMoctn &€(Ap) BO3MOXKHOH CTENCHH CHIDKEHHS

MOIIHOCTH PEaKTopa OT 3amaca PeakTHBHOCTH, BOOOIIE TOBOPS, ONpe-
JIEJIAETCS] PeXKMMOM M3MEHEHHUSI MOIITHOCTH PEaKkTopa.

Hawnbomee mpoCTBIM pEeXKMMOM I aHAIHM3a SBISCTCS CHUKCHIHC
MOIIIHOCTH PEAKTOpa C MaKCUMaIbHO BO3MOXHOW CKOPOCTBIO J0 OTpe-
JISJICHHOTO YPOBHSA W TIOJJICpPKaHUE PeaKkTopa Ha JaHHOM YpPOBHE JIO
MoMeHTa Bbixoga ADC Ha HOMHUHAJIBHYIO MOIIHOCTb. XapakTep 3aBH-
cumocTtu €(Ap) MPU Pa3IUYHBIX TUIOTHOCTSIX IMOTOKOB HEHTPOHOB 3TOM

ciyvae mokasaH Ha puc. 2.1.
Kak BUIHO U3 pUCYHKa, IPU MaJbIX IUNIOTHOCTSIX ITOTOKA HEHTPOHOB
3aBUCUMOCTb €(Ap) TpencTaBisieT coOOM NPaKTHYECKH JIMHEHHYIO

¢ynkuuio. C yBelIMYEHUEM IUIOTHOCTH MOTOKa HEWTPOHOB HENMHEH-
HOCTh B XapaKkTepe 3aBUCUMOCTH €(Ap) YBEIHYHBACTCA.

B nanHOM pasnene paccMOTPEHO pelIeHHe 3aJadud Ul CUCTEMBI pe-
AKTOPOB C JIMHEHHOW 3aBHCUMOCTBIO BO3MOXXHOW CTENCHU CHM)KEHHS
MOIIHOCTH OT 3araca peakTuBHoCcTH. (Pemenue 3amaum Juisd CHCTEMBI
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pPEaKTOpOB C HETWHEHHOW 3aBUCHMOCTBIO €(AP) pacCMOTPEHO B
pasm. 4.2.)

Puc. 2.1. 3aBUCHMMOCTb BO3MOKHOM CTENIEHU CHUKEHHS MOILIHOCTH
0T BEIIMYMHBI PE3EPBUPYEMOTO 3amaca peaKTHBHOCTH

2.2.2. Onmumanvnoe pacnpedenenue 3anacoe peaKmuenocmu
6 cucmeme peaKkmopog ¢ TUHEILHOI 3a6UCUMOCIbIO
603MOMCHOIL CIENEHU CHUMCCHUA MOUWHOCIU
om 3anaca peakmueHocmu

B stom ciiydae mateMaTryecKkas MOCTAaHOBKA 3a7]a4l TaKOBa:
HaWTH

N Ap.
min 2Pi

Api (i=1 4;

IIpu OrpaHUYCHUAX:
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N
E (4pi) (2.20)

OSAplSAplm’ izl,...,N,

rae €; =1-K,;Ap;.

Kax BugaO u3 cootHommenwus (2.20) onTuMu3aioHHas 3aja4a OTHO-
CUTCSl K KJIacCy 3ajiay JMHEHHOTO MPOTrPaMMHUPOBAHUS U MOXET OBITh
perieHa cuMmIuiekc-MerogaM (cM. pasfa. 1.2). OnHako BCIEACTBHE TOTO,
YTO 3a/1a4a COJIEPIKUT BCErO OJHO YPaBHEHHE CBS3M MEXIy IepeMeH-
HBIMH, OHa MOXET OBITh pelleHa sl IPOM3BOIFHOTO YHCIIa PEaKTOPOB,
BXOJISIIIIUX B CUCTEMY, JIOCTATOYHO MPOCTO Oe3 npumeHenus DBM [66].

Pemenue 3amaumn. I'paduueckas unTepnperauusi. Beenem s
yA0OCTBa HOBBIE TIEPEMEHHEIE
Ay,

Z. = ,
ApiM

1

HMMEIOIIME CMBICII OTHOCUTEIBHBIX 3aIlacoB peakTuBHOCTU. [Ipumem BO
BHHUMAaHHE, YTO B IIHPOKOM JHANa30HE N3MEHEHUS INIOTHOCTEN IIOTOKOB
2 HEWTp.

em? ¢

T.e. Ap,, =b- @, rae b =const.

HEUTpOHOB | @>6+7- 10! 3aBucuUMocTb Ap, (¢) nuHeliHa,

3anumieM ONTHMH3AITMOHHYI0 3amady (2.20) Ui HOBBIX IEpeMEH-
HBbIX:
HalTH

N .
min Y —z;
212N ] 4,

IIPU OrPAHUYECHUSX:

N
20 (=z)=a: (2.21)

0<z, <1 i=1,..,N.
N
Y4uTeIBas, 4TO 26 ; =1, 1 o603HauuB

i=1
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yi=9;z

Q;
d.a;

1771

i°

Hi = ’
NpUBEAEM ONTHMHU3ALMOHHYIO 3a1ady (2.21) Kk cTaHgapTHOMY BHAY 3a-
Ja4 JIMHEHHOTO POTPaMMHUPOBaHUSL:
HalTH
N

min > u;y;

Z1..ZN i=1
NPU OrPaHUYCHUSX:

N
Esia—zg=a, 02

0<z, <1 i=1,..,N.

IlepeHymMepyeM peakTopsl, BXOISIINE B CHCTEMY, B IIOPSIIKE BO3pac-
TaHus K03()(HULUEHTOB |, .
N
[Iycrs 1—a <8, Toraa sicHo, 4to cymma S = Y |1;); MHHHMAJbHA,
i=1
eclu
yi=l-a, y,=..=y;=...=yy =0.
JIeiCTBUTENBHO, €CIU paclpelecHue {yl-} uMeeT 000l Apyroi
BUJI, HAIIPUMEP
N-1
N=Y, Y2=Y2, - VN =l-a- ZYD Nnpu4deM v =1l-a,

i=1

N
TO MUHHMHU3UPYEMast CyMMa Y L;); MMEET BEIHYHHY
i=l

N-1
S'= WY oYy et HN(I_‘X - ZY,'J ’
i=l
[PU ONTUMAJILHOM K€ PaCIpeneIeHIH
N-1
S'=wyy Yy ety Ima= 2y |
i=1
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Tak kak py < p, <...< Uy, TO OY4EBHIHO, 9TO S < S
Paccy»xas aHanoruuHbIM 00pa3oM JUIsl CIy4acB

61<1—(XS81+82, 61+82<1_QS61+62+83, ceey
N-1 N
i=1 i=1
MOJKHO TIOJIyYUTh ClIeAyollee pemieHue 3anaun (2.22):
yi=l-a, y=..=y;=.=yy=0 mpu 0<l-a<3d;
Y1=0;, yp=1-a-9), y3=..=yy =0 0pu §; <l-a <3, +9,;
N-1
y1=0;, ¥2=0,, Yy =0y, yNzl_a_Zyi
i=1
N-1

npu .3, <l-o<]

i=1

M=

6121.

~
Il
—

Bo3Bpamasce k IpeKHUM NEPEMEHHBIM Z; = % , TIOJY4YHM pelIeHre
i
UCXOJHOM ONTUMH3AIIMOHHON 3a1a4u (2.21):

zlzlg—a, Zy=..=z;=..=zy =0 mpu 1-6;<a<l;
1
I-a-95
2
N-1
21222:...22]\]_]:1, Z]V:—l:1 HpI/I 0<OL<1281
Oy i-1
(2.23)

OnrumManbHOe pacnpeaciCHue OTHOCUTCIIbHBIX 3alldaCOB PCAKTUBHO-
CTU 1Ipn 33[[3HHOI>'I CTCIICHN CHMXXCHHA MOIITHOCTH CHUCTCEMBI QU ABJISICTCA
KOOpAHATaAaMU TOYKH B N—MepHOM MMPOCTPaHCTBC U3MCHCHHA IICPCMCH-
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HBIX Zi,...,Zp - COBOKyHHOCTL TOYCK OJIA O<ax<l npeaACTaBIsACT CO-

00l ONTUMANTBHYIO TPACKTOPHUIO PACIIPE/CICHUS 3aMacoB PEaKTHBHO-
cti. OnTUMAaNbHBIC TPACKTOPUU HAXOJSTCS HA TPaHHUIE 001acTH U3Me-
HEHUSI IEPEMEHHBIX.

B kadecTBe mpuMmepa, pacCMOTPUM CHCTEMY, COCTOSIIYIO U3 JIBYX
peakTopoB. OOnacTh W3MEHEHHs] TEPEMEHHBIX IPEACTaBIsIeT COo00it
kBaapat ODEL (puc. 2.2).

F>1

F<1

OTHOCUTENbHBIN 3anac PeakTUBHOCTM B
nepeom peaktope, Z,

T T T T T T 1 T T 1
OTHOCUTENbHbIM 3anac PeakTUBHOCTM
BO BTOPOM peakTope, Z,

Puc. 2.2. TpaekTopuu ONTUMAJIBHBIX PACIPEIENEHHH OTHOCUTEIBHBIX 3allacoB peak-
TUBHOCTH B CHCTEME JBYX DPEaKTOPOB C HU3KHUM IIOTOKOM (JIMHEWHas 3aBHCHMOCTb

&(Ap))

CreneHb OTIUUMS peakTopa OyneM XapaKkTepru30BaTh BETMYNHOM
o.a, /0,a
pot %19 [0
o) 0y ()

B JAJIBHEUIIIEM HA3bIBAEMOM IAPAMETPOM CUCTEMBI.

Ecnn mapametp cuctemsl O0JbIE €AUHUIIBI, YTO TOUYKA, KOOPAUHATHI
KOTOPO# SIBJISIOTCS PEIICHWEM ONTUMH3AalMOHHOW 3a/lauu, JIeKHUT Ha
ctopone OD npu 1-8, <a <1 u Ha cropone DE npu 0<a<1-9;.
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OnTuManbHONW TpaeKTOpHEH 3amacoB PEaKTHBHOCTH SIBJISAETCS JOMaHas
ODE. Ecnu mapaMeTp CHUCTEMBI MEHBITIC €IWHUIIBI, TO TOYKA C OITH-
MaJIbHBIMH KOOpJIMHATAMH JIEXKHUT Ha cTopoHe OL nipu 1-6, <a <1 u

Ha cropoHe LE npu 0 < a <1-9,. OnTuManabHOR TpaeKTOpUer SBIIs-

ercsa jomaHast OLE.

[Ipu mapamerpe CHUCTEMBI, paBHOM EIUHUIIC, IeneBas QYHKIUS OT
pacmpenesaeHus] OTHOCUTENBHBIX 3allaCOB PEaKTHUBHOCTU HE 3aBUCHT U
KOOpAWHATHI JIF000W TOYKH, NpHHAuIexamel kBanpary ODEL, sBns-
FOTCSI pEIICHUEM 3a1a4H.

duznyeckasi HHTEpPHpeTamusi ONTHMAJLHOTO paclpeaeeHust
3amaca peaKTHBHOCTH. 3aIac PEaKTUBHOCTH B TMIEPBYIO ouepeib HE0O-
XOJINMO PE3EPBUPOBATH B PEAKTOPE C OOJBIION BETHIMHON KOMITIEKCA

a
— . Eciu 3aJaHHOC CHMKXCHHUEC MOIIMHOCTH CTaHIIUKW MOXHO obecreunTh

¢

. da
TOJIBKO 3a CYET PEaKTOpa ¢ MAaKCHMAaJIBHO BEIHMYHHON — , TO B OCTallb-
¢

HBIX PEaKTOpax 3arac peakKTUBHOCTH Ha paboTy B MEPEMEHHOM PEKUME
HE pe3epBHUpyeTcs. B mpoTUBHOM cilydae, B peakTope ¢ MaKCUMaJIbHBIM

da .
3HAYEHHEM KOMIUIEKCA — PE3EPBUPYETCS MAKCUMAJIbHbIN 3a11ac peak-
¢

da
THBHOCTH, @ B CJICAYIONIEM [0 BEJIMYMHE KOMIUIEKCA — DPEAKTOpe —

3arac peakTUBHOCTH, HEOOXOIUMBIN i oOecrieueHus 3a/JaHHOTO CHU-
skenust morrHoctd ADC u T.4. Ha puc. 2.3 moka3aHbl TpaeKTOPHUH OII-
TUMAaJIbHBIX CTENEHEH CHMXEHHUS MOILIHOCTEH Ul CUCTEMBI IIBYX HU3-
KOIIOTOYHBIX PEAKTOPOB, COOTBETCTBYIOIME ONTHMAJILHOMY paclpene-
JICHHIO 3aI1acOB PEaKTUBHOCTH.

Kak BumHo u3 puc. 2.3, mpu napameTpe cucteMsl F > 1 mepBbIif pe-
aKkTOp paboTaeT B MOJIYNHKOBOM PEKUME, BIUIOTH 10 ITOJHON OCTaHOBKH
(ecmu oo <1-9;), BTOpoii peakTop padotaeT B 6azucHoMm pexume. [Ipu

F <1 xapaktep U3MEHEHHUs CTETEHEH CHIKEHHUS MOIIHOCTH PEaKTOPOB
IIPOTHUBOIIOJIOKEH.
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F<1

] F>1
(0] L
T T T T T T 1 T T 1
OnTumanbHas cTeneHb CHKEHUs! MOLLIHOCTUN
BO BTOPOM peakTope, ,

OnTuManbHas cTeneHb CHUKEHNUS MOLLHOCTU
B NEPBOM peaKTope, &,

Puc. 2.3. TpaekTopuy ONTUMAJIBHBIX CTENICHEH CHIDKEHNS MOIIHOCTH B CHCTEME
JIBYX PEaKTOPOB ¢ HU3KUM HOTOKOM (JIMHEifHast 3aBUCUMOCTE £(Ap) )

MakcuMaJdbHO BO3MOXKHBIH 3(pdekt onTtumuzamuu. O6 >ddex-
TUBHOCTH OIITUMMU3aALIUU 6y,[[CM CYAUTh IO BEJINYUHE!

AS(OL) — SmaxN_Smin
Z&
i=1 4;
e Spax M Spin — MAKCUMasbHas U MUHUMAJbHAs IOTEPS SHEPIOBbI-

N
pabotku ADC Tpu CTENeHU CHIKEHHSI MOIIHOCTH O ; z& — noTeps

i=1 4;
SHEProBeIpaboTku ADC TpH pe3epBUPOBAHMHM 3artaca PEaKTUBHOCTH Ha
MOJIHYHO OCTAHOBKY PEaKTOPOB.

ITo cBoemy ¢usnuyeckomy cmbicay BenmnunHa AS XapakTepusyer
MaKCHMaJIEHO BO3MOKHBI TPOUTPHIII B 3HEPTOBBIPAOOTKE CUCTEMBI
PEaKTOPOB OT TPCHEOPEKEHUS ONTUMHU3ANNECH W JaeT BO3MOXKHOCTH
CyIIUTh O IeIecoo0pa3HOCTH ONTUMH3AIMK JaHHOW cucTembl. Ha
puc. 2.4, 2.5 mokazaHa 3aBHUCHMOCTh MaKCHMaJIbHO BO3MOXXHOTO 3(-
(exTa ONTUMU3AIUU OT CTENCHHU CHMXKEeHUs MolnHoctu ADC mis cuc-
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TEM U3 IBYX HHU3KOIIOTOYHBIX PCAKTOPOB. Pasnmmunbie cucTeMBbl PpC€aKTo-
%101 /924,
¢ %)
Ha pucyHKkax OTpa)K€HO, COOTBETCTBEHHO, JIBa CIIydas: JOJHA MOIII-
HOCTH PEaKTOPOB OJIMHAKOBBEI O; =0, = 0,5, 1011 MOILIHOCTH PEAKTO-

POB XapaKTepU3YyIOTCA BEJIMUMHON MapaMmeTpa F =

POB OTJIMYAIOTCS B JBA pasa —- =2 .
2

Takum o0pa3zoMm, B CUCTEME PEAKTOPOB C JMHEHHON 3aBHCHMOCTHIO
CTEeTIeHH CHMXEHHS MOIIHOCTH PeaKkTopa OT 3alaca PeakKTHBHOCTH OIl-
THMAJIbHOE PAaCIpe/IeIeHNe 3aracoB PEaKTMBHOCTH HAXOJAWTCS Ha Trpa-
HUIE 00JIACTH M3MEHEHUS MEPEMEHHBIX, T.€. ONTUMAIbHBIA PEXKUM pa-
0OTHI peakTopoB HOPMHUPYETCS U3 MOTYITHUKOBEIX M 0a3WCHBIX PEKUMOB
paboThl OTHENBHBIX peakTopoB. Dddekt onTuMuzanuu TeMm Oomblie,
4yeM OoJiblliee 3HAaYEHUE UMEET IMapaMeTp CUCTEMBI.

] F=5
] 8,25,=0.5 A
E 60
[ i —
g F=3
& 50
R
:§ (0/) 1
i < 404~
= ] _

% 3 30 F=2
33
m § 4
o
I = 204
i _
25, N
2 10
©
= 0 : : : . : \

0,0 0,2 0,4 0,6 0,8 1,0
CTeneHb cHMWKeHna molHocTn ASC, a

Puc. 2.4. 3aBUCHMOCTb BETUYMHBI MAKCHMAJIBHO BO3MOYKHOTO S(b(i)eKTa ONTUMH3AUU
OT CTECNICHU CHUXEHUS MOILIHOCTH CUCTEMBI IIPU PA3JIMYHBIX BEJIMYNHAX ITapaMeTpa F
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70+
o] 5,/5,= 2

] F=5
50 / \

] / \( .
40 \)
30

L/ N
20

MakcumanbHO BO3MOXHbIN 3deKT
onTuMmnsaunn, AS%

0,0 0,2 0,4 0,6 0,8 1,0
CteneHb CHMWXeHUa mowHocTn ASC, o

Puc. 2.5. 3aBUCHMOCTb BETUYMHBI MAKCHMAJIBHO BO3MOYKHOTO S(b(i)eKTa ONTUMH3AUHU
OT CTCNIEHU CHUXKCHHSA MOIIHOCTHU CUCTEMBI IIPH PA3JIMYHBIX BEJIMYHNHAX ITapaMeTpa F

2.3. OnTuMaabHas KilacTepu3anus
KaK 32/1a4a JIMHEITHOr0 MpPOorpaMMUpOBaHuUs

2.3.1. Mamemamuueckaa nOCMaHo6Ka 3a0adu KiacmepHo20 aHaiu3a

Tepmun «xnactepHblid aHanu3» npennoxken P. Tpaitonom B 1939 r.
(cluster — rpo3np). YacTto B JauTepaType HCHOIB3YETCS KaK CHHOHUMBI
CIIEAYIOIIME TEPMHUHBI: aBTOMaTH4ecKas KiacCU(pHUKauus, TAKCOHOMHUS,
pacmo3HaBaHue 00pa3oB 0e3 00yueHus, caMmooOy4eHue u 1.71. Kiactep u
KJIacC — CyThb CHHOHMMBI. L[enbro KJIacTepHOro aHaiIu3a SIBJISETCS aBTO-
MaTH4YecKas (MM aBTOMAaTU3WPOBaHHas) Kiaccuukanus (KiacTepusa-
1Hs1) 0OBEKTOB I10 MIPU3HAKY CXO0XKECTH.

Cxo0kecTh 00BEKTOB OMpPEneseTCs] OMM30CTHI0O X BEKTOPOB JIECK-
pUNTOPOB (TTapaMEeTPOB OMUCAHMA) B HEKOTOPOM MPOCTPAHCTBE Mapa-
METpOB.

[TpruMepoM ycCHEmIHOTO HEaBTOMATH3MPOBAHHOIO KIIACTEPHOTO aHa-
JM3a SABIAETCS KIacCU(pUKaLUs pacTeHUH W JKUBOTHBIX B OMOJIOTMH H
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3o00s10rum, Tabnuna J[.1. MeHnaeneeBa B XUMHUH, pa3jeieHUE CTpaH Ha
PasBUTHIEC U Pa3BUBAIOLINECS B 9KOHOMHKE U T.1.

OOBEKTHI, ToUIeKAIINEe KIaCCH(QUKAIMH, HAa3bIBAIOTCS OIEpPAIOH-
HBIMHU TakcoHoMuueckumu eaununiamMu (OTE).

ITpr3HaKkoBOEe MPOCTPAHCTBO (BEKTOPOB-AECKPUITOPOB) HA3bIBACTCSA
IT-mpoctparctBom. O6brarO dim(Il) < K, tme K — KONMHYECTBO BCeX
BO3MOKHBIX Tpru3HakoB OTE, Tak kak MeXAy OTAENbHBIMU MTPU3HAKAMHU
Bo3MokHa koppersanust (ecnu I1 — JIBII) u B Gonee obmiem ciydae —
3aBHCUMOCTD (JacTO HEKOPPEITHUPOBAHHOCTH ).

Ecmm ana mpunagnexuaoctn HekoTopsix OTE x omHomy kiaccy He-
00X0MMO COBMAaJeHUE BCeX (MM MOATPYMIIBI) MPU3HAKOB, TO TaKOH
KJIacTep Ha3bIBACTCSI MOHOTETUYECKUM HMJIM TAKCOHOM.

Ecnu B 3TOM HeT HEOOXOIMMOCTH, U JIMIIL TPeOyeTcs MpHUHAIIIEK-
HOCTbh BCEX, arperupyemsix B kinacrep, OTE k 3amaHHON OKpecTHOCTH
touku [I-mpocTpaHcTBa, TO Takue KiIacTepbl HA3bIBAIOT IMOJUTETHUYC-
CKUMH.

Ecnu BMecTo Bcero MHO)KECTBAa HE3aBHCHUMBIX HMPU3HAKOB (KOJIUYECT-
BO Takux npusHakoB = dim(I1)) mpumeHsieTcst UX 4acTh, TEM CaMBIM He-
SIBHO BBOJMTCS B3BEIIMBAHUE MPU3HAKOB (OTOPOILCHHBIM IPUITMCHIBACT-
Ccsl HyJIeBOI Bec, a OcTaBJIEeHHBIM Bec). [Ipu MaTemMaTuueckoi MoCTaHOBKE
3a7jauM KJIacTEpHOTO aHalM3a B3BEIIMBaHHE MPH3HAKOB (HE TOJBKO C Be-
camu 0, 1) sBISETCS JOCTATOUHO PACHPOCTPAHEHHBIM ITPUEMOM.

ITycts umeercst P He3aBUCHUMBIX NPHU3HAKOB (AECKPUIITOPOB) IJIS 7

OTE. Torza 3Ha4yeHne i pu3HaKa st j 00bekTa OyseM 0003HAYaTh X

(i=L..,p; j=L..n). Bekrop x; =(x;,...,X,;) u OyAeT BEKTOpOM
MPU3HAKOB Uil j 00BbeKkTa. MarTpuia, COCTaBJICHHAs W3 BEKTOPOB-

T

CTOJOLIOB X5,

HWHOTAa Ha3bIBACTCA B KJIACTCPHOM aHAJIU3C ManI/ILICf/i

JTAHHBIX.
Ecnu 3HaueHus Mpu3HaKoB HE MEHSIOTCS B TE€YEHUE BPEMEHM KJia-
CTepu3aluy, To p-MepHoe [I-mpocTpaHCTBO €CTh KOHEYHOE MHOYKECTBO,
cocrosiiee U3 n 3eMeHToB. B aToMm cityuae ero kak JIBII nan nonem P
paccMaTpuBaTh HENb3sl.
Ecim  Il-mpocTpaHCTBO CcYUMTAaTh METPUYECKHM, TO METPUKHU
p; =p,(x;, x,), aBmsromuecs paccrosHusMu Mexy OTE ¢ Homepamu

I, s (I,s=1,..,n), MOTYT COCTaBHThb TaK Ha3bIBAEMYIO0 MATpHUILy pac-
CTOSIHUH p Pa3sMEpHOCTH 71 X 11,CAMMETPHYHYIO, C HYJIEBOW THaroHajIbIo.
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B Tabn. 2.1 npuBeaeHBl HEKOTOpPHIC MPHUMEPHI METPHUYECKHUX MPO-
CTPaHCTB.

CyIecTBYIOT pacCcTOSHUS, HE SBIISIOIIMECS METPHUKaMH B CTPOTOM
CMBICIe, HanpuMep paccrosiHue ke dpuca — MauycuTsr:

1/2

v S T

WK «KO(QOUIUEHT TUBEPTEHITHI
1/2

2
CD = li Xil — Xig
D =1\ Xip + X
Tab6muna 2.1
Ha3zBanue npocrpancTBa ®opmyna ana p(x;, x)
1/d
£ d
RY PZ{Z(XH—)%) } , deN
i=1
)4
R} p=D|xa = x|
i=1
R? p=sup {xy—xf}
© i=l, .., p
IMpocrtpancTBo Maxananobuca (x; - ES)W_I()?, —X,)", W—3anannas matpuna

MaremaTnueckasi OCTAHOBKA 3a/1a4X KJIACTEPHOIO aHAM3a BBITJIS-
JUT CIIEAYIOMNM 00pa3oM: mycTh m < n . Hajo Ha OCHOBaHMM AaHHBIX O
[T-mpocTpancTBe pazoute MHOxecTBO W3 7 OTE Ha m mogmHOKecTB

(xyacrepoB) K, ..., K,, Tak, yro0sl Hu ogHa OTE He npunazmiexana

IIBYM WH Ooiree kiactepaM. OOBIYHO m < 71 .

Jiist TOro, 4To0Bl MOJYEPKHYTh, YTO OOBEKTHI B KIACTEPBl 00BE M-
HSIOTCA IO MPHU3HAKY CXOJCTBA, MHOTJA HMCHONB3YyEeTCs MOHATHE (DyHK-
I[UH CXOJICTBA.

OyHKIMeH CXOJICTBa HA3BIBACTCS TaKas HEOTPUIIATENILHASI BEIECT-
BeHHast QyHKIMA S(X;, X ), Takas, 4To:

1) OSS(;C.I,.;C.S)<1, 5(;[ ¢5C.S,
2) s(x;, X)) =1;
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3) S(flafs) =S(fs,fl); S()_éla)_és) :Sl,s .

[TpumepoM KIacTepu3allii MOXKET CIY>KUTH pa3OMeHHe n CTpaH Mo
YPOBHIO Pa3BUTHsI, OIMpasch Ha Tpu npusHaka (p =3): x; — BHII Ha

Aylly HAacCJICHUs, X, — JIAYHOC HOTpC6.HCHI/Ie Ha Oyury HacCJICHUs, X3 —

JIEKTPO3HEPTHS HA ALY HaceJICHMUs.

PemenneM 3agaun KIacTepHOTO aHaIM3a ABJSIETCS pa3OMeHue, COOT-
BETCTBYIOILIEE MHOXKECTBY M3 M KJIaCTEpOB, KOTOpoe (opMHpyeTcs Ha
OCHOBAaHUHM HEKOTOPOTO KPHUTEpPHUS, KOTOPHI MOXKET OBITh MHHUMH3H-
pyeMoli meneBoil (GyHKUMEH, rae TepMHH «(QYHKLUS» TOHUMAeTcs B
caMoM 001IeM CMBICTIE.

PaccmoTpuM B KkadecTBe mpuMepa IeNeBOH (QYHKIUH (KpUTEpPHS)
MaKCHUMaJIbHOE BHYTPHKJIACTEPHOE PACCTOSHHE A0 LEHTpa KiacTepa.
Ecnu mpocTpaHCTBO €BKIMAOBO, TO, CUMTasi LIEHTPOM KiacTepa €ero
HeHTp «Macc» (mpu Tom, 4to «macce» Bcex OTE onuHakoBbl) mpH
p =1, noxyunm, uyro OTE npunaanexat oqfHOMY KJIacTepy, eCiu

(x; — xH[M)2 <r — ¢ukcupoBannoe unucno, [=1,..,n, (2.24)

n
qu
TAE X = [=1 .

n
Ecim m<n, To HEOOXOOUMO IOMyCTUTh, YTO €CTh Kiactep K,

(vedl,...,m}), kotopomy npunaaiexxur oonee yem ogna OTE. Iloato-

My paccMaTpHUBaeTCsi MHOXKECTBO Bcex pa3nuuHbix nap OTE, Beraucins-

I0TCS UX Xy, , & 32TEM NPOBEPSETCs ycioBue (2.24) 1o napam.

Ecnv oHO HU U1 OAHOM Taphl HE BBHIMOJHSAETCS, TO 3a/a4a KilacTe-
pusanuu s m <7 He UMEET PelleHUs KaK JUIs 1map, TaK U ISl TPOeK U
T.1. B cirydae Haxo)KIeHUs Takou maphl (Tlap) mepexoauM K paccMoTpe-
HUIO TPOEK U T.JI., TOKA HE ONPEICIATCS CaMble KPYITHBIE KIIACTEPEI, T.C.
Takue, Kotopbie cogepxar cpasy # OTE wmm n—1, wmm n—2 u 1.0. B
JTAHHOM TIpUMEpPEe PaCcCMOTPEHO TaK Ha3bIBAEMOE «ECTECTBEHHOE) 3a/1a-
HUE KIJIACTEPOB (TaK KaK «ICHTPbI» BBIOMPAIUCh, UCXOIS M3 CBOMCTB
camux OTE). Eciu Obl «11eHTpB» BBHIOMpPANNCH apHOPHO, TO pacipere-
JICHHE TI0 KJIacTepaM ObLIO OBl APYTUM.

3HaueHus] GYHKIMHA CXOJCTBA COCTABIISIIOT CUMMETPUIHYIO MAmMpu-
yy cxoocmea
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R S |

BEJIMYMHY §; , UHOTAA Ha3bIBAIOT KO3(PUIIMEHTOM CXOJICTBA.

Bennunna

12 n
Sp :Ezzp(xl’xs)

I=1s=1

Ha3bIBaeTCs OOIIMM pacCesHUEeM IS JaHHON (QYHKIIMK PACCTOSHUS.
2
— n? -
Bemuumna S o= S 0 /N R VIC N 0 ZT Ha3bIBACTCS CPETHUM

paccessHueM.
o 2 o
Bennunna S, npexncraisier coboit cymmy n° paccrosHuii (die-

MEHTOB MAaTpHUIBl paccTOsiHWA D)), W3 KOTOPBIX # pPaBHBI HYJIO, a
2
n®—n =
, BOOOIIlE TOBOpA, pa3nu4HBl U HE paBHBL. [loaTOoMy Sp €CThb
cpenHee apupMETHYECKOE HEHYJEBBIX (BOOOIIE TOBOPS) pPacCTOSHHIA
Mex 1y HenoBTopstomuMucs napamu OTE.
Martpuna S pasMepHOCTH p X p BHJA

S =

X

M=

(x; = X)(x; = %),
/

n

rae )?z—Z)_cl Ha3blBaeTcs Matpuleil paccesnus MHoxectBa OTE.
n-

Cnen matpunst S, :
n p _
trS, =22 (g = %)
I=1i=1

Ha3bIBaeTCs crarudeckuM paccessHueM MHoxkectBa OTE. Jlerko moka-
3aTh, 4TO
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1 n 5 _
—ZZP (xlaxs)'
1 =1 5=1

I<s

Jlns BBe#GHUs KpUTEpUs KiacTepusanuu (1eNieBoi (yHKIMH) HE00X0-
JTUMO YCTaHOBUTH MPU3HAK CXOJICTBA BHYTPH KJIACTEPOB U MPU3HAK pa3-
JUYWS MEXIY KIIacTepamH.

[TycTh {11,...,1n1} u {In1 +1s-> 1, } TIpUHAAJIEKAT Pa3IMYHBIM KJla-

crepaM K| u K, coorBercTBeHHO. Torna

p1(Ky, Ky) = l_lmifll (%, X;)
s:rzl.:i.—,l,.l..,n

Ha3bIBACTCS MHUHUMAJIBHBIM JIOKJIBHBIM PAacCTOSHUEM MEXITy KiacTe-
pamu K| n K, B manHOM MerpudeckoM II-npocTpancTse, a pyHKINSA

py= min p(x;,x)
= 5 ey 1]
s=m+l,...,n

HA3bIBACTCI MAKCUMAJIbHBIM JIOKAJIbHBIM paCCTOHHI/IeM;
}’ll n
p3 =2, 2.p(x;,x.)/ ny(n—mny)
I=1 S=n1+1
Ha3bIBACTCA CPCAHUM PACCTOAHUCM;

o, =M 2 Smrr_5ry (2.25)

TIe

m n
X'=Yx/n; X'= Yx;/(n—ny)
=1

l=n1+1
Ha3bIBACTCA CTATUCTUYCCKUM PACCTOAHUCM MCKAY KJIaCTCpaMu Kl )44
K,.

Gopmynny  (2.25) MOXHO TIOSCHHUTH TaK: IIyCTh  KJIacTep
K=K, UK,.Torna nna K
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n

Szzl:(xp —X)(x, =0+ 2 (x =X -%)", (2.26)
=1

s=ny+1
rIe
n i + _ -_n
gl My Fzm)x (2.27)
n n
Torna u3 (2.26) MoxeM 3amucaTh
N2
ny ()_C' _ )_C)()_C' _ )_C)T — ny (I’l 2”1) ()—CI _ )—Cﬂ)()—cl _ )_C”)T ,
n
=y = ”12(” —ny)
ny, - x"-x)x"-x)" = —2()?’ -x"(x'-x")". (2.28)
n
CxuagsiBas (2.27) u (2.28), momyuum
n (l’l - I’l]) (f! _ )?rr)()?r _ )_C”)T =M , (229)
n

rae M — MaTpuIa MeKIPYIIOBOTO PAcCEesIHUs, TOTAA
S, =8y +S,+M, (2.30)
py=trM. (2.31)

ITycts nano n 00BEKTOB, pa3ieNeHHbIX 110 m Kiaactepam. Toraga mMart-
prna 4 pa3MepHOCTH 7 X 1 Ha3bIBaeTCsl MaTPHLIEH TOJIEPaHTHOCTH, ec-

m a; =1 1mpu TOM, 9T0 00BEKT j MPUHAICKHT KIacTepy i, a; =0 — B

NPOTHBHOM CITydae.
2.3.2. Mamemamuueckue Kpumepuu ONMUMAIbHOU K1ACMEpUu3ayuu

[Ipobnema ompeneneHuss TpoLEAYPHl pPa3OMEHUs aHAIM3HPYEMBIX
JaHHBIX Ha KJIACTEPBI OCTAETCSl OTKPBHITOM U MOCIE BBIOOpa MEPhI CXOJICT-
Ba 00bekTOB. Kputepuii kimactepuzalii MOXKET MO0 BOCHPOHM3BOAUTH
HEKHe IBPUCTUIECKHE COOOPaXEeHUs, INOO OCHOBBIBATHCS HA MUHIMM3a-
K (MITM MaKCUMH3AIMK) KaKOro-HUOY b TOKa3aTelisi KauecTBa.

[Tpu 3BpUCTHYECKOM MOAXOAE PELIAIONIYI0 POJIb UTPAIOT MHTYULHS
u oneIT. OH MpeaycMaTpuBaeT 3adanne Habopa MmpaBmiI, KOTopeie obec-
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MEYUBAIOT HMCIIOJIb30BAHUE BHIOPAHHOW MEphI CXOJICTBA JJIsi OTHECEHUS
00BEKTOB K OAHOMY W3 KJIAacTepOB. EBKIHMIOBO pPacCTOSHHE XOPOIIO
MPUCTIOCOOICHO JUTS IOJOOHOTO MOJIX0/a, YTO CBSA3aHO C €CTECTBEHHO-
CTBIO €r0 HMHTEpIpeTaluyd Kak Mepbl Omu3octu. [lockonbky, oHAKO,
OIMM30CTh BYX OOBEKTOB SIBISIETCS OTHOCHTEIHHON MEpOoi MX Mojo0us,
00OBIYHO TMPUXOANUTCS BBOAWTH MOPOT, YTOOBI YCTAHOBHUTH NPHUEMIIEMEIE
CTETIEHH CXOJICTBA IS TIPOLiecca OTHICKAHUS KIIACTEPOB.

[Momxox k KiacTepu3amuy, NPEAYCMATPUBAIOIINN HWCIIOIB30BaHHE
MoKa3aTelsl KauecTBa, CBA3aH ¢ pa3pabOTKoON mpouenyp, KOTopeie obec-
nevyaT MUHMMH3AIMI0 WM MaKCHMHU3alMI0 BBIOPAHHOTO IOKa3aTells
kayectBa. OMHUM U3 HamOOJEe MOMYJSPHBIX ITOKa3aTeNel SIBIIICTCS
CyMMa KBaJIpaToB OITHOKH

Nc
=% 3 )
j=1 XESj

2
>

(2.32)

riae N, — 4uClo KJIAacTepoB; S; — MHOKECTBO OOBEKTOB, OTHOCSIIHMXCS K
KJacrepy J;

1
N

m; =

S — (2.33)
xeS;

BEKTOpP BBIOOPOYHBIX CPEIHMX 3HAUEHMI 111 MHOXecTBa S;; N; Xapak-
TEpU3yeT KOJMYECTBO OOBEKTOB, BXOAAMMX BO MHOkecTBO ;. Ilokasza-
TeJIb KayecTBa OIpeseiseT oOlly0 CyMMy KBaJpaToOB OTKJIOHEHUH Xa-
PaKTEPUCTHK BCEX OOBEKTOB, BXOAALIMX B HEKOTOPBIM Kiactep, OT CO-
OTBETCTBYIOIIMX CPENHUX 3HAYCHHUN IO KIIACTEPY.

Jpyroil mMpoKo NpPUMEHSEMBbI KPUTEPUM — KpUTEPUH IOJHOMN
CyMMBI BHYTPUKJIACTEPHBIX PACCTOSHUN

N N N

J =222 Pyt . (2.34)

i= k=1 j=1

31eck p;; — EBKIMI0BO PACCTOSHUE MEXKY i-M U j-M OOBEKTOM.

Ha maTpuiy TosnepaHTHOCTH HakKJaIbIBa€TCs OTPAHUYEHHE «KaXKIbIH
00BEKT MPUHAAJIEKUT OJHOMY U TOJIBKO OJHOMY KIIacTepy»
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N
Zalj=1, rne j=1..,N. (2.35)
=1

CymecTByeT MHOTO TTOKa3aTenel KayecTBa MOMUMO PACCMOTPEHHBIX:
cpelHee KBaJpaTOB PACCTOSHHIA MEXIY OOBEKTaMU B KIIACTepe; Cpe/l-
Hee KBaJ[paTOB PACCTOSHHUIA MEXIy OO0bEeKTaMH, BXOJSAIINMU B Pa3HBIE
KJIACTEpBhI; MOKa3aTelld, OCHOBAHHbIC HA MOHSITUU MaTPHUIIbl PAaCCESHUS;
MUHHUMYM U MaKCUMYM JUCTIEPCUU U T.J.

Henocratkom Takux KpUTEpHEB KayecTBa SBIAECTCA HX HEIUHEH-
HOCTb M, KaK CIIE€JCTBUE, BO3PACTAHUE CJIOKHOCTH ONTHUMHU3ALMH, KaK
AJTOPUTMUYECKOM, TaK U BBIYMCIUTENIBHOU. [103TOMY Hago CTpeMUTBCS
WCIIOJIb30BaTh JINHEHHBIE KPUTEPUH B COUYETAHUN C BEIOOPOM JIMHEHHBIX
’Ke orpaHuueHuil. B xauecTBe nmpumepa MOKHO PacCMOTPETh KPUTEPUH
BHJIa

N N N
i1 =1 i1

Ipu OrpaHUvYCHUAX

N
Zail- =1, tue j=1,...,N;
=1

2.37
. (2.37)
Zaij -N-a; <0, tne i=1,...,N.

g
3neck N — 4uciio 0ObEKTOB, MOJUIEKAIMX KIacTepU3aluu; a; — die-

y
MCHTBI MaTpulibl TOJCPAHTHOCTH, pt] — CBKIIMIOBO paCCTOAHUEC MCKIY

i-M U j-M OOBEKTOM; /i — HEOTPHUIATEIbHBI BecoBOW KOI(D(UIIMEHT.
[lepBoe orpaHwdYeHHE TrapaHTHPYET, YTO KAKIBIH OOBEKT JOJKEH BXO-
JIUTHh B OJMH W TOJILKO OJWH Kiactep. Bropoe orpanmdeHue mnpenor-
BpallaeT BO3HUKHOBEHHE KJacTepoB 0e3 rojoBHOro oobekra. s kia-
CTEPOB, COJICPKAIINX TOJOBHON OOBEKT, MEPBOE ClIaraeMoe KpUTEpHs
OTIpEIeIISIET CYMMY BHYTPHKIIACTEPHBIX PACCTOSTHUH.

Hepenko mnpuMeEHSIOTCS alrOpUTMBl OTBICKaHHS KJIacTepoB, OCHO-
BaHHBIC Ha COBMECTHOM HCIIOJIb30BAaHUHM 3BPHCTHYECKOTO MOAXOAA U
mokasarensi kadecTBa. [logoOHOH KoMOWHAIeH SBISETCS aTOPUTM
HNCOMAJ (ISODATA).
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B Hacrosimee BpeMsi pa3pabOTaHO MHOTO METO/IOB PEIICHHS 331a4H
Kimactepusanuy. K TOUHBIM MeTOJaM OTHOCATCS METOJBI, SBHO ONITHMHU-
3UpYIOIINE HEKOTOPBIM KpUTepuil KadecTBa (LeleByio (DYyHKIHIO), Ha-
pUMep, 3TO METOABI IeJOYHCIEHHOro nporpammupoBanus. [Tpubmu-
JKeHHBIE METO/bI UMEIOT B OOJbLICH WM MEHBIIEH CTETIEHH 3BpHCTHYC-
CKOE NPOUCXOXKIEHUE, ONHAKO MOTYT HESIBHO TaK)K€ ONTHMHU3HUPOBAThH
HEKOTOPBIN KpUTEepHil KauecTBa. B kauecTBe mpuMepa MpUOIMKEHHBIX
METOJ0OB MOXHO Ha3BaTh CEMEMCTBO aJITOPUTMOB HEPAPXUUYECKOH Kila-
CTEpU3allii ¥ HEHPOCETEBBIE METOIBL.

2.3.3. Memoowst onmumanvHoil Kiacmepuzayuu

Kak u3BecTHO, pelieHHe 3a1audl KJacTepH3alMyd C MaTeMaTHYECKOM
TOYKH 3PEHUH IPHHATO MPEACTABIATH B BHJE MAaTPHULbl TOJEPAHTHOCTH
A =(a;), KOTOpas MO ONPEACICHNIO yHUMOYJIsIpHa. Kpurepuii kadecr-

Ba KJIACTCpU3aAllUU 3aBUCUT OT DJICMCHTOB 3TOM MaTpUIbL al-i , T.C. a i

MepeMEeHHbBIE, TI0 KOTOPBIM TPOBOJUTCS onTuMu3alus. OTCIoa clemyer,
YTO 3a/la4a ONTHUMH3AIMUA TaKOTO KPUTEPHUS KauecTBa SIBJISICTCS 3a/adeit
TIEJIOYHCIICHHOTO TIPOTPaMMHUPOBAHUS ¢ OYJIICBBIMHU ITEPEMEHHBIMH.

IleneBas ¢yHkIMsS B 00LIEM ciydae SBISCTCS HEJIMHEHHOW, YTO
CWJIBHO 3aTpyIHseT (IpeKIe BCEro, ¢ TOUKU 3PEHHUS CKOPOCTH) €€ OIl-
TuMu3anuio. Kak mpaBuio, B 3afade KiacTepU3allMd CTaparoTCsl BbI-
OpaTh JIMHEHHBIN KPUTEPHA, KOTOPBIM MOXET OBITH ONTHMH3HPOBAH
METOJaM¥ JTUHEWHOTo MporpaMMupoBaHus. OgHUM U3 HaubOoyiee M3-
BECTHBIX SIBIIACTCS IEIOYUCICHHBIN cuMIniekc-meto (LICM).

OOBIYHBIA CHMIUIEKC-METO/ HE ITO3BOJISIET SBHO yYECTh OTpaHUYC-
HUE TICIIOYUCIICHHOCTH TIEPEMEHHBIX W B OOIIEM CiIydae JaeT HeIeno-
YHUCIICHHOE pelieHue, modtomy ['omopu (paza. 1.7.3) mpeainoxun MeTo
OTCEUEHUH, MO3BOJISIIONINM 32 KOHEYHOE YHCIIO IIaroB MPUBECTU IMOIY-
YEHHOE OOBIYHBIM CHMITICKC-METOIOM HEIEIIOUHCICHHOE peIIeHHEe K
uejgoyucieHHoMmy. Ecnu mocne pelieHus 3aadu CUMILIEKC-METOIOM
0e3 yuéra IEeIOUYMCIICHHOCTH HE IMOJTyYeH I[EeJIOYHCICHHBINH pe3yybTarT,
TO CTPOSIT JIOTIOJIHUTENIbHbIE JIMHEWHBbIE OTrpaHUYEHUs, YMEHbIIAOLINE
JIOTyCTUMYI0 007acTh. [lOMOTHUTENTFHOE OTrpaHWYCHUE HAa3BIBACTCS
MpPaBUWIbHBIM OTCEUECHUEM, €CIH OTCEKaeT TaKyl0 4acThb IOIYCTHUMOM
00J1acTH, B KOTOPOH CONCPIKHUTCS ONTUMAIBHOE PEIICHHE HEIeIOUnC-
JICHHOM 3a/1aui, HO HET JOMYCTUMBIX PELIEHUN LIEI0UMCICHHOM.
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Ha npaktuke peanuszaiusi 3T0ro MeTofa CONPSKEHA CO 3HAUYUTEIh-
HbIM TpyaHOCTAMU. [ICM ocHoBaH Ha MeToJie oTceueHuil ['omopu, mpu
WCTIOJI30BAaHUH KOTOPOTO HAa OCHOBE APOOHBIX YacTel 3JEeMEHTOB He-
LEJIOYHUCIICHHON CUMIUICKC-TAOUIIBI CTPOSITCS TIPABUIBHBIE OTCCUCHHUS.
B 10 e Bpems mpejcTaBieHHE JPOOHBIX YUCEN B COBPEMEHHBIX KOM-
MBIOTEPAxX OCYIIECTBISETCS B OCHOBHOM THITAMH JTAaHHBIX C TUTABAOIIEH
3armsITOH, KOTOPhIE UMEIOT OTPAaHWYCHHYIO MO YHCTYy 3Hadamux Iudp
TOYHOCTb. DTO MPHUBOJUT K TOMY, YTO MOCIEIHNE MU(PPHI TAKAX YUCEI
SBIISFOTCS. HE3HAYAITUMH ¥ MOTYT MIMEThH MTPOU3BOJIBHBIE 3HAYECHHUS, UTO,
B CBOIO OYe€pe]lb, IPUBOIUT K HEBO3MOXKHOCTH JJOCTOBEPHO CPaBHUBATH
Takue 4ucia Mexy co0oit. OMHUM U3 BBIXOJIOB SIBJISCTCS CPaBHEHUE C
HEKOTOPOH JOMYCTUMOM MOTPEITHOCTRI0 € << 1, 0JHaKO CO BpeMEHEM
MIPH TUTEIBHBIX Pe00pa30BaHUAX ITH MOTPEIIHOCTH HAKAILTUBAIOTCS,
Y B HEKOTOPHI MOMEHT NPEBHIMIAIOT HEKOTOPHIE AJIEMEHTh CHMILIIEKC-
Tabmmipl. [1o3TOMy JaHHBIH TOAXO0 MOXKHO MIPU3HATH TYTTHKOBBIM.

3aMeTuM, YTO MCXOJHAsi CUMILIEKC-Ta0HIa MPU HCIOIb30BAHUU
orpaHnyeHuid Buaa (2.37) sABiIsSETCS LEIOYHCICHHON, HO HE YHUMOJY-
JISIPHOM, UTO SBIISCTCS NMPUIMHON TIOSBIICHUS APOOHBIX umcel. B atom
clIy4ae, €M MPEICTaBIATh 3JIEMEHThI CHMITIEKC-Ta0INIBl HE YHCIaMU
C IUIABAIONICH 3amsTOM, a PallMOHATBHBIMUA YHCIAMU B BHJE Maphl ABYX
HENBIX YUCENl — YUCIUTENS W 3HAMEHATells, TO MOKHO JTOOHThCs abco-
MOTHOU ToyHOCTH. OJTHAKO MPaKTHKa MoKa3ajia, 4YTo JaXke 3TOT BechMa
EMKHI 10O MEpKaM COBPEMEHHBIX MEPCOHAIBHBIX KOMIBIOTEPOB THII
JTAaHHBIX OBICTpO (MeHee 4yeM 3a 1 ¢ pacueToB) mepernonHseTcs. Brixo-
JIOM SIBIIIETCSl peaju3allysi C TOMOIIBI0 acceMOiiepa MEeTOYHCICHHOTO
TUma OOJIBIICH Pa3PsTHOCTH.

AnmuTuBHBIM anropuTM banaiia, kak ¥ LETOYUCICHHBIA CUMILIEKC-
Meron (LICM), mo3BOISET MaKCHMH3HUPOBATH JIHMHEHHYIO IICICBYIO
¢yukuuio (L) mpu JIMHEWHBIX e OrpaHHYCHHUSX, HO, B OTIMYUE OT
LICM, paboTaeT TosbKO ¢ OyJIeBBIMH MEepeMEHHBIMU. IS pemenHus 3a-
Jlad Takoro Brja J. bamamt mpeutokuil alropuT™ YaCTHYHOTO (HEesIBHO-
ro) mepebopa, KOTOPHIH MONYYMT HA3BaHHUE aJITATHBHOTO, TTOCKOJBKY B
cuty ycnoBus (2.28) ans BBIUMCIEHUS 0 ITOPUTMY HCHOJIB3YIOTCS
JUIIB OTIEpAIMH CIOKEHUsI (BBIYUTaHM ). JlaHHBIA aNToOpUTM MO3BOJISET
00 HAWTH ONTHMANBHOE pEIIeHrE, JIN00 YCTaHOBUTHh OTCYTCTBHE Ta-
KOBOT'O, HE MPOBOJIS Imepedopa BCeX JOMYyCTHMBIX 3HAUYCHUU TEpEeMEH-
HBIX.
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[IpuBenem kpaTkoe onucanue 3Toro Merosa [7]. B o6o01ieHHOM BU-
Jle 3amada ONTHMAJLHOW KJIACTepU3allMHM KaK 3ajada JIMHCHHOTO IIPo-
rpammupoBanus umeet Buf (1.1). OgeBnano, uTo 3amaqa (2.36) sBiser-
Csl €€ YaCTHBIM CIIy4aeM — JIOCTATOYHO MEePeO003HAYUTh U IEPECHYMEPO-
BaTh K03 (PUIIMEHTHI U IIepeMEHHBIC ISl TIPUBEACHUS ABOWHOW CYyMMBI
K OJIMHAPHOM.

Ilycte z — panee nocturayroe 3HaueHue LId. Torma 3oHaUpyeMoe
pellleHue He MMEET JOIyCTHMOTO JIOTIOJIHEHUS, YIIyYIIAoNIero 3Have-
aue LD, ecin

2 ming;,0)> b — Y a;x; npu Vi=1,...,m, (2.38)
jes je
rJie JieBas 4acTh HEPABEHCTBA — CyMMa OTPHIATEIbHBIX KO3(duiineH-
TOB IIPHU CBOOOHBIX MEPEMEHHBIX B I CTPOKE OrpaHUYCHHUH; S — COBO-
KYIHOCTh HOMEPOB CBOOOJHBIX MEPEMEHHBIX; {2 — COBOKYIHOCTH HO-
MEPOB YaCTUYHBIX PELICHHIA.
Ecnu 114 HekoTopoit cBOOOAHON MEPEMEHHON X; BBINOIHSAETCA

Zmin(aij ,0) + |al~k| >b; — Zaij-xj s Vi, To (2.39)
jes JjeQ
0, ecin a;;, > 0,

xXp = 2.40
k I, ecmm ay, < 0. (2.40)

Oransl aATUTHBHOTO aJITOPUTMa TaKOBBHI.

1. Ecin OCHOBHOM CIIMCOK 3ajad IycCT, TO nepexof K . 5. Ecnu Her,
TO MEePexXo. K 1. 2.

2. IIposepka ycmoBus (2.38). Eciiu 0HO BBIIOTHAETCS, TO ITepexo K
HOBOH 3ajjade M3 CIHCKAa OCHOBHBIX 3a1ad4 (1. 1). Ecnu HeT, To BbIumc-
nsirores (2.39), (2.40) u mepexon k 1. 3.

3. Ecmu pomyctuMoe JONONHEHHWE YaCTHMYHOTO PEIICHUS U 30HIH-
pyeMoe pemieHHe B COBOKYITHOCTH COCTOSAT W3 71 MIEPEMEHHBIX, TO 3TO
peuIicHrue 3alIOMHUHACTCA, BBIYUCIIACTCA HOBOC 3HAUYCHUC Hq) " nepexon
K 1. 1. Ecau Her, To nepexon x 1. 4.

4. BeiOupaetcst nro0ast ocTaBIIascsi CBOOOHAS ITepeMeHHas U B CITH-
COK OCHOBHBIX 3aaa4 BBOJATCS ABC 3aJa4u: B OI[HOI>'I oTa NEpEMCHHAasA
HyJeBasi, B Ipyroil — equnuunas. [lepexox k m. 1.

5. BeBog pesymnbpTaTta: nmubo pemieHusl HeT, 00 MakcumyMm LD u
CITMCOK M3 ONITUMAaJIbHBIX 3HAYEHUH 7 NEPEMCHHBIX.
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B otnuumne ot LICM, maHHBI METOA HE MOPOXKAAET CIOKHOCTEH B
porpaMMHON peanu3anuid. OJHAKO BECOMBIM HEAOCTATKOM 3TOTO Me-
TOAa, KaK W METOJa 30HIUPOBAHUS PEIICHUM, SBISETCSA IUTEIHHOE
BpeMs UX paboThl. ITO BBI3BAHO TEM, UTO HCIIOJIb3yeMas hopMa MaTpH-
1Bl TOJIEPAaHTHOCTH nomyckaeT mo0 N! (N — gucno OTE, momiexammx
KJIACTEPHU3aIlii) BO3MOXKHBIX IPEICTABICHUI OMHOTO M TOTO K& pas-
OHMeHus 1o KJIacTepaM 3a CHeT MepPecTaHOBOK CTPOK 3TOW MaTpHIbl. Pe-
IraeMasi STUMHU METOJIaMH 3ajada uMeeT mouTd B N! pa3 0omibinyro pas-
MEpPHOCTh, Y€M Ha CaMOM Jejie. DTO U SBISCTCS NMPUYUHON OBICTPOTO
pocTa BPEMEHH KJIACTEPU3ANUA TP HE3HAYUTEIHPHOM YBEIUYCHUU
momHoctu MHOXKecTBa OTE.

Jis pemieHust 3TOM MPOOIEMBI MOXHO TPEUIOKUTh UCTOJIh30BATh
aJbTEPHATUBHYIO MAaTPHUILy TOJICPAHTHOCTH BH]IA

Z = ((71]),
rac

- L, x; u x; eonHOMY KIIacrepy,
=

; (2.41)

0, nHaue,
i,j=1,2,...,N. N

3ameTrumM, 4TOo MaTpuna A — CHUMMETPHUYHAs, YTO TO3BOJISIET pac-
CMaTpUBaTh TOJIBKO €€ BEpXHHUM NpaBblil (WM HWXXHHUH JIEBBI) Tpe-
YroNbHUK. B 3TOM cnyuae kaxkaoe pa3OMeHHe 1o KiacTepaM IpeacTaB-
JIIETCSL TOJBKO OJHUM BO3MOYKHBIM BHJIOM MaTpPHILBI TOJEPAHTHOCTH, U
pelaemasi METOIaMHU YTIOPAI0YEHHOTO Iepedopa 3a1a4a ONTHUMHU3ALNN
MpHOOpETaeT aIeKBaTHYIO Pa3MEePHOCTb.

Meron 30HAMPOBAHUSL PELICHUI SIBISETCS Pa3HOBUIHOCTBIO aJIU-
TUBHOTO anropuTMma bamamia um 9acto He Bblaensercs oTaenbHO. Ero
OTJIMYME 3aKJII0YaeTcsl B J0OABICHUU K CUCTEME OTpaHMYCHHH JOMOJ-
HUTEIBHOTO JTUHEHHOTO OrpaHUYEHUS], 3aBUCAILIEIO OT JOCTUTHYTOW Ha
JaHHOM mmare oueHku 1{d. 3To orpaHuyeHUE MO3BOJSET 3HAYUTENBHO
(B HECKONIBKO pa3) COKPaTHUTh MHOXECTBO IepeOHpaeMbIX 3HAYCHUN
nepeMeHHbIX. OMHAKO 3TO HE pemiaer mpoodiieMy ¢ (haKTOpHUANTBHBIM
POCTOM pPa3MEpPHOCTH 3aJa4yH, XapaKTEPHYI Ui aJJUTUBHOTO aJiro-
puTM™a.
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Meron rpaguentrHoro cnycka (MI'C) — uTepalMOHHBIN METOJ Ha-
XOXIE€HUA MUHMMyMa (YHKLIUH, B OOIIEM CIydae, MHOTHX IIepeMEH-
HBIX.

ITycts X — Touka B N-MEPHOM MPOCTPAHCTBE, | (55) — [®, 3nayenue

KOTOPOH HY>KHO MUHMMHU3UPOBAaTh, TOraa odmas Gopmyia rpagueHTHO-
ro METoJa UMEET BUL!

Xpp1 =X — AV (X)), (2.42)

e X, — 3HaueHue TOUKM MuHMMyMma f(x), IOCTHrHYTOE Ha k-M Imare
metona; Vf (xk) — 3HAYEHHUE rpagueHTa QYHKIUH [ (x) B TOUKE X} ;
A — monoxuTenbHel 1war. /g 3amycka MeTosla HeoOXOJAMMO 3a]aTh
HayajabHOE NMPUOIMKEHUE X . B 3aBucumMocTH oT criocoba BeIOOpa 1l1a-

ra A CyILECTBYIOT Pa3JIMuHbIC IPAJUECHTHBIE METO/BI.

[Ipumenenue naHHOrO METOJa K 3ajjaue KiacTepH3aluyd WUMEET ciie-
JIyFOIIMEe 0COOCHHOCTH:

1) onTuMu3upyemas LeneBast GyHKLIUS UIMEET B KaUeCTBE apryMeHTa
OyneBy MaTpUIly — MaTpUIly TOJIEPAHTHOCTH;

2) war A MOET NMPUHUMATh OJHO M3 TPEX BO3MOXKHBIX 3HAUCHHM:
1010

3) rpaAveHTHBI METOJ] HE TO3BOJSIET SBHO YUYECThb OIpaHUYEHUS
(mammpumep, Buna (2.35));

4) maxe mpu ydere orpaHudeHUs (2.35) onTHUMH3AINS TPaIAIIHOH-
HBIX OLIEHOYHBIX KPUTEPHEB KIACTEPU3AINH, TAKUX KaK MOJHAs cymMMma
BHYTPHUKJIACTEPHBIX paccTossHuil (2.34) unm cymMMma KBaJpaToB OTKJIOHE-
HUH OT IIEHTPOB KIacTepoB (2.32), MPUBOAUT K BHIPOKICHHOMY pellle-
HUIO, € KOKIBIH 00bEKT BXOJUT B MOHOKJIACTED.

I'pamuenTHBIl MeTON OBUI MCIOJIB30BaH Ui KIIACTEpU3ALMU IPH
MHUHUMH3ALMY 3HAUCHHUS KPUTEPUSL:

1) moHON CyMMBI BHYTPUKIIACTEPHBIX paccTosHui (2.34) mpu orpa-
HuueHuu (2.35);

2) MCEBAOMOIHOW CYMMBI BHYTPHKIIACTEPHBIX paccTostHuid (2.36)
Ipu orpanndeHusx (2.37).

B 00oux cny4asx ajaropuTM rpaJMeHTHOro CITycKa ObUT MOAMGMUIIN-
pOBaH TakuM 00Opa3oM, YTOOBI Ha KaKAOM Iare MeTona, BKIIOYas Ha-
YaJbHBIA, MaTpWIla TOJEPAHTHOCTH YJIOBIETBOpsuia yciosuioo (2.35).
IIpakTdeckoe NpUMEHEHHE METola IO0Ka3alo, YTO, KAaK NPaBUIIO, AJLI
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YIIy4IIeHUs] 3HaYC€HHUsl KPUTEPHS HEOOXOAWMO CHeNaTh Iar TOJNBKO IO
OJHOMY HANpaBJIeHHIO (IO KOTOPOMY NPOM3BOAHAS OT KPUTEPHUsI MaKCH-
MaJibHa), Iar Mo emie OJHOMY HaIlpaBlicHHIO Oe3 Imepecdyera 3HAYCHUUN
MPOU3BOJHBIX KPUTEPHSI IPHUBOAMII K YXYIIICHUIO 3HAUCHHUS] KPUTEPHSL.

Ontumu3zanys KpUTepusl MOJHON CyMMBI BHYTPHKIACTEpPHBIX pac-
crosauit (2.34) ¢ orpanmdyeHueM (2.35) MPUBOAWT K TOJHOCTBIO HITH
YaCTUYHO BBIPOKICHHOMY DEIICHUIO, B 3aBUCHMOCTH OT Ha4aJbHOTO
TIPUOITKEHHA.

Ilpn onTumH3aLMU KPUTEpHUS IICEBAOIOIHOW CyMMbI BHYTPHKJIA-
CTEpHBIX paccTostHH (2.36) Ha KaXX0W UTEepalnuy MPOU3BOAMIACEH TTIPO-
BEpKa Ha BBINIOJIHEHHE BTOPOro OorpaHudeHus cuctemsl (2.37), u 3armo-
MHUHAJIMCh JIy4IlINE PELIeHus], YAOBIETBOPSIONUINE 3Toi cucteme. OnHa-
KO 3HaYEeHMs, KOTOPBIE PHHUMACT MATPHIIA TOJIEPAHTHOCTH B TIpoOIIecce
MUHHMMH3AIHHY, B TOJABIISIONIEM OOJBIIMHCTBE CIy4YaeB HE yIOBJIETBO-
PSIOT BTOPOMY OIpaHH4eHuto cuctembl (2.37), W KiacTepusauus He
HPOU3BOAMTCSL.

Haubosnee mepcneKTHBHBIM BBIXOJOM W3 OIHMCAHHBIX TPYIHOCTEH
ABJSICTCS. UCIOJIb30BAHUE JAPYTHX OINTHMU3UPYEMBIX KpUTEPHEB, HE
TpeOyIOIMX BBEACHUS B IIPOLECC IPAANEHTHON ONTUMHU3AIMH UCKYCCT-
BEHHOTO KOHTPOJISI 32 OTPaHHUYCHUSIMHU.

2.3.4. Ilpubnusicennvie Memoovl K1acmepuzayuu

B nmpuOnmkeHHBIX MeToJaX KJIacTepU3allH SIBHO ONTHMHU3HpyeMas
L1® orcyrcrByer. Kak u B TOUHBIX MeTOAAX, PE3yJIbTaT KIacTEpU3aLH
IPEACTaBIsAETCA B BUJE MATPULBI TOJIEPAHTHOCTH, OJHAKO €€ JIEMEHTHI
MOTYT HE MPUHUMATh HEMOCPEICTBEHHOTO YJYacTusl B MpoIecce Kiacre-
pHU3aIK, KaK 3TO UMEeT MECTO, HallpuMep, IIPHU UCIIOJIb30BaHUH HEWPO-
cereii (HC).

MeTton uepapXW4ecKkol KIacTepU3allMH 3aKI0YaeTcs B O0beauHe-
HUH OOBEKTOB B IOCTATOYHO OOJIBIINE KIACTEPhI, UCIIONIB3YS 3aAaHHYIO
Mepy CXOZCTBA WJIM PACCTOSIHUE MEKAY 00BbEKTaMH. X0 TaKoW KiacTe-
pHU3alMy MOXKHO IIPEICTABUTh B BUAE HEPAPXUUECKOTO JiepeBa (ICHIO-
rpammebl) [2] (puc. 2.6).
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Puc. 2.6. IIpumep nennorpaMmsl

BrinonHeHne MeTona HAaYMHAETCSI C TOTO, YTO KXl OOBEKT B BbI-
0OpKe CUMTAETCSI MOHOKIJIACTEPOM — KIIACTEPOM, COCTOSIIIIM M3 OJHOTO
o0bekTa. Jlajee mociuenoBaTeNbHO «OCHa0IsIeTCs» KPUTEPHUil 0 TOM, Ka-
Kre OOBEKTHI SIBIAIOTCA YHUKAJIbHBIMM, a Kakue HeT. JIpyruMu cioBa-
MU, TIOHHXXAETCsI TIOPOT, OTHOCSIIMICS K PEHICeHUI0 00 OO0beIMHEHUH
IBYX WM Oonee 00BEKTOB B OIMH KiacTep. B pesyibraTe, cBsA3bIBaCTCS
BMecTe BCE Ooubliee M OOJIbIee YUCIO 00BEKTOB B arperupyercs (00b-
efuHsieTcs1) Bce OOIbIIe U OOJIbIIE KIACTEPOB, COCTOSIINX U3 BCE CHIIb-
Hee pa3Iuyaromuxcs syeMenToB. OKOHUATeIbHO, Ha TOCIEAHEM IIare
BCE OOBEKTHI OOBEANHSIOTCS BMECTE.

Ha mepBom miare, xorma KaXIaslid 0OBEKT IMPEACTaBISCT COOOH OT-
JENBHBIN KIIacTep, pacCTOSHUS MEXKIY 3TUMH OOBEKTaMU OTPENeIIsIOT-
cs1 BBIOpaHHOM Mepoil. OHAKO KOTJa CBS3BIBAIOTCS BMECTE HECKOJIBKO
00BEKTOB, BOSHUKAET BOIPOC 00 ONpPEAETICHUHN PACCTOSIHUSA MEXIY Kila-
crepamu. HeoOGxomumo mpaBmiio OOBEAWMHEHHS WIM CBS3U TSI JBYX
KjactepoB. MOXHO CBSI3aTh JIBa KjacTepa BMeCTe, KOria JroOble /Ba
00BeKTa B IBYX KjlacTepax OJKe Ipyr K APYTY, YeM COOTBETCTBYIOLIEE
paccTosHUE CBS3U: UCIIOJB3YETCS «IPABUIIO OJIMDKANIEro cocena» JUls
ompeeNieHUs PACCTOSHUS MEXKAY KIIACTepaMH; 3TOT METOJ Ha3bIBaeTCs
METO/I0OM OJMHOYHOH CBSI3U. DTO MPABUIIO CTPOUT «BOJIOKHHCTHIE» Kila-
CTEpBI, T.€. KJIACTEPhl, «CLEIUIEHHbIE BMECTE)» TOJBKO OTAEJIBHBIMH 3Jie-
MEHTaMH, CIy4ailiHO OKa3aBIIMMUCS OJIM)KE OCTAIBHBIX JPYT K JPYTY.
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Kak anbTepHaTHBY MOXKHO HCIIONB30BaTh COCEACH B KiIacTepax, KOTO-
pble HAaXOIATCS Aajblle BCEX OCTAJIBHBIX Map 00BEKTOB APYT OT Apyra.
DTOT MeTOo]| Ha3bIBaeTCS METOJIOM TONHOW cBsi3u. CyIecTBYeT Takxke
MHOKECTBO JPYTHX METOAOB 00BETUHEHUS KIacTEpOB, OCHOBAHHBIX Ha
pasIMYHBIX TOAXO0JaxXx K oOBenMHEHHIO KiactepoB. Haumbonee uacto
BCTPEYAIOIINECS] BAPUAHTBl MEPAPXUYECKOM KIIacTepU3alMd PaccMOT-
PCHBI HUXKE.

Onunouynas cBs3b (MeToA OJmKaiimero cocena). Kak Obuio omnu-
CaHO BBHIIIE, B 3TOM METOAE PACCTOSIHUE MEXIY IBYMs KJIacTepaMu OIl-
pelensieTcss pacCTOsSTHUEM MEXIy IBYyMs HauOojee OMM3KUMH O0beKTa-
MU (OMKAHIIUMH COCElsIMU) B Pa3iMYHBIX KacTepax. DTO MPaBHIIO
JOJDKHO, B M3BECTHOM CMBICIIC, «HAHM3BIBaTh» OOBEKTHI BMECTE JUIA
(bopMHpOBaHHS KIACTEPOB, U PE3YJILTHPYIONINE KIacTephl HUMEIOT TEH-
JEHILUIO OBITH MPEICTABICHHBIMY JUTMHHBIMH «LIEOYKAMID).

[onnas cBs3b (Meroa HauboJiee yaajleHHbIX coceneil). B stom
METO/IE PACCTOSHUS MEXAY KiIacTepaMH OIPEACISIOTCS HauOOJbIINM
paccTosTHUEM MEX]y JIIOOBIMU JIBYMSI OOBEKTaMH B Pa3IMYHBIX KIlacTe-
pax («Hanbonee yJaleHHBIMU COCEASMU»). DTOT METOA OOBIYHO pado-
TaeT OYeHb XOPOUIO, KOI'Za OOBEKTHI MPOMCXOIAT HAa CAMOM JeJie W3
pea’bHO PAa3MUYHBIX «poIl». Ecim ke KiacTtepsl HMEIOT B HEKOTOPOM
pole yUIMHeHHYI0 (JOpMY MM UX €CTECTBEHHBIH THUII SIBISETCS «LEHO-
YEYHBIM», TO 3TOT METOJ HEMPHUTOJICH.

Hep3BemieHHOoe nomapHoe cpeaHee. B 3Tom merone paccTosiHHE
MEXKAY IBYyMsS PazIHYHBIMH KJIacTepaMH BBIYMCISETCS Kak cpeaHee
paccTosiHEe MEXIy BCEMH Iapamu 00beKTOB B HUX. Meton >ddekru-
BEH, KOrga OOBEKThl B JCHCTBUTEIBHOCTH (OPMUPYIOT pa3invHbIE
«pOUIM», OJJHAKO OH paboTaeT OJMHAKOBO XOPOIIO M B CIyYasx MPOTS-
JKEHHBIX («IermovHoro» tuna) knacrepoB. CHut u Cokan BBoaAT abOpe-
Buatypy UPGMA a5 CChUIKM Ha 3TOT METOJ, KaK Ha METOJ, HEB3Be-
IIEHHOTO TOMapHOTO apu(pMeTHYecKoro cpeanero — unweighted pair-
group method using arithmetic averages.

B3BemenHoe nmomapHoe cpegHee. MeToa HIECHTUYEH METOAY He-
B3BELICHHOI'O IONAPHOTO CPEIHEr0, 3a HCKIIOYEHHEM TOTO, YTO IPH
BBIYHMCIICHUSX pa3Mep COOTBETCTBYIONIMX KJIACTEPOB (T.€. YHCIO 00BEK-
TOB, COIEPIKALIMXCS B HUX) UCIIOJIB3YETCSl B KAUECTBE BECOBOTO KO3(-
¢unuenta. [loaroMy npeanaraeMplii METOJ IOJDKEH OBITH MCIIOJIb30BAaH
(ckopee nmaxke, 4eM MpeIbIAyHIMi), KOTJa MPEoaraloTcsi HepaBHbIC
pasmepsl kiactepoB. CHuT u Cokan BBogaT abOpeBuatypy WPGMA
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JUIL CCBUIKM HAa 3TOT METOJ, KaK Ha METOJ B3BEILCHHOT'O TOMAapHOTO
apudmeTnieckoro cpemnero — weighted pair-group method using
arithmetic averages.

Hes3BemeHHnblii HeHTPOMIHBIA MeToA. B 3TOM Meroze paccros-
HUE MEXIy OBYMs KJacTepaMH OIPENeNsieTCs KaK PACCTOSHUE MEXITy
ux meHtpamMu TsokecTH. CHUT W COK3J HCHOIB3YIOT ab0peBHaTypy
UPGMC 1y CCBIIKM Ha 3TOT METOJ, KaK Ha METOJ HEB3BCIICHHOI'O
MOMApHOTO IEHTPOUTHOTO ycpemaHeHuss — unweighted pair-group
method using the centroid average.

B3BeleHHbIl LEHTPOUAHBIH MeTon (MeauaHa). OTOT METOM
UACHTHYEH MpeblaylieMy, 3a UCKIIOYEHHUEM TOro, YTO MpPU BBIYUCIIE-
HUSIX HCIIONIL3YIOTCS Beca IS yu€Ta pasHUIbl MEXIy pa3MepaMH Kiia-
CTepoB (T.e. yucaaMu 00beKTOB B HUX). [loaToMy, ecnu uMerotcs (MiIu
MOJ03PEBAIOTCS) 3HAUNTEIBHBIC OTIMYHA B pa3Mepax KIacTepoB, 3TOT
METOJ OKa3bIBaeTCs MpeArouTuTensHee npeasiaymero. CHuT u Cokan
ucronb3oBasi ab6pesuarypy WPGMC mist cCchUTOK Ha HEro, Kak Ha
METO/I B3BEIICHHOTO MOMAPHOTO LEHTPOUIHOTO yepenHeHus — weighted
pair-group method using the centroid average.

Metoa Bapaa. DToT MeTOI OTIHYAeTCs OT BCEX OPYTHX METOJIOB,
MOCKOJBKY OH HCHOJB3yeT METOJAbl TUCIIEPCHOHHOTO aHaiu3a JUIsd
OLICHKHU PACCTOSIHUH MEXAy KiacTepamu. MeToJ MUHUMHU3HPYET CYMMY
kBazpatoB (SS) mns mMoOBIX ABYX (TMIIOTETHYECKUX) KIIACTEPOB, KOTO-
peie MOTYT OBITH C(HOPMHUPOBAHBI Ha KaXIOM Imare. Merox sBiseTcs
oueHb 3()(HEeKTUBHBIM, OJHAKO OH CTPEMUTCS CO3/aBaTh KJIACTEPHI Ma-
JIoTO pa3Mmepa.

K HOBBIM mpHOIMKEHHBIM METOIAM KJIACTEPHAIIF MOXXHO OTHECTH
U HelpoceTeBble MOAXOAbI. PaccMOTpUM MX BO3MOXKHOCTH Ha MpHUMeEpe
JIOCTaTOYHO dYacTo mpumeHsemoit Helipocetu Koxonena. HelipoceThb
(HC) Koxonena otHOcHTCS K HelpoceTsM 0e3 yuuress. DTO O3HavaerT,
YTO MOACTPOHKA BECOB HEHPOHOB (0O0yUueHHE) TaKOW CEeTH MPOU3BOAUT-
Csl MCKJIIOYUTEIBHO HAa OCHOBE IOCTYMAIOMIMX Ha €€ BXOJ JaHHBIX. B
TPaIUIIUOHHOW HeWpoceTH 0e3 YUHTEeNsl MCIIONIb3YEeTCs T.H. COPEBHOBA-
TeIbHOE 00yUYeHHE, IPU STOM BBIXOJBI CETH MaKCHMaJIbHO CKOPPEIHPO-
BaHBI: TIPH JIFOOOM 3HAYEHHWU BXO/a aKTHBHOCTH BCEX HEHPOHOB, KpOME
HelipoHa-moOeauTeNs, OAMHAKOBA M paBHA HYNIO. Takoil pexxuM (yHK-
ITMOHUPOBAHUS CETH Ha3bIBACTCS MOOSANTENH 3a0HpacT BCe.

Heitpon-no6eautens (¢ MHAEKCOM i ), CBOM IS Ka’KI0TO BXOJHOTO

BEKTOpa, OyJeT CIy>KUTh MPOTOTUIIOM 3TOTO BekTopa. [losTomMy mobe-
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JUTENh BHIOMPAETCS TaK, YTO €ro BEKTOP BECOB W ., OTNPEACICHHBIN B
1
TOM ke d -MEepHOM IPOCTPAHCTBE, HAXOAUTCS OJFKe K JAHHOMY BXOJI-
HOMY BEKTOPY X, Y€M y BCEX OCTaIbHBIX HEHPOHOB: ‘w .= x‘ < |w,- - x|
1

st Beex i. Ecnm, kak 3TO OOBIYHO M JeNaeTcs, MPUMEHATh IMpaBHia
00yueHHs1 HeHPOHOB, 00eCIIeUNBAIOIINE OANHAKOBYIO HOPMUPOBKY BCEX

BECOB, HalpumMmep, |wi| =1, TOo mobenuTeIeM OKaKeTCS HEHpOH, Naro-
mwii  HauOONBIIMI  OTKIMK HA  JaHHBIM  BXOJHOW  CTHMYIIL:

W, -X2W, X Vi.BbIXxox Takoro HelipoHa yCHJIMBAaeTCs A0 €AWHHY-
1

HOTO, & OCTAJIHBIX — TIOJIABJIAETCS 10 HYJIS.

KonuuecTBo HEHPOHOB B COPEBHOBATEIBHOM CJIOE OIPEICIsieT MaK-
CHUMaJbHOE pa3HOOOpas3ue BBIXOJOB M BHIOMPACTCS B COOTBETCTBHH C
TpeOyeMoii CTeNeHbI0 IeTaIn3alnu BXoqHo! nHpopmMaruu. OOydeHHas
CeTh MOXKET 3aTeM KJIacCH(PUIUPOBATH BXOIbI: HEHPOH-TIOOEANTEIND OT-
penensieT, K KaKoOMy KJIacCy OTHOCHTCS TaHHBIA BXOJHOW BEKTOP.

Ilo mpexpaBIEeHNN OYEPEAHOTO TPUMEpPa KOPPEKTUPYIOTCS JINIIH Be-
ca HelipoHa-1nooeIuTeNs

AW", =n(x* - w.). (2.43)
1

3mecb M — CKOpPOCTh OOyYeHHS; W ., — BEKTOpP BECOB HeHpoHa-
1

no0GeuTens; X° — IPeAbIBICHHBIA IPUMED.

Onucanuplii BhINIE 0A30BBIA aNTOPUTM OOYdYEHUS HaA MPAKTHKE
00OBIYHO HECKOJIBKO MOJAU(PHUIMPYIOT, TAK KaK OH, HAIIPUMED, JTOITYCKAET
CyIIECTBOBAHNE TAaK HA3BIBAEMBIX MEPTBBIX HEHPOHOB, KOTOPHIE HUKO-
T/Ia He BBRIUTPHIBAIOT, U, CIEAOBaTEIbHO, Oecrione3Hbl. CaMblil MPOCTOMH
crocod m30exaTh WUX MOSBICHHUS — BHIOUPATh B KAYECTBE HAYAILHBIX
3HaYeHHWH BECOB CIly4aifHO BHIOpaHHBIE B OOydYaroIlied BBHIOOPKE BXO/I-
HbIe BekTOpa. Takoi crmoco0® XOpor ere W TeM, Y4TO IMPH JOCTaTOYHO
OOJBIIOM YHCIE MPOTOTUIIOB OH CIOCOOCTBYET PAaBHOW «HATPY3KE»
BCEX HEWPOHOB-TIPOTOTHIIOB. DTO COOTBETCTBYET MAaKCHUMH3AIMH DH-
TPOTIMH BBIXOJIOB B CIydae COPEBHOBATEIHLHOTO CIIOS. B meame KaKabIid
13 HEHPOHOB COPEBHOBATEIHHOTO CJIOS JOJKEH OJMHAKOBO YacTO CTa-
HOBWJIUCH MMOOEIUTENIEM, YTOOBI allpUOPU HEBO3MOXHO OBLIO OBI TIpEI-
CKa3aTh, KAKOW U3 HUX MOOETUT MPH CITy9aliHOM BBIOOPE BXOJIHOTO BEK-
TOpa U3 o0ydaromei BEIOOPKH.
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Haubonee OwicTpyro cxoauMocTh oOecrieunBaeT makeTHbIH (batch)
pexuM 00ydYeHHs, KOTJla Beca M3MEHSIOTCS JINIIb TOCIE TPEIbIBICHH
BCEX MPUMEPOB. B 3TOM ciydae MOXXHO CZeNaTh MPHPALICHHS HE Ma-
JBIMH, TIOMeIIas Bec HepOHA Ha CJICAYIOIIEM Ilare cpasdy B LIEHTp Ts-
KECTH BCEX BXOIHBIX BEKTOPOB, OTHOCSMIMXCA K ero sueiike. Takoit
anroputm cxoautes 3a O(1) utepanuii.

3amucaB TpaBUIIO COPEBHOBATENLHOTO OOydYeHHS B TIPaJWEHTHOM

oF
BUIe: <Aw >= —na—, JIETKO yOemuThCA, YTO OHO MHUHHMH3HPYET
w

KBaJ[paTHYHOE OTKJIOHCHHWE BXOJHBIX BEKTOPOB OT WX MPOTOTUIIOB —
BECOB HEHPOHOB-TIOOCTUTEIICH:

1
E:EZQ

WHbIME cI0BaMH, CETh OCYLIECTBISIET KIaCTePU3aLUIO JaHHBIX: Ha-
XOIOUT TaKUe YCPEAHEHHbIE IPOTOTHUIIBI, KOTOPHIE MHUHHMHU3UPYIOT
omnOKy orpy0ieHust JaHHbIX. HemocTaTok Takoro BapraHTa KilacTepH-
3alMM OYEBUACH — «HABA3BIBAHHE» KOJIMYECTBA KIIACTEPOB, PABHOTO
YHCITy HEHPOHOB.

OnvH U3 BapuaHTOB MoAH(UKAIMK 0a30BOTO MpaBHia 0Oy4EHHs CO-
PEBHOBATENBHOTO CIIOS COCTOUT B TOM, YTOOBI 00Yy4aTh HE TOJIBKO HEH-
pOH-1oOeANTENb, HO M €0 «COCEAN», XOTSA U C MEHbIIEH CKOPOCTHIO.
Tako#t moaxon — «IMOATATHBAHHUE» OMMKAWIINX K TMOOSTUTEII0 HEHpPO-
HOB — IpUMeHsieTcs B Tonorpaduueckux kaprax Koxonena (Kohonen,
1982). HeOonpmioii moaudukaimeli COPEBHOBATEIBHOIO OOyUYSHUS
MOYKHO JOOHUTBCS TOTO, YTO IOJIOKCHHE HEHPOHA B BHIXOJHOM ciioe Oy-
JIET KOPPETUPOBaTh C TOJOKEHHEM MPOTOTHIIOB B MHOTOMEPHOM IIPO-
CTPaHCTBE BXOJOB CETH: ONM3KUM HEHpoHaM OyIyT COOTBETCTBOBATb
Onu3kue 3Ha4YeHUs] BXOJOB. TeM cambIM, MHOSBISIETCS BO3MOXHOCTD
CTPOUTH ToTorpaduvecKknue KapThl, YpE3BbIYAHO TOJIE3HbIC JJIS BU3ya-
nU3auuu MHOroMepHoW uH(opMaruu. OOBIYHO JUIS 3TOTO UCTOJIB3YIOT
COPEBHOBATENbHBIC CJIOU B BHIE ABYMEPHBIX CETOK. Takoi moaxon co-
YyeTaeT KBAHTOBAHUE JAHHBIX C OTOOpaKCHHEM, IOHMKAIOIIUM pa3Mep-
HOCTb. [Ipuyuem 3To JocTHraeTcsi ¢ MOMOIIBIO BCETO JIUIIb OAHOTO CIIOS
HEHPOHOB, UTO CYLIECTBEHHO 00jerdaetT o0yueHue.

HeipoHbl BBIXOAHOIO C€JI0S1 YIOPALOYHMBAIOTCS, 00pa3ys OZHO- MU
JIByMEpHBIC PEIICTKH, T.€. TEelephb MOJO0KEHUE HEHpPOHOB B TakoW pe-
HIETKE MapKHpYeTCsl BEKTOPHbIM HHIeKcoM i. Takoe ymopspoueHue
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€CTECTBEHHBIM 00Pa30M BBOJMT PACCTOSHUE MEXIY HEHpOHAMU |i - j| B

cnoe. MomuduuupoBanHoe KoxXxoHEHOM MpPaBUIIO COPEBHOBATEIBHOTO
00ydYeHHUs! YYUTHIBAET PACCTOsIHIE HEHPOHOB OT HEHpoHa-moOeANTENs

AWT =nA(‘i—i* )(x"—w;). (2.45)

Oyuknus cocencrea  A( ‘i—i*‘) paBHa eaWHMIIEC IS HEHpoHa-

n06eTUTeNs ¢ MHAEKCOM i M TOCTENeHHO CHaaaeT ¢ PACCTOSHUEM, Ha-
mpuMep 1o 3akoHy A(a)=exp (—a2 / (52) . Kak Temn oOyuenus 1, Tak

U paguyc B3aUMOACHCTBHS HEHPOHOB G TOCTEICHHO YMEHBIIAIOTCS B
npouecce 00y4eHHs], TaK YTO Ha KOHEYHOH cTaanu OOy4EeHHUS Mbl BO3-
BpamaeMcsi K 0a30BOMy TpaBHIIy aJanTallid BECOB TOJBKO HEHPOHOB-
nobeauTenei.

Ilocne oOyuenus Heiipocetn KoxoHeHa BeKTOpa BECOB HEHPOHOB
€IMHCTBEHHOI'0 CJIOSI MPEACTaBIIAIOT COOOH HU YTO MHOE, KAaK LIEHTPHI
kiacrepoB. [IpuHamIeKHOCTh 00BEKTA KIACTEPU3yEMOT0 MHOMKECTBA K
OIIpEJIeNICHHOMY KJIacTepy ompeneisieTcs OIM30CTbIO BEKTOpa OOBEKTa
K BEKTOpPY BECOB HEMpOHa.

TecToBbIE MHOKECTBA MOTYT Pa3IMYaThCsl OJJHUM HJIH HECKOJIBKUMH
U3 CIEAYIOUMX MapaMeTpOB: Pa3MEPHOCTh NPOCTPAHCTBA JECKPHUIITO-
po (II-mpocTpancTBa) d; 00IIee KOMTUYECTBO KIACTEPH3YEMbIX OOBEK-
TOB N.

OCHOBHBIE XapaKTEpPUCTUKN KOMITBIOTEPA, Ha KOTOPOM MPOBOIMIIOCH
TECTHPOBaHME, IPUBEICHHI B Ta0MI. 2.2.

Tabmuna 2.2
HasBanne nmapametpa 3HaueHHe napamerpa
IIpoueccop AMD Athlon 1200 MI't
O0beM U TN ONEePATUBHOM MaMsITH 512 MBb DDR-266
OnepanmoHHas CHCTEMa Windows 2000 Professional SP3

[TapameTpbI TECTOBBIX MHOXECTB, IIPEIACTABICHEI B Ta0. 2.3.

Tabnuma 2.3
Ha3zBanme mapametpa 3HadyeHue mapamerpa
Jlnamna3oH 3HaueHuil mapamerpa [0; 10]
Pacripenienenue 3HaueHui B 1Mana3oHe paBHOMEpHOE
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Hactpoiiku nns meronoB knacrepusanun UPGMC n HC Koxonena
MIpUBEICHBI B Ta0I. 2.4.

OTtmeTnM, 9TO ISl KaKAO0H CepHH 3KCIIEPUMEHTOB YHCIIO KIacTepOB
HeoOxoauMo 3anaBath, sBHO (HC Koxonena) mnu nessHo (UPGMCO).
Hns HC KoxoHeHa 4uCinO HEHPOHOB B CJOE SBISIETCS OrpaHUYECHHUEM
CBEPXY 4HMCJIa KJIACTEPOB M OJHOBPEMEHHO Haubosee BEpOATHBIM (IO
JTAHHBIM JKCIIEPUMEHTOB) YHCIIOM BBIJIEIIEMBIX KJIaCTepoB. B HekoTo-
pBIX ciyyasx Heipocerb KoxoHeHa ¢ N HeillpoHaMu B €AMHCTBEHHOM
cinoe Beigenser N — 1 kiactep, YTO MOKHO OTMETUTH KaK IIOJIOXKUTEIIb-
Hoe cBo¥cTBO HC y4HTHIBaTh peasbHyI0 CTPYKTYpPY JAaHHBIX.

Tabmuua 2.4
Has3panue napameTpa 3HaueHue mapamerpa
AxrtuBannonHas ¢ynkuus HediponoB HC | Jluneiinas: flx) = x
Koxonena
Uucno weliporos B cioe HC Koxonena PaBHO 3aJaHHOMY YHUCIIy KJIaCTEPOB
Hauvanbsusie Beca ciost HC Koxonena CryvaiiHo BBIOpaHHBIC OOBEKTHI Kia-
CTEPU3yEMOro MHOXKECTBA
Tounocts 00y4yenuss HC Koxonena 0,01
Havanpnetit  pagmyc  B3ammopeiicteus | 1,0
HEeHpoHOB
Koapdumment  m3menenuss  pagumyca | 0,9
B3aUMOJEHCTBUS
HauanbHas ckopocTs 00y4eHHs 1,0
Koadpdummenr  wm3menenuss  cxopoctu | 1,0
oOydeHus
[MaxeTHBIH peskuM 00yUeHUS Ja
Kputnueckoe paccrossaue UPGMC Jlns  nomydeHust 3aJlaHHOTO 4Hcia
KJIaCTEpOB
Yacrora  obuoBnenus  unHbopmauuu, | 100
1/utep

Ha ocHOBe M3BECTHOrO TECTOBOIO MHOXKECTBA MOAOUPAETCS KPUTH-
yeckoe paccrogarue UPGMC i monydyeHus: 3aJlaHHOTO YMciia KilacTe-
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poB. 3aTeM HaliIeHHOE PacCTOSIHUE UCIIONIB3YETCs sl IPOBEACHUS JKC-
MIEPUMEHTA.

Jins HC KoxoHeHa mpoBOAMIIOCH 1O TPH IKCHEPUMEHTA C Pa3yInd-
HBIMH HayaJbHBIMH TPHONMKEHUSIMHA, U B KayecTBE pe3ylibTara Opa-
Joch cpeanee apupmernyeckoe. Mcnonp3yoTes cienyromue ooo3Hayue-
HUS ISl KPUTEPUEB OLICHKM KadecTBa KJIACTEPH3ALMU: IOIHAs CyMMa
BHyTpuKiacTtepabix paccrosauii — [ICBKP; cymma xBagpaToB oTKIO-
HeHH oT neHTpa kinacrepa — CKO.

2.3.5. 3asucumocmp épemenu u Kkauecmea Kiacmepuzayuu
om Kouvecmea 00veKmos, Kiacmepos u pazmepHocmu
HPU3HAK06020 NPOCMPAHCHEA

[Tonoxum 4HCIO KIACTEPOB M =5, Pa3MEPHOCTb IPU3HAKOBOTO
npocTpaHcTBa d = 3. Pe3ynbTaThl HCIIBITAHUN MTPHUBENIEHBI B Ta0N. 2.6 U

Ha puc. 2.7, 2.8.

Tabnuma 2.6

KonngecTBo knactepusyeMbix 00bEKTOB

ITapamerp
10 50 75 100

Bpems UPGMC, mun:c, Mc 00:00.019 | 00:04.325 | 00:41.000 | 03:42.000

Bpems HC Koxonena, mun:c, mc | 00:00.060 | 00:00.477 | 00:00.811 00:01.191

[lonHas cymMa BHYTpPHKIACTEp- 24 1134 2867 9673
HBIX pacctossHId UPGMC

IlonmHas cymma BHyTpHKIacTep- 28 903 1989 4412
HbIX paccrosHui HC Koxonena

CyMMa KBaJpaTOB OTKJIOHEHHH 30 440 784 1427
UPGMC

CyMMa KBaZpaTOB OTKJIOHECHHH 45 335 508 900

HC Koxonena
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Puc. 2.7. 3aBUCUMOCTb BpEMEHH KJIaCTEPU3aLUH OT KOJIMUECTBA OOBEKTOB

Kak Buano u3 puc. 2.11, Bpems knactepusanyy sl 000UX alnropUT-
MOB pacTeT dKCIIOHEHLIHaNbHO, onHako g anroputMa HC Koxonena
K03(ppUIIMEHT pocTa 3HAUUTEIBHO HUXKE, B PE3yJbTaTe YXKe MPUMEPHO
mpu 25 o0BekTax B KiactepusyemoMm MHoxecTBe meroxg UPGMC naun-
HaeT IPOUTPBIBATh 110 BpeMeHHU. M3 pUCYHKOB BUIHO, YTO BO BCEX CIIY-
gasx HC KoxoneHna naet nyuinee 3HaueHue 000MX KPUTEPHEB.

B nmaHHOM 53KcliepuMEHTE MOJI0XKHUM YHCIO OOBEKTOB B KJIACTEpPH-
3yemMoM MHokecTBe N = 50, pa3MepHOCTh MPU3HAKOBOI'O MPOCTPAHCTBA
d = 3. bynem kiacTepu30BaTh OHO U TO K€ MHOXKECTBO IJIS TIOJTyYEHHS
PasHOro KOJNMYECTBa KIacTepoB (HAIIOMHUM, YTO OHO 33JaeTCs YHCIIOM
HeiponoB B ciioe HC KoxoHeHna u HEIBHO — KPUTHIECKUM PACCTOSTHUEM
B UPGMC). Pe3ynbTarsl uCTIbITaHMI TpUBEAEHBI B Ta0M. 2.7.

Kak cnenyer uz puc. 2.9, Bpems Kiacrepuzandyd IJIsi METOJa
UPGMC npakTH4ecKl HE 3aBHCHUT OT KOJIMYECTBA KIACTEPOB (ITO IMOJ-
TBEp)KJIAEeTCA M TEOPETUUYECKH, TaK KaK YUCIO UTEepaliil aropuTMa He-
B3BELICHHOTO MOMAPHOT0 YCPEAHEHUs PaBHO Pa3sHOCTH 4YHciIa OOBEKTOB
KJIACTEPU3yEeMOr0o MHOXECTBAa M KOJIMYECTBA BBIAEISAEMBIX METOIOM
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knactepos). s HC Koxonena HaOmroaeTcsi IpUMEPHO IKCIIOHEHIIH-
aJbHBIN POCT, CBSI3aHHBIN C TEM, YTO KOJIMYECTBO BbiaesieMbix HC kia-
CTEPOB OTIPEICISICTCS YMCIIOM HEUPOHOB B €IMHCTBEHHOM CIIOE; CIICI0-
BaTCJIbHO, IMPU OJHOM U TOM XK€ YUCIIC O6’I>CKTOB B KJIACTCPU3YyEMOM
MHOJKECTBE YBEIIMUYCHHE YKCIIa HEWPOHOB YBEIMYUBAET TAKXKE M YUCIIO
onepanui Ha KaXXJ0M UTepaluy alropuTMa HeMpoceTeBoU KilacTepusa-
LHUH.

Puc. 2.8. 3aBucHMOCTh 3HaYCHUS KPUTEPHSI Ka4eCTBA
ot konnuectBa 06bexToB (IICBKP)

Puc. 2.10 u 2.11 moxka3zeiBarot npeBocxocTBo anropurtma HC Koxo-
HEHa 10 KadecTBY Kiactepusaiuu Haa merogom UPGMC.

3aBHCHMOCTh BPEMEHHM M KadecTBa KJIacTEpPHU3alUd OT Pa3MEPHOCTH
MIPOCTPAHCTBA MCCIIEIOBANIACH TPH CIEAYIOMHUX YCIOBUAX: KOJTHMYCCTBO
KJIACTEPOB M =5, YUCIO OOBEKTOB B KJIACTEPU3YEMOM MHOMXKECTBE
N =50. Pe3ynbrarsl npuBeAeHs! B Ta0I. 2.8.
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Puc. 2.9. 3aBucuMOoCTh 3HaYECHUS KPUTEPHS KauecTBa OT konuuecTBa 00bekToB (CKO)

Tabmuma 2.7 (Hayano)

KonuuectBo kiactepoB

ITapame
pavietp 2 3 4 5

Bpemst UPGMC, muH:c, Mmc 00:05.366 | 00:05.927 | 00:05.588 | 00:04.325
Bpems HC Koxonena, mun:c, mc | 00:00.143 | 00:00.317 | 00:00.400 | 00:00.477
Ilonnas cymma BHyTpHKIacTep- 4574 2353 1784 1134
HbIX paccrosiHuit UPGMC
Ilonnas cymma BHyTpHKIacTep- 3167 1832 1266 903
HbIX paccrosiHuit HC Koxonena
CyMMa KBaJpaTOB OTKJIOHEHUH 921 665 579 440
UPGMC
CyMMa KBaJpaTOB OTKJIOHEHUI 759 549 435 335

HC Koxonena
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Tabmuma 2.7 (okoHYaHHKE)

KonnuecTBo kiactepos
ITapamerp

6 7 8 9

Bpems UPGMC, muH:c, Mmc 00:05.336 | 00:04.847 | 00:04.920 | 00:05.257

Bpems HC Koxonena, mun:c, mc | 00:00.537 | 00:01.001 | 00:01.171 | 00:00.987

Ilonnas cymma BHyTpHKIacTep- 949 905 825 681
HBIX paccTossHuid UPGMC

IlonHas cymma BHyTpHKIacTep- 645 534 459 409
HbIX paccrosauit HC Koxonena

CyMMa KBaJpaTOB OTKJIOHEHHH 365 333 314 272
UPGMC

CyMMa KBaipaTOB OTKJIOHEHHH 281 237 210 192

HC Koxonena

U3 puc. 2.12 BuaeH ciaaOblii pOCT BpeMeHH JJIsl HEHPOCETH U OTCYT-
CTBHE POCTa AJIsl UEepapXuUecKoro aroputMa. Eciau paccmorpers cyTh
MOCJIEIHET0, TO CTaHEeT SICHO, YTO MOACYET LIEHTPOB KJIACTEPOB Ha KaxkK-
oW WTepanuu TaKKe MPUBOIUT K YBEIMUCHHIO BPEMEHH, OJHAKO OHO
BechbMa He3HaunTenbHO. s anropmtma KoxoHeHa 3TOT pocT BhI3BaH
BBEJICHUEM C YBEJIMYEHHEM Pa3MEPHOCTU MPHU3HAKOBOI'O MPOCTPAHCTBA
JIOTIOJTHUTENIBHBIX BXOJI0B HEHPOHOB. IIpyu uncie npu3HakoB B HECKOJIb-
KO IIeCATKOB, BO3MOXKHO, HeiipoceTeBoil anroputM ycrymutr UPGMC,
OJTHAKO Ha MPAKTHKE 3a[1a4¥ TAKOH Pa3MEPHOCTH PEAKH.

Kak mo00if WTepannoOHHBIN METOA, alrOpUTM KIaCTEPHU3ALUU TMPH
nomomy HC KoxoHeHna dyBcTBUTENEH K BBIOOPY HA4albHOTO MPUOIH-
KeHusl. ['padmky MUHMMANbHBIX, CPEIHUX U MAKCHMAJIbHBIX 3HAYEHHUH
BpPEMEHH M Ka4eCTBa KJIacTepHU3allny MOKHO BUJEThH Ha puc. 2.13, 2.14.
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Puc. 2.10. 3aBucuMOCTb BpeMeHH KIaCTEpU3alKU OT KOJIUYECTBA KIACTEPOB

Puc. 2.11. 3aBUCUMOCTb 3HaUCHUsI KPUTEPUS KayecTBa
ot xonmuectBa kiactepos (IICBKP)
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Puc. 2.12. 3aBUCUMOCTb 3HAUYCHUS] KPUTEPHSI KauecTBa
oT KonnuecTBa kinacrepos (CKO)

Tabnmna 2.8 (magano)

Pa3MepHOCTB IpOCTpaHCTBA

[Tapamer,
P P 2 3 4 5

Bpems UPGMC, muH:c, Mmc 00:04.966 | 00:04.325 | 00:05.268 | 00:05.106
Bpems HC Koxonena, mun:c, mc | 00:00.637 | 00:00.477 | 00:01.155 | 00:00.777
Ilonnas cymma BHYTpHKIac- 1033 1134 1647 4727
TepHbIX paccTosHui UPGMC
IlonHas cymma BHyTpUKIacTep- 585 903 1402 1692
HbIX paccrosHmid HC Koxonena
CyMMa KBaJpaToB OTKJIOHEHHH 255 440 821 1478
UPGMC
CyMMa KBaJipaTOB OTKJIIOHEHHMI 155 335 720 1058
HC Koxonena
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Tabmuma 2.8 (okoHUaHHKE)

Pa3MepHOCTB MpOCTpaHCTBa

ITapametp
6 7 8 9

Bpems UPGMC, muH:c, Mc 00:05.086 | 00:05.098 | 00:04.916 | 00:04.386
Bpems HC Koxonena, mun:c, mc | 00:00.607 | 00:00.683 | 00:00.854 | 00:01.233
IlomHass cymMmma BHYTpHKIACTEp- 5834 2851 2775 6392
HBIX pacctossHId UPGMC
Ilonnasg cymma BHyTpHKIIAcCTep- 1645 2089 2247 2658
HbIX paccrosHuil HC Koxonena
CymMMa KBaJIpaTOB OTKJIOHEHUH 1851 1937 2366 2811
UPGMC
CyMMa KBapaToOB OTKIJIOHCHHH 1224 1627 2041 2504
HC Koxonena

Puc. 2.13. 3aBUCUMOCTb BpEMEHHU KJIaCTepU3aLUU OT Pa3MEPHOCTHU NIPOCTPAHCTBA
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Puc. 2.14. 3aBUCUMOCTD 3HaUCHHSI KPUTEPHUS KayecTBa
ot pa3mepHoctu npocrpanctsa (IICBKP)

Puc. 2.15. 3aBUcUMOCTb 3HaUCHUSI KPUTEPUS KayecTBa
oT pasMepHocTH npoctpancTsa (CKO)
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Puc. 2.16. 3aBucuMOCTb Auana30Ha 3Ha4€HUN BPEMEHU KJIACTEPU3ALUI
npu nomomu HC Koxonena oT pa3MepHOCTH IPOCTPaHCTBA

JUig uccnenoBaHus Avana3oHa 3HaYEHWH BPEMEHH M KpPUTEpHEB Ka-
YyecTBa KiacTepu3aluy Obljla IPOBEICHA CEPHS KCIIEPUMEHTOB CO Clie-
OYIOUIMMHU TapaMeTpaMH: 4YHCIO0 KJIACTEPOB m =5, 4UCIO OOBEKTOB B
KiacrepuzyemMom MHOXkectBe N = 50, pazmepHocts I[I-mpoctpancTta —
nepemenHas ot 2 no 9. Jlnsa xaxmoii coBokynHoctd u3 50 OTE B mpo-
CTpaHCTBE COOTBETCTBYIOIIEH pa3MepHOCTH ObUTO mpoBeaeHo 10 skcre-
puUMeHTOB. B KadecTBe Ha4aIbHOTO MPHUOIIKEHUS Oepercs cirydaiHas
BBIOOPKA U3 MHOKECTBA KIIACTEPU3YEMBIX OOBEKTOB.

Kak cienyer u3 rpadgukos, pa3dpoc BpeMeHU KiacTepu3alld B 3a-
BUCHMOCTH OT HAyaJIbHOTO NPUOIMKEHHUS MOXET IOCTHraTh COTEH
nporeHToB. Pa30poc 3HaueHnit kpuTepueB U He mpesbimaet 40 % mist
kputepus IICBKP, a nns xpurepust CKO — 15 %.
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Mo>HO caienaTh BBIBOJ O NMPEBOCXOCTBE METO/a KIacTepHU3aliu C
nomonisto HC KoxoHeHa HaJl aaropuTMOM HEB3BEIIEHHOTO MOMapHOTo
HEHTPOUIHOTO yCPEAHEHUS KaK M0 BPEeMEHHU paboThl, TaK U 10 Ka4ecT-
By. [Insg 100 00bEKTOB B KIIACTEPHU3yEMOM MHOXECTBE U 5 BBIIEISIEMBIX
knactepoB HC Koxonena naxomut Ha 219 % (1O KpUTEpHUIO HOIHOM
CYMMBbI BHYTPHUKJIACTEPHBIX PACCTOSIHUIN) O0Jiee KaueCTBEHHOE PelleHHe
B 186 pa3 ObicTpee.

Puc. 2.17. 3aBucumocTs quanasoHa 3HadeHuil kpurepus IICBKP
npu knactepusanuu ¢ nomomipio HC KoxoneHna oT pazMepHOCTH NPOCTPaHCTBA

B T0 xe Bpems meton kimactepmzariuu npu nomoru HC Koxonena
00Ja/laeT 3HAYUTEIBLHBIM Pa30POCOM BPEMEHH M KavyeCTBa B 3aBUCHMO-
CTH OT HAYaJLHOTO TMPHUOIMKCHHS, YTO SBJISETCS CYIIECTBCHHBIM He-
JIOCTaTKOM.
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Puc. 2.18. 3aBucumocTs auana3oHa 3HaueHuH kpurepust CKO
npu knactepusanuu ¢ nomouibio HC KoxoHeHa OT pa3MepHOCTH POCTPaHCTBA

H€O6XOL[I/IMO NOAYCPKHYTb, 4YTO CACJIAHHBLIC BbIBOAbI KAaCAarOTCHA
JUIIb CpaBHEHHS MPUOIMKEHHBIX METOJOB KiacTepu3anuu. HemaBHue
CpPaBHUTEIIBHBIE UCCIICIOBAHUS HEHPOCETEBHIX MOIXOJ0B ¢ MOTUDHUIIN-
POBaHHBIM AJJAUTHUBHBIM AJITOPUTMOM «PEKYPCHUBHOTO BETBICHUS IIO-
Ka3aJli B HEKOTOPBIX KiaccaxX 3a/lad KIIaCTepU3allid IPEeBOCXOJCTBO
aJTOpUTMa ONTHMAJIEHON KiIacTepu3alnuy Haja HelpoceThio Xomdrima
I10 Ka4CCTBY IIPpHU CPaBHUMBIX CKOPOCTHBIX XapaKTCPUCTUKAX.
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IFmaBa 3

HEJIMHEHHOE NPOT'PAMMUPOBAHUE

3.1. ITocTanoBKa 3agauu

OOmast 3aa4ya HEIMHEHHOTO MPOrpaMMHUPOBaHHs (GopMyupyercs
TaK.
Haiitn min f(xy,..., X, ) IpU OTPaHUYEHUAX

g (x1,...,x,)<D;, i=lm.

Hpumep. 3a0aua o pasmewenuu. DT1a 3agada HATIOMHHACT TPaHC-
HOPTHYIO 3aJa4y.

fitx) A

Xi

Puc. 3.1. TunuyHslil BUA 3aBUCUMOCTH CTOUMOCTH IPOU3BOJICTBA
oT 00beMa MPOU3BOJICTBA

[TycTe uMeroTCs 7 MyHKTOB MOTPeONIEHUs] HEKOTOPOW MPOIYKIIUH,

npudeM b; (j=1,n) — oObeM HOTPEONCHHS B j-M IYHKTE; UMCIOTCS

TAKXXC m IIYHKTOB IIPOU3BOJACTBA. By,Z[GM CcyuTaTrb, 4YTO IJIA KaXK-
JI0T0  i-TO ITYHKTa IIPOU3BOACTBa HM3BECTHA 3aBHCUMOCTb CTOHMMOCTHU

Hpou3BOJCTBA f; OT o0beMa MPOU3BOJACTBA X;, T.e. pyHKUUU f;(xX;),

i =1, m —9T0, KaK npaBuio, HeJIuHeiHbIe GyHKuuu (puc. 3.1).
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U3 puc. 3.1 cneayer, uto 4eM Ooiblie 00bEeM, TEM MeHbLIE cede-
CTOMMOCTb €TUHUILIBI TIPOIYKIHH.

HaKOHeH, 3aaHa MaTpula TPAHCIIOPTHBIX pacxod0B “CU , OJICMCH-

TaMHU KOTOPOH SIBJSIOTCS CTOMMOCTH HEPEBO30K E€IUHUIBI MPOTYyKLUUU
13 {-TO IyHKTa ITPOU3BOJICTBA B j-U MMyHKT MOTPEOJICHUS.
Tpebyercs HaliTu Takue 00ObEMbI IEPEBO3OK X; U3 i-T'O B j-i MIyHKT U

n

Takue 00BbEMBI IPOU3BOJCTBA X; = inj , KOTOpBIE 00ECIICYNBAIOT T10-
Jj=1

TpeOHOCTM 1O BCEM TMPOAYKTaM B j-M MYHKTC Ha3HauCHUS

m
(b, = le-j ) ¥ MUHUMH3UPYIOT CYMMapHbIE PacXO/Ibl.
i=I
B pesynprare BO3HMKaeT cienyromias 3ajada HEJIMHEHHOro Ipo-
TPaMMHUPOBAHUs C OTPAHUYCHHUSMH:
HalTH

min f(xl-j) =iici]’ Xij +ifi(xi)
i=1

i=l j=I

IIPU OFPAHUYEHUSX

m .
2% =b;,  j=lm

n
x,-=Zx,-j, i=Ln

Kak BuaHO, mocielHuE COOTHOUIEHMS, ONMCHIBAIOIINE MOCTABJICH-
HYIO 3aJauy, IPeACTaBISIOT COO0M COBOKYITHOCTh HEJTMHEHHOH 1eneBoi
(GYHKIUA 1 THHEWHBIX OTpaHUICHUH.

3.1.1. Munumuzayus yynkyuu 00OHoil nepemenHoll

Munnmuzanus GYHKIIMA OJHOW TIEPEMEHHOH SBIISIETCS, KaK MpaBH-
JIO, HEOOXOAUMBIM 3JIEMEHTOM OOJBIIMHCTBA METOA0B MHHHMM3AIUU
MHOTOMEPHBIX (PYHKIINH.
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Ha nepBblii B3MIsA KakeTcs, YTO 3aja4a MUHUMHU3AUUH (QYHKIHH
OJTHOW TIepEeMEHHOM SIBJSIETCA, NOBOJBHO, AJeMeHTapHoi. B camom ne-
ne, ecnu GyHKIUS f{x), KOTOPYIO HYKHO MHHUMH3HPOBATh Ha OTPE3KE
[a, b], muddepenunpyema, TO TOCTATOUHO HAWTH HYJIHM MPOU3BOIHOH,
MPUCOEINHUTh K HUM KOHIIBI OTPE3Ka, BBIIEIUTh W3 3TUX TOYEK JIO-
KaJbHble MHHAMYMBI ¥, HAKOHEIl, CPeIN TMOCIEeTHIX HAWTH Ty TOUYKY, B
KOTOpOM jocTUraercs abCOMOTHBIN (T100aIbHBINH) MUHUMYM. DTOT Me-
TON sBIsieTCs KiaccuyeckuMm MetogoM. OH ocHOBaH Ha nuddepeHnn-
aTHPHOM MCYHCIIEHUH U JIOBOJIFHO MOIPOOHO OMKCaH B TUTEpaType.

OpmHako IS MIUPOKOTo Kiacca (YHKIMMA 3Ta 3a7a4a HE TaK YK MPo-
CTa, ¥ KJIACCUYECKHIA METO/I UIMEET BECbMa OTpaHMYEHHOE MPUMEHEHUE,
ITOCKOJIBKY 3ajaua pemreHus ypaBHeHus [ '(x)=0 MoXeT OKa3aThCs

BechbMa CIIoKHOU. K TOMy ke B IPAaKTHUECKHX 337a4ax 4acTo HEU3BECT-
HO, sBisieTcs in f(x) muddepernupyemoit pynkiueir. Kpome toro, Bo
MHOTHX HPaKTHYECKHUX 3afjadax 4acTO HEBO3MOXKHO HAWTH SIBHYIO 3aBU-
cumoctb f(x). IloaToMy cyliecTBeHHOE 3HaUeHUE IPHOOPETAIOT METO-
JIbl MUHUMH3ALIMH, He TPeOYIOLIre BEIYUCICHUS TPOU3BOTHOM.

CymecTBoBaHHE JIOKATBHBIX MUHUMYMOB (GYyHKOHUU f(X), MOYTH
BCETJa 3aTPYyJHSICT MOMCK TI00aTbHOro MUHHUMyMa. [loaTromMy MHOTHE
NpUOIIKEHHBIE METOJIbI MUHUMH3aLUU IPUMEHUMBI TOJIBKO TOT/1A, KO-
raa Jr0o0H JIOKaNbHBIM MUHUMYM (QyHKIMH f(x) sIBISETCS OJHOBpE-
MEHHO U TJIO0ANBHBIM. DTO JaeT eapaHmuio CXOJUMOCTH MeTooB. Ec-
JIM K€ TaKkue CBEeJeHUs 0 (PYHKIMU HE M3BECTHBI, TO METOABI IPUMEHSTh
MOYKHO, HO 0€3 rapaHTHH CXOJUMOCTH.

OnnuM n3 kinaccoB (YHKLUMH, yIOBIETBOPAIOIINX yKa3aHHOMY YycC-
JIOBUIO, SIBIISIETCS KIIACC YHUMOOANbHbIX (DYHKIUH.

Onpenenenne. Oyukius f(x) Ha3bIBACTCS YHUMOJAIBHON Ha OT-
pe3ke [a, b], eclii oHa HETIpepHIBHA HA [a, b] M CYIIECTBYIOT TaKHE JHC-
ma o uPa<a<P<b),uro:

1) Ha otpe3ske [a, o] mpu @ < o, pyHKIUs f(xX) MOHOTOHHO yOBIBAaeT;

2) Ha otpeske [B, b] mpu B < b, pyHkuus f(X) MOHOTOHHO BO3pac-
Taer;

3) f(x)=f*= {ni[?] f(x) mpu xela, B], T.e. nanHas QyHKOHUA

a,

UMeeT MHHUMYM.
Janee npuBeeHb HEKOTOPbIE BApUAHTHl YHUMOJAIBHBIX (YHKIUH.

162



A r A f()

>
a o B b X X
A /() A /()
> I 5 >
X a=a B b x

[Ipexxae yeM MPHUCTYNHUTH K MPOIEAYpPEe MHUHUMHU3AINH, CIEAYET IO
BO3MOKHOCTH YCTaHOBUTH NPUHA/IJIEKHOCTD 1IeeBOH (DYHKIIUH Kiaccy,
JUTST KOTOPOTO TapaHTHPOBaHA CXOAWMOCTH Ipoliecca. Bo MHOTHX ciy-
Yasi CYIIECTBYET JOMOIHUTENbHAs HH(OPMAITUS, TIO3BOJISIONIAs YCTaHO-
BUTH HEOOXOANMYIO TPHHAMIECKHOCTh. YacTo Takas uHpoOpManus CBs-
3aHa C (PU3MYECKUM COJIepKaHUEeM TOW peanbHOH 3a1aud, JJIsi KOTOPOi
MOCTPOEHA HccielyeMas MaTeMaThdecKast MOJIETb.

3aMeTHM, YTO MPEANoNoKEeHHe 00 YHUMOAAIbHOCTH (PYHKIMH B OK-
PECTHOCTH TOYKH JKCTpeMyMma BechMa ecTecTBeHHO. [lomydeHue wH-
(opMaIi 0 TaKOM MPOMEXKYTKE SIBIICTCS BAKHBIM TpPEABAPUTETHHBIM
3TaroM MPoLEeypbl MUHUMH3AIHH.

3.1.2. Ilouck ompe3ka, cooepicauieco mouKy MUHUMYMA

CYH_[HOCTL IMOUCKa OTpaX€Ha Ha PUCYHKC, I/I306pa)KCHHOM HMXKE, U
3aKJII04acTCA B TOM, 4YTO, HAYMHAasA C HeKOTOpOﬁ TOYKH, OCYIICCTBJIAIOT-
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Cs1 BO3pacTaroliye Mo BEJIMYMHE IIard 0 TeX Iop, oka He OyaeT mpoii-
JIeHa TOYKa MUHUMYMa QyHKIH f(X) .

AJIropurTm.

1. Ionoxwuts k=1.

2. BeIOpaTh TOUKY X, U ONpEACTUTh HampaplieHne yObIBaHHUS (DYHK-
mu f(x).

Jist 5TOro MONIOKUTh ar 4> (0 ¥ BBIYUCIUTH 3HAUYCHHE (QYHKIUH
Sfxo + h).

Ecmu flxg + h) < f(xo), TO IepelTH K 1. 3, TIOJIOKHUB X| = X + A.

Ecmu f(xo + 1) > f(x0), TO ONOXUTH h = —h U BEIMUCIUTE flxo + h).

Ecmu f(xy + 1) < f{(x0), TO IEPEHTH K II. 3, MOJIOKHB X| = X, + /1.

Ecmu f{xo + h) > f(x)), TO TOAOKUTE /& = h/2 ¥ TOBTOPHUTH II. 2.

3. YABOMTH 1Iar, T.€. MOJIOKUTE /i = 2/ ¥ BEIYUCIINATE X1 = Xj + A.

4. Beraucnuth f{x1).

Ecmu f{xp41) < flxy), To monoxuts k = k + 1 n nepelitu k 1. 3.

Ecmu f{x4+1) > fix), TO MOUCK MPEKPATUTh U B KaYeCTBE OTPE3Ka, CO-
JIepIKaIlero TOYKy MUHUMYMa, BBIOPATh OTPE30K [Xi.1, Xi+1].

3.2. MeToabl 0IHOMEPHOH MUHUMU3AIUN

PaccMoTpuM ¢ 0OIIMX MO3HMIUI PsIT METOIOB, MO3BOJISIFOIIUX HAWTH
MHHUMYM (GyHKIHHA f(X) Tpu OTpaHUYCHHIX X € [a,b].
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3.2.1. Memooul naxoscoeHus 2100a1bH020 MUHUMYMA
YHUMOOATIbHBIX PYHKYUIL

3.2.1.1. Ilpsavvie memoOvl MUHUMUZAYUU

JlaHHBIE METOIBI OCHOBAaHBI Ha BBIYUCICHUHM 3HAUYCHUH (YyHKITUH
f(x) B HEKOTOPBIX TOYKAX; OHM HE HCIOIB3YIOT 3HAYCHUH MPOU3BOJI-
HBIX ONTUMHU3UPYEMOH (YHKIIHH.

MeTtoa nepedopa — MpoCTEHIINN, HO PEJIKO HUCIOIb3YEMbIA B CEpPb-
€3HBIX 3aj]auax.

CornacHo 3TOMYy METOIY OTPe30K [a, b] AenuTcs Ha n paBHBIX yac-

b—a
n

Tel TOYKaMH X; =a+1i , i=1n. BblUHCIAIOTCA 3HAYEHUS

(YHKIINH B 3TUX TOYKAaX, U IyTeM CPaBHEHHUS OMpPEEIIeTCs TOUYKa MH-
HUMyMa X,

f(xp) = min £(x).

* *
B kadecTBe TOUKM IKCTpeMyMa Iojaraercsi: x =~x,, f = f(x,).

%
[Ipy 5TOM TOTPENIHOCTh € B ONPENEIEHUH TOYKA MUHUMyMa X , Oue-
b-a
n

BUIHO, paBHA OTPE3KY ACJICHHUA, T.C. € =

Meron nepebopa, Tpeanoararoiiil MpeaBapUTEIbHBIA BEIOOp TO-
YeK X;, Ha3bIBACTCS TAKXKE NACCUBHOU cmpamezueli IONCKa TOYKU MH-

*
HUMyMa x . Ha mpakTuke TOUKH X; BBIOMpAIOTCS 3apaHee, Koraa yao0-
HO TIpoBecTH (7 +1) HE3aBHCHMBIM IKCHEPUMEHT MO U3MEPEHHIO 3Ha-

yeHudd QyHKIMU f(X), a MOCIIE0BATEIILHOC H3MEPEHUE 3TUX 3HAUCHUI

TPYJOEMKO WJIM HEBO3MOXKHO 10 KAKMM-JTHOO MPUYUHAM.
Hcnonw3oBanue unpopmaiuu o ¢yHkiuu f(x) mas BeiOOpa odye-

peIHOM TOUKM X; M3MepeHHs (BbraucieHus) GyHkmmuu f(x) yxe moiy-
YEHHOW B MpelIbIAYLIMX JKCIEPUMEHTaX, OJHAKO, MPHUBOAUT K Oojee

*
3¢ (HEKTUBHOMY TIOUCKY TOYKH X .
MeToabl MUHIMHU3alUH, B KOTOPBIX TOYKH X; ONPEEISIOTCS B IPO-

I[ecce TOKCKa C MOMOIIBIO HAlIGHHBIX paHee 3HAa4eHuH f(x), Ha3pIBa-
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I0TCSL nociedosamenvHulMy Metofgamu. [IpakTHUecKkn Bce paccMmaTpu-
BaeMBbIe HI)KE METOBI OTHOCATCS K ATOMY KIIaccy.

Metoa 30,10TOT0 cedeHUss. METOJT COCTOUT B TOM, YTO HCXOJHBIN
OTPEe30K [a,b] yMEHBIIAETCS IO OMPEICIICHHOMY 3aKOHY, TTOCTETICHHO
CTATHBAsACh K TOUKe MUHMMyMa (puc. 3.2). CokpaileHue oTpes3Ka mpo-
MCXOMT 32 CYET ero JCJICHUS U OTOpachIBaHUS 4aCTeH, HE COJIEpIKaIIUX
JKCTpeMaibHON TOYKU. OTPE30K JEIUTCSI B OTHOIIEHUH «30JIOTOrO Ce-
yeHUs» (OTCIOAA Ha3BaHUE).

Puc. 3.2. Cxema pa3OueHus oTpe3ka IMONCKa IKCTpeMyMa

Ipexne Bcero, MpH peaiu3anydy 3TOr0 METO/a HEOOXOIUMO 3a]aTh

)KCJ'IaCMYIO TOYHOCTb € BBIYUCJICHUA TOYKHU )C* . KOJII/I‘ICCTBO BBIYHCJIIC-
HUl (YHKIUM 3apaHee HE 3aJIaeTCs U TOJTHOCTHIO OTPEACISSTCS TOYHO-
CTBIO €.

Metoa ®PubéoHaAYYH. DTOT METOJ IIOYTH IIOJHOCTHIO COBIIAJACT C
METOAOM 30JIOTOI'0 CEYEHHMSI, HO €CTh JBa OTINYHUS:

1) oTpe3ok aenuTcs ¢ moMOIIbio yrcen OudoHa I —

Yo=Y1=1 Yy =YV +tV¥no2,n22,
B pe3yJ‘ILTaT6 nonyqaeM CJ'Ie,Z[yIOI_LIyI-O II0CJICA0BATCIIBHOCTD YHUCECII:
1,1,2,3,5,8,13,21,...;

2) Tpebyercs o Hadaga pabOTHI METOAA 3a7aTh YHCJIO MAaroB 7 (Tak

o Y-
KaK Ha HepBOI/I I/ITepaHI/II/I OTpeSOK JCIINUTCA HpOHOpHI/IOHaHBHO L2 158
Vn
V-1 6
——, a BeJIMYMHA 7 U3MEHSETCSI B 00PaTHYIO CTOPOHY K HYIIIO).
Yn

Ha npakTtuke Hepenxo BcTpedaroTcsi GyHKLMH, HAXOXKICHUE 3Haue-
HUHN KOTOPBIX B KaKJIOM TOYKE CBA3AHO C OOJBIIMM 0OBEMOM BBIYHCIIE-
HUI WIN JOPOTOCTOSAIIMMH 3KCIIEpUMEHTaMHU. B Takux ciayyasx 4ucio
n, ONIpENeNsIoee KOJIUMYECTBO BBIUYMCICHNH, MOKET OBITh 3apaHee Ke-
CTKO 33/IaHO U NPEBBIILICHUE €T0 HEIOIyCTUMO.
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Crnenyer OTMETUTh, UTO KaK B METOJIE «30JI0TOTO CEYEHMS» TaK U B
METO/IE€ C HUCIOJIb30BaHHEM uucen PuOoHau4M, JIETKO aHAIUTHYECKH
paccuuTarh, KOJIMYECTBO BBIUMCICHUN (YHKUUH Ha OTpe3ke [a, b], ec-

I JKelaeMasi TOYHOCTh BBIYUCICHHS X —¢€ , U Ha000pOT, Kakas Oyaer
TOYHOCTH MIPU 71 BBIYUCIICHUSAX (DYHKIIHH.

Meron 30JI0TOTO CEYEHUs HMMEET HECKOJIBKO MEHBIIYI) CKOPOCTb
CXO0IUMOCTH, 4eM MeTo] PuboHaqyuu.

K HemocTtaTkaM mocieIHUX U3 pacCMOTPEHHBIX METONOB MOKHO OT-
HECTU TO, YTO B PE3yJbTATEe OKPYIJIEHUH B MPOLECCE PELICHUS 3a1adu
(rHa DBM) HakamiuBaloTCsl OIMOKH B BBIYMCICHUM TOYEK JIEJICHHUS OT-
pe3ka. MeToasl O4eHb YyBCTBUTEIBHBI K 3TOMY M MOTYT JaXe Pacxo-
TUTHCA.

B sTroM oTHOmIEHMH OoJiee MPeINOYTUTENLHBIMA OKa3bIBAIOTCS Me-
TOJIbI, OCHOBAHHBIE HA NOAUHOMUATILHOU ANNPOKCUMAYUU.

Wnes meTona TakoBa: €Ciid Ha OTpe3Ke [a, b] ¢ BHyTpeHHEW TOUKOM

MHUHAMYMa €CTh OCHOBaHHE IOjararh, 9To GyHKIUS f(x) JOCTaTOYHO
XOpOIIO anmpoOKCUMHUPYETCS MHOTOWIeHOM (2-H, 3-if cremeHu), TO 3a

%
MpUOIMKEHHOE 3HAYCHHE X IIeIeco00pa3HO B3ATh TOYKY MHUHHUMYyMa
3TOr0 MHOT'OWJIEHA.

3.2.1.2. MemoOovl munumuzayuu, OCHOBAHHbLE HA UCTIONIL30BAHUU
nPOU3B00HBIX PYHKYUU

Bo MHOrMX ciydasx 3TH MeToxbl 00JagarT 0ojee BHICOKOH CKOpO-
CTBIO CXOIHMMOCTH, II0 CPABHEHHUIO C MPSAMBIMH METOJAMH ITOHUCKA JKC-
TpeMyMa.

Metoa auxoromuu. [Ipy UCIOIB30BaHUHM ATOTO METO/A BBIYHCIIS-
eTcsl cepearHa OTpe3Ka, B KOTOPOH HaXOIWTCS MPOU3BOIHAS (YHKIHN
f(x); B 3aBUCMMOCTH OT 3HaKa MPOU3BOIAHON OTOpPACHIBAETCS OJIHA M3

MIOJIOBUH OTPE3Ka. 3a CUYET YEro OTPE30K CTATUBACTCSI.

CKOpoCTh CXOAMMOCTH JTaHHOTO METOJIA BBIIIE, YEM Y METOJIOB «30-
JIOTOTO CEYEHHS» U C UCIIOJIb30BaHueEM uyrcen OrndooHauyn.

Metoa kacatedabHbIX. J[aHHBIII METOJ HUCIIOJNB3YETCA TOJBKO IS
BBIMYKIIBIX (DYHKIHMIA U UMEET MPOCTONH TeOMETPHUYECKUN CMBICI: HaXO-
JAT aOCIUCCY ¢ TOYKHU MEPEeCceveHHs: KacaTelbHBIX K rpaduKy QyHKIUH
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f(x), MpoBeNeHHBIX B TPaHUYHBIX TOYKaX OTpe3ka (puc. 3.3), It 3To-
T'O HYKHbI IPOU3BOIHBIC B 3TUX TOYKAX.

Puc. 3.3. Onpenenenne TOUYKH ¢

Puc. 3.4. Bo3aMoxHBIE HAKITOHEI KacaTeILHON B TOUKE ¢

3aTeM aHaJIU3UPYETCA 3HAK MPOU3BOAHOMN B 3TOM Touke c. [Ipu aTom
BO3MOXHBI cieaytomue cutyanuu (puc. 3.4).

Eciu f'(c)>0, To B KauecTBe HOBOI'O OTpe3Ka OepeTrcs OTPe30K
[c,b], ecmu f'(c)<0, TOo B KauecTBE HOBOTO OTpe3Ka OepeTcsi OTPE30K
[a,c].

Takum 00pazoM, OTPE30K YMEHBIIACTCS OT UTEPAIMU K UTEPAIHH.

Metoa Hbrorona. J[aHHBI METOJ MCHOJB3YET HE TOJBKO MEPBYIO,
HO U BTOPYIO MPOU3BOJHBbIE (YHKIMU. [Ipy ONpeneneHHbIX YCIOBUIX
OH o0ecIieYrBaeT 3HAYUTEIHHO 00JIee BBHICOKYIO CKOPOCTh CXOJUMOCTH
K TOYKE MUHHMYMa, Y€M PacCMOTPEHHBIE BBIIIE METOIbl MUHUMH3AIIUH.

Jnst peanuzanuu 3toro meroja GyHkuus f(x) J0OMKHA OBITH BBI-
MTyKJIOH, MTBaX Bl THPGEpeHIHPYyEeMOn PYHKITHCH.

[pexxne Bcero, BHIOUPAECTCS HAYAIBHOE PUOIMKEHUE X, U CTPOMT-
Cs1 TIOCJIeIOBATEIBHOCTD:
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)
X, =X e

n n—1 5
S ()

Brrancnenus 3akaHIuBaIOTCS, HAIIPUMED, ECITH | f ’(x)| <eg.

n=12,...

HpI/I HCyAauHOM BI)I60pe Xo MCETOA MOXKET PaCXOANUTHCA.

3.2.2. Memoowt noucka 2n1o06aibH020 MUHUMYMA
MHO20IKCIPEMATbHBIX QYHKYUTL

Bo MHOTrHX NpakTHUECKHX CIIydasX JOCTATOYHO CIIOYKHO, a MHOTIA
HEBO3MOJKHO, YCTAaHOBUTH SIBIIIETCA U (GYHKUUS [ (X) YHUMOAAIHHOM.

B sToM ciryuae Hambosee M3BECTHBIM METOIOM IIOHCKa TII00ATLHOTO
MUHHMyMa Ha ()OHE MHOKECTBA JIOKaJIbHBIX MHHUMYMOB SIBJISICTCSI Me-
TOJ| JIOMAHBIX.

MeTtoa J10MaHBIX. DTOT METOA MOXET OBITh MCIIOJIB30BaH UIS MO-
UCKa TI00aJbHOTO MUHUMYMa (DYHKIHMH, yIOBIETBOPSIOUICH YCIOBHIO
Jlunmmna Ha otpeske [a, b]. OyHKIUsA f(x) yIOBIETBOPSET YCIOBUIO

Jlummmua Ha otpeske [a, b], eciu cymectByet ynciao L >0 (koHcTaH-

ta JInumumna), Takoe, uTo
|f(x') - f(x")| <L |x' - x”| it Beex  x',x" €[a,b].

I'eomeTpudecknii CMBICT METO/a JOMAHBIX COCTOUT B TOCTPOCHHH
MOCIIeIOBATENIbHOCTH JIOMAHBIX, MPUOIMKAIOMNXCA K IpaduKy (yHK-
muu f{X) CHU3Y W HWMEIONINX YTIOBBIE KOA((HUIIMEHTH BCEX 3BCHBECB
L.

MCTOIL JIOMaHbIX HCBO3MOXHO PCAJIM30BaATH 663 3HaHHUA KOHCTAHTBI
Jlunmuia L. Ee oneHKy moJiy4uTh MOXKHO, HO MHOT'/Ia 3TO MPEJICTaBIIA-
€T 3HAYUTEIbHbIE TPYTHOCTH.

3.2.3. MemoOovt Munumu3zayuu yHUMOOAIbHLIX QYHKUUI
PaccmoTpuMm psig METOOB, HIMPOKO MCIOIB3YyEMBIX B MPAKTHUKE I10-

HCKa dKCTpeMyMa HeIMHEWHBIX (DYHKIHA, ToapooHee.
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3.2.3.1. Memoo 3010mozco ceuenus

Kak u3BecTHO, «30JIOTBIM CEYEHUEM» OTpe3Ka Ha3bIBACTCS JICJICHHE
OTpC3Ka Ha JABC HCPABHBLIC YaCTHU TAKUC, YTO BBINOJHACTCA COOTHOIIC-
HHE:

BECh OTPE30K  Oonbluas 4YacTb

OoypllIas YacTh MEHBIIAs 4YacTh

HerpynHo nmpoBepHTh, 4TO 30J0TOE CeUeHHE OTpe3ka [a, b] mpous-
BOOUTCA ABYMS TOYKaAMM:
xy=a+nb-a)),

X, =a+r(b-a),

rIe
, 345 0,381966...,
2
ry = % —0,618033...

Ha puc. 3.5 nzo0paxkeH npumMep neneHus orpeska [a, b] B mponop-
LU «30JI0TOTO CEUEHUS.

Puc. 3.5. [Ipumep nenenus orpeska [a, b] B IPOMOPIHAX «30JIOTOTO CEUCHHSDY

Touku Xy U X, PACHOJOXCHbI CUMMCTPUYHO OTHOCHUTCIBHO CCpe-
JWHBI OTPE3KaA, IIPU 3TOM BBIIOJHAOTCA COOTHOLICHUS:

2
}’1+}’2=1, }”12}’2.

3aMedaTeabHO 37eCh TO, 4TO TOYKa X;, B CBOIO OUCpEAb, IPONU3BOAUT

«30JI0TO€ CEYEHHUE» OTpe3Ka [a, X, |:

Xy —a X1 —da

Xj—a X, —X
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AHaJIOTUYHO, TOYKa X, HPOM3BOAMT 30JI0TOE CEUYCHUE OTpe3Ka
[x1,b].

Omnwupasich Ha 3TO CBOHCTBO «30JIOTOTO CEUCHHUSD MOXKHO TPEJLIO-
JKUTh CHEAYIOMIMHA METOJ MHUHHMHU3AIMHA YHUMOJAIBHOH (YHKLIUH
f(x) na orpeske [a, b].

Unes metona takosa. Ha orpeske [a,b] BO3bMEM TOUKH X; U X,,
NPOM3BOJSIIIME 30JI0TOC CEUEHHE OTPe3Ka, M BBIYMCIMM 3HAUYCHHS
¢byskuuit f(x;) u f(x,) B3THX TOUKaxX (puc. 3.6).

Puc. 3.6. Beibop otpeska, coaepikaiiero Touky MUHUMyMa

Ecmn f(x;)< f(x,), TO mpu x > X, (QYHKUUsS HE MOXKeT yObIBaTh,
T.6. TOYKAa MHUHMMyMa JIGKUT Ha OTpe3ke [a,x,]. Ecam xe
f(x;)> f(x;), TO HAOOOPOT MUHUMYM (PYHKIMU JIEKHT Ha OTpE3KE
[x;,b].

Hrak, oTpe30K, Ha KOTOPOM UUIIETCSI MUHUMYM, yMeHbluics. IIpo-
1ecc moBTopsieTcss cHavana. [Ipu 3ToM BecbMa Ba)KHO TO, YTO BHYTPH
oTpe3ka [a,x,] (3T0 cIpaBeIMBO U1 PacCMAaTPUBAEMOI0 IpUMeEpa)

COACPKUTCA TO4YKA X, C BBIYUCIICHHBIM 3HAa4YCHHUCM f(xl), KOTOpasa

MMPOU3BOAUT «30JIOTOC CCUCHHC» OTPEC3Ka [a, xz]. CJ'IG}.IOBaTeJ'IBHO, Ha
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JIAHHOM IIare JA0CTAaTOYHO BBIYUCIIHUTH JIMINL OMHO 3HadeHHe f(X) BO
BTOPOH, HOBOI TOUKE, NPOU3BOASIIEH 30JI0TOE CEUCHHUE.

AHaJIOTUYHO B clly4ae, eci BEIOpaH OTpe3oK [, b].

AJITOPUTM METO0/1a 30J10TOT0 CeYeHMsl.

1. Berancnuts 1uHy otpeska [a, b]-A=b—a.

B3sTh BHYTpH OTpe3Ka JBE TOUKH:

x,=a+nA, x;=a+(1-n)A.

2. Boraucnuts f(x,) 1 f(x,).

3. Ecmu f(x,)< f(x,) nepeiitu k mary 4, ecimu f(x,)> f(x,) — K
miary 5.

4. Ilonoxuts a=a, b=x,. Beraucnute A=b—a. Eciu A<g, TO
MPOIIECC MPEKPATHTh. B IPOTHBHOM ClTydyae MOJ0KHTE:
Xy =Xy, f(x,) —u3BecTHO;

x,=a+nA, f(x,) — BbIUUCIUTS.

[lepetitu  mary 3.

5. Honoxuts b=>b, a=x,. Berunciute A=b—a.Eciu A<g, ToO
MPOIIECC MPEKPATHTh. B MPOTUBHOM CITydyae MOJOKHUTh

X, =X f(x,) — u3BeCTHO;

x;=a+(1-n)A, f(x,) — BBIYUCIUTD.

o>

[IepeiiTu k mary 3.
Bbiiok-cxema anroputma n3obpaxeHa Ha puc. 3.7.

3ameuanus. 1. [Tocne kaxaoro mara JyiMHa OTpe3ka yMeHblnaercs B 1/7, pas. ITo-

ce n MTepaimii muTHEA OTpeska coctasmsier A=rj (b —a).

2. Yucnennas peanmzanusda METoJa 06J1anaeT CYLIECTBEHHBIM HEIOCTAaTKOM. TaK,
l'IpI/I6J'II/I)K6HHLI€ 3HA4YCHUS YUCCI 1| WU 77 NOPOXKIAAIOT HAKOIUICHHE OLHI/IGOK, KOTOpO€

JIOBOJIBHO OBICTPO MOXKET HPHBECTH K HApYIICHHIO MPOHOPIMH OTPE3KOB B CMBICIE
OTHOLIECHUS «30JI0TOT0 CEYEHHs» U, KaK CIEeJICTBUE, K HAPYLICHUIO YCIOBUM BIOXKEHHO-
CTH OTPE3KOB M TEM CaMBIM K PacXoJUMOCTH Ipornecca. Takum oOpa3oM, METO He A6-
Jslemcs yCcmouuugbiM TI0 OTHOIIEHHIO K OMIMOKaM B ONIPEICICHUH NTapaMeTpoB 1 U 75 .

Pexomennanuu:

¢ MaKCHMaJIbHO BO3MOKHOH UTA UcToNb3yeMold DBM TOYHOCTBIO OMPEAENsTh 3TH
HnapaMeTpbl ¥ TOUKH JEICHUs OTPE3Ka;

IIPU OMPEJENICHHBIX YCIOBHSAX MOXHO BOCIOJB30BaThCS MOAM(HKAINEH MeTona,
JIeNatomieil mporecc yCTONUnBBIM.
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BBoJ MCXOIHBIX J1aH-
HBIX: a, b, €, f(x)

v

A=b—-a,x; =a+nA, x;=a+(1-n)A

v

Boraucnenne f; = f(x,), fn=/(x;)

Her Ila
Ja < Ju

a=xy,, b=x,,
A:b_a, A:b_aa
Xy = Xy, Xy =Xy,
xg=a+1-n)A Xy, =a+nRA
Ja = fos Jo = oo
Jn = (%) S =T 0x)

* { ° ﬂ'{ <_ ﬁ'{)}
X =
m> fn >f;'[

Puc. 3.7. bnok-cxema anropurma
METO/1a «30JI0TOr0 CEYEHHUS»



B kadecTBe MPUMEPOB KCIONB30BAHUS METOA «30JI0TOTO CEUCHUS
paccMOTPUM CIIETYFOIHE 3aauH.

3ajaua 1. CKONBKO IIAroB # METOJa «30J0TOr0 CeYCHUs» obecre-
YMBAIOT 3a/IAHHYI0 TOYHOCTh € .

Pemenne. Kak oTMewanoch BhIIIIE, YCIOBHEM JOCTHIKEHHUSI TOUHOCTH
SIBIISICTCS BHITIOJTHEHHE HEPABEHCTBA

A, <e.
ITockonbKy
A}'l =r2n(b_a)a
TO OTCIO/Ia
r,(b—a)<e,
U, KaK CIIeJCTBHE:
€
ry < ,
b—a

€
Inlr} |]<1n ,
(2) (b—aj
n-lnrzsln( ¢ j,
b-a

TaK Kak 7, <1, 1o Inr, < 0. CinenoBarensHo,

nzln( ¢ j 1nr2z—2,1ln[ ¢ )
b—a b—a

ln( & j<0, TO n=2.
b-a

3agaya 2. HaiiTu MeToIOM 30J0TOrO0 CEYEHHs TOYKY MHHHUMYyMa

Taxk kax

2

¢ynkumn f(x)=x" —x Haotpeske [0, 2] ¢ Tounocthio €=0,1.
Pemenne. O4eBnaHO, naHHAs 3aJada MOXET OBITH JIETKO pelleHa

KITACCHYECKUM METOZOM. B3sIB MPOM3BOAHYIO M Pa3peIINB OTHOCHTEIb-

*
HO X TIOJYYCHHOC YPAaBHCHHEC, T.C.:

£=2x—1=0—>x* =05 f"=-0,25.
dx
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PemmMm 3aJady C NOMOIIbIO METOAA «30JIOTOTO CCUCHUA». B coort-
BETCTBMU C pacCMaTpuBa€MbIM MCTO/I0M,

rapaMeTpbl

n=0382,

ry, =0,618. YuutsiBas 3T0, pe3yiabTaThl MOMIATOBBIX PAacUye€TOB MOYKHO

cBecTH B Ta0i. 3.1.

Tabmuma 3.1
n An bn ap xﬂ XH f(xn) f(x")
1 2 0 2 0,764 1,236 0,180 0,26
2 1,236 0 1,236 | 0,472 | 0,764 —0,241 —0,18
3 0,764 0 0,764 | 0,292 | 0,472 —-0,207 —0,24
4 0,472 0,292 0,764 | 0,472 | 0,584 —0,249 —0,2
5 0,292 0,292 0,584 | 0,404 | 0,472 —0,241 —0,2
6 0,18 0,404 0,584 | 0,472 | 0,515 —0,249216 —0,2
7 0,112 0,472 0,584 | 0,515 0,541 —0,249775 —0,2

Puc. 3.8. I'paduyeckoe nzobpaxenue
¢byHnkuny (3agaqa 2)

Kax cnenyer w3 Tabmuusl, x ~0,515, " ~—0,249775, 4ro cos-

NajJaeT C pe3yibTaTaMM, IOJYYEHHBIMH C IOMOIIBIO IPOU3BOAHOM.
I'paduk, COOTBETCTBYIOIIMI HccaemayeMoil (yHKIWH, MpUBEACH Ha

puc. 3.8.

3.2.3.2. Memoo ouxomomuu

B 3TOM MeTrome HCMONB3YIOTCS MPOU3BOMHBIC IENEBON (DyHKITHH,
MO3TOMY OH MPUMEHHUM TOJIBKO B TOM Ciydae, KOTJa MPOU3BOIHAS
(hYHKIIMH BBIYUCIISIETCS JOCTATOYHO MPOCTO.
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B ocHOBY MeTo[a TOJIOKEH TOT OYEBHIHBIN (DaKT, YTO MPOU3BOJHAS
YHUMOJAIBHOH (YHKINU MEHSET 3HaK Ha OTPEe3Ke MOMCKA TOJIBKO OJUH
pa3 — B Touke MHHUMYyMa (puc. 3.9).

Puc. 3.9. XapakTep npou3BoJHON YHIMOJATBHOHN QyHKINH

Wnes meroma TakoBa: Ha KOHIIAX paccMaTpPUBAEMOro OTpE3Ka BHI-
YUCIISAIOT TMPOU3BOIHBIE IENEeBON (DYHKITUHM, OTPE30K JAEJAT MOMojaM U
BBIYUCIISIIOT MPOU3BOAHYIO B cpefHeit Touke. g cneaytomeld urepa-
JRR%0%¢ BBI6I/IpaIOT TOT OTPE30K M3 JABYX IMOJYYHMBIINXCsA, HA KOHI[AX KOTO-
pOTo 3HAKU MPOU3BOJHON Pa3IMYHBI, TAK KAK KIMEHHO 3TOT OTPE30K CO-
JIEPHKUT TOUKY IKCTPEMYMa.

Ot1o obmas uaes Merona, Koropas (HaKTHISCKH CBOJHUT paccMaTpH-
BaeMBIl METOJ K ITOWCKY KOPHSA ypaBHEHUS f '(x)= 0 Ha orpeske [a, b]

W3BECTHBIM Memoodom ouxomomuu. It1a unes paboraer, Korja MUHUMYM
v v *
byHKIIHN [ (x) SIBIISIETCSI BHYTPEHHEH TOYKON OTpe3ka [a, b]. Ecm x

JISKUT HA TpaHUIlEe, TO CUTyalUsl HECKOJIBKO MHasl, OHAKO B aJrOpUTME,
KOTOPBIN OyAeT U3JI0KEH HIDKE, 3Ta MpodiieMa He 3aTparuBacTCsl.

MeTto TuXoTOMUU JaeT OoJiee OBICTPOE YMEHBIIIEHUE OTpE3Ka, YeM
METOJ «30JI0TOro ceueHus»». Ilocne » uTepauuit AauHA OTpe3Ka CO-

crasiser 0,5" (b —a), TOraa Kaxk Npu UCIOIb30BAHUH METO/A «30J10TO-

ro CeveHus» JUIMHA OTpe3ka Oyner — r, (b—a), r, ~0,61. [lpusenem
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TabnmuIy Ko3¢p(GUIIMEHTOB YMEHBIICHUS HCXOMIHOTO OTpe3Ka [a,b] To-

Clie 1 WTepaluil sl METOJOB JUXOTOMHH H «30JI0TOTO CEUCHHUS»
(tabum. 3.2).

Tab6nwuma 3.2
n 1 2 3 .. 10
ry 0,61 0,38 0,23 0,0080
0,5" 0,5 0,25 0,125 0,001

OCHOBHOM HEJOCTaTOK METO/a 3aKIIYaeTCsl B BBIUMCIHTEIBHBIX
TPYAHOCTSIX, CBSI3aHHBIX C OIpPEJENICHHEM NPOU3BOJHBIX (HYHKIUH
VACOR

AJropuTM METOa TUXOTOMUH (TIOMCK MUHHMYMa).

1. 3agan oTpe3ok [a, b]. Beraucnuth anmuHy otpeska A=b—a.

2. BpluncnouTh cpeqHIO TOYKY OTpe3ka X, =a+ 0,5A u 3HaueHue
. d
HPOU3BOJHOM l(xc )
dx
Ecnu mpounsBogHas paBHa HYJIO (C TOUHOCTBIO € ), TO BBIYHCIICHHS

PEKPaATea — X° ~ X, .
Ecnu nmpou3sBojiHast MeHblIIE HYJIS, IEPEUTH K mary 3.
Ecim npousBonHas Gosnplie Hys — K mary 4.
3. Ilonoxuts a =x,. Beraucnuts A=b—a.

*
Ecimm A <¢,, TO 3aKOHYUTH BBIYHCIICHHS, TIOJOXKUTh X = X, .
B mpotuBHOM citydae — nepeiTy K mary 2.

4. Tlonoxute b =x,. Beranciute A=b—a.

*
Eciu A <¢,, TO 3aKOHYUTH BBIYUCIICHHUSA, IIOJOXKUTh X = X, .
B npoTtuBHOM ciydae — nepeiTu Kk mary 2.

bnok-cxema anroputma npuseneHa Ha puc. 3.10.
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HcxonHble JaHHBIC
a,b, g, &, f(x)

v

A=b-a
>l
x, =a+0,5A

'

Brrancnenune

/1(x)

Ha

Het Ha \ 4

ASSZ a=x

Puc. 3.10. brok-cxema anropurma MeToAa AUXOTOMHU
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3.2.3.3. Memoo napabon
(Memoo HOAUHOMUATLHOU ARNPOKCUMAYULU)

Wnes meTonma BechbMa IMpocTa: eciid Ha oTpe3ke [a, b], BHYTpH KOTO-

POro NeXMT TOYKa MUHMMYMa X, GyHKIMS f(x) JOCTATOYHO XOPOIIO
aNMPOKCUMHPYETCS MHOTOYJIEHOM BTOPOM CTENCHH, TO 3a MPUOJIMKEH-
HOE 3HayeHHe X  11eecoo6pasHo B3STh TOUKY MHHMMYMa 3TOTO MHO-
rowicHa. B ciydae xorna QyHKIMS riiagkas ¥ YHUMOJAIbHAs, MOXKHO
TIpe/noNaraTh, 4YTo B OKPECTHOCTHM TOYKM X OHa BechMa OIM3Ka K Ma-
pabone. Beuny atoro mero nmapaboi nenecoobpa3Ho NPUMEHSTH [ocye

v v o *
TOTO KaK HalIeH OTPE30K JOCTATOYHO MAaJIOW JUTMHBI, COACPKAIIHHA X
(HammpuMep, TTOCIIe HECKOJIBKUX IIaroB M0 METOY 30JI0TOTO CEUCHWS).
Ilycte wu3BecTHBI Tpu 3HaueHUs Xx; <X, <X3, TaKuX, 4YTO

f (xl )> f (x2 ) <f (x3). B stom ciyuae x* € [x;,x; |. Hoctpoum Muoro-

YJIEH BTOPOTO MOPS/IKA, KOTOPBIA MPOXOIUT Yepe3 TPU JAHHBIC TOUKH
(puc. 3.11).

Puc. 3.11. I'paduueckoe npeacrasieHne GyHKIUH

f(x)=0g+ox+ a2x2
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Koaddummentsr o, o, 0L, ONPEAEISIIOTCS U3 CUCTEMBl YPaBHEHHM:

f(xl)Zao +oyx + alez,

f(x2)= Qo +0yx, + azxg,

f(x3): g +oyx3 + 0‘2X32-
MUHEMYM NIOJIMHOMA ONPEAEIISAETCS U3 yCIOBHUS

df (x)
dx o*

X=X

A X
=0y +20,x =0.

OTkyzna moiaydaem,

A a
3 1

20,

Haiing o u o, U3 TMHEHHON CUCTEMBI YpaBHEHHUH, TOITYIUM

. U ofl) x2) J0ox fl)
i 2—51 f(xz) x% 1 x; f(x2 =
1 flg) 3|/ 1 oxs flxs) *)

AJTropuTM™M MeToAa napadoJi.
1. Haitu TPOHKY qucen X <Xy < X3, TaKHUX, 4TO

f(x)> f(x5)< f(x3) (370 MOXKHO crienaTh, HanpUMEP, UCTIONB3YS All-
TOPUTM TIOMCKA OTPE3Ka, COAECPKAIIECTO TOUKY MUHIMYMA).

2. BBIYMCIUTS OLIEHKY X 110 opmyte (*).

AK * Ak
3. Eciin ‘x - xz‘ < &, 3aKOHYUTH MPOLECC, NTOJIOKUB X =X .

Ak
B npoTtuBHOM cityyae — BEIYUCIUTE | (x )

AR -~
4. U3 yucen x;,x,,X3,X BBIOpaTh HEOOXOAUMYIO TPOIKY UHCEN U
NepelTH K mary 2.
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3.3. Munnmu3anus GpyHkuuii 6e3 orpaHudeHuii
(0e3yc10BHASI MUHUMU3ALUS)

B HacTosmem pazziene OyayT U3ydeHbl METOJbI HAXOXKICHHUS MUHH-
MyMa (GYHKLIUM MHOTMX IE€peMeHHbIX f(X{,...,X,) IO BCEMY IpO-

crpacTBY R", T.€. IpH YCIIOBUM, YTO TIPH MOMCKE SKCTPEMYMa KaxKast
U3 NEPEMEHHBIX X; MOJKET NPUHHUMATh 3HAUCHUS OT —oo 10 +oo. Jlomyc-
TiM, 9yT0 f(X) OONagaer eIWMHCTBEHHHIM MHHAMYMOM M YTO BCE 4acT-

HBbIE MPOU3BOJHBIC, TI0 KpailHEH Mepe MepBOro MOpsIKa, CYIIECTBYIOT
NPH JIIOOBIX 3HAUYEHHUAX X .

Ipexne Bcero, pacCMOTPUM METOBI OTBICKAHHS dKCTpeMyMa (QyHK-
i 6e3 orpaHWYCHUWH, a 3aTeM mepelaeM K Oosee TPYIHOH 3amade
OTBICKAHUA 3KCTpEMYyMa C OrpaHUYCHUAMU. 9t0 HeO6XOIII/IMO IoToMy,
YTO 3aJaYa ONTUMH3AIUU C OTPAHUYCHUSIMH YacTO PEeIIaeTcsl MyTeM
mpeoOpa3oBaHus €€ K 3a7ade ONTHMH3AITNN 0e3 OrpaHHIeHUH.

Bce MeTonbl 0€3yCOBHOW MHHUMU3AIUN CBOJATCS K HAXOXICHHUIO
MOCIIE0BATEILHOCTH TOYCK X, X, ..., X ,, , SHAUCHUS QYHKIIMU B KOTO-

PBIX YOBIBAIOT:
S(xo) > f(x1) > > f(x,). (3.1
OTH MeTOABI HA3BIBAIOTCS Memodamu cnycka (WK perakcayuoHHbl-
MU memoodamu).
ITpu mosydeHny Takux MOCIENOBATEIBHOCTEN TOUEK B 33]1a4ax C Or-
PaHUYEHUSIMH, IIPEXKIE BCEr0, HEOOXOAUMO BBIOpATh HAYAJIbHYIO TOUKY
X( » YIOBJIETBOPSIOLIYIO BCEM OTPAHUYCHUSM.

B 3apmaue 6e3 orpaHuueHH MOKHO B Kaue€CTBE X, B3ATh JIIOOYIO

TOYKy. [Ip 3TOM, KOHEYHO, Hy>KHO MCIIOJIb30BATh JIIOOYI0 HMEIOLIYIOCS
uH(popMaIHo 0 nopeAeHUH GyHKuuM f(X) ¢ TeM, 4TOObl BHIOPATh X

HC CJIMIIKOM JAJICKO OT TOYKU MUHUMYMA.

IMocne Toro, Kak Kakas-To TOUKa BBIOpaHa, HEOOXOAUMO:

1) BBIOpaTh HaIpaBJICHHWE, BIOJIb KOTOPOTO IPEAIIOIaraeTcs pac-
MOJIOXKHUTH CIICTYIONIYIO TOUKY;

2) peluTh, KaKOoW BEIUYWHBI MIAr NOJHKEH OBITh CACTaH B BbI-
OpaHHOM HaIPaBIJICHUH.

[Ipu mobom MeTone CrIycKa MOCIEI0BATEIHPHOCTh TOUYEK BEHITIISIUT
TakK:
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Ek+1:xk +>\’kSk’ (32)

re eAMHWYHBIA BEKTOp S; 3aJaeT HampaBleHHEe, a A, — BEIWYHUHY
mara. M3menss nponenypy Belbopa S, U A, MOXHO HOJTyd4aTb pas-

JIMYHBIC METOABI CITyCKa.

Jns 3amaq Oe3 orpaHwdeHHWi 000€ HampaBlIEHHE SBIISETCS BO3-
MOYKHBIM, OJTHAKO HE BCE HANpPAaBJICHUS NMpHEMIIEMBL. [Ipuemiemvim Ha-
3BIBACTCS TAKOE HampaBieHUE S, , AJs1 KOTOPOT'O BBIIOIHACTCS YCIOBUE

(VF(x).8;)<0, (3.3)

reoOMETPpUYCCKHU NPCACTABIICHHOC HA CICAYIOIICM PHUCYHKC.

Sy

V/(®)

Xk

JleHCTBUTENIBHO, Al JOCTATOYHO MalblX A; MOXKHO HamMcaTb pas-
noxxenne GyHKuY B psg Teinopa

S +AS ) = f(xp) + 7\'<Vf()_ck)ask> . (3.4)
€CcJi 3TOT wieH < 0, To

S G +AS<f (xg)

Bce meTozp! criycka MOKHO pa30oWTh Ha JIBE TPYTIIIHL:

1) npsimvle METOIBI MITM METONBI HY1€8020 NOPsOKA — METOJbI, UC-
MOJTB3YIOMINE TOIBKO 3HAUEHUS (PYHKINH;

2) METOABI Nep8o20 NOPAOKA — METOJBI, HUCTIOIB3YIONTUE, KPOME TO-
r0o, IEPBbIC IPOU3BOIHBIC;

3) METOABI 8MOPO20 NOPAOKA — METOJIbI, UCTIONB3YIOIINE KPOME Tep-
BBIX IPOM3BOIHBIX €IIle ¥ BTOPbIE TPONU3BOHBIE.

[Tpoun3BoHbIE MOTYT BBIYMCISATHCS aHATMTUYCCKH UM YUCICHHO.

BooOr1ie roBops, METOABI TPEThEH TPYMITBI PH HAUMEHBIIIEM YHCIIe
[1aroB MPUBOJAT K TOYKAM, JTOCTATOYHO OJM3KAM K TOYKaM MHHHMYyMa.
DT0, OIHAKO, HE 03HAYAET, UTO OHU SBJISIFOTCS HaubOosiee 3(pPeKTUBHBI-
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MU METO/IaMH B OTHOILEHHH Pacxoja MAaIMHHOTO BPEMEHHU, HEOO0XO0 -
MOTO ISl perieHus 3anaun. Muoraa ¢pynkuus f(X) mpeacraBiseT co-

00l HACTOJILKO CIIOXKHYIO (DYHKIIMIO, YTO €€ MepBasi WM BTOPas MPOH3-
BOJHBIC HE MOTYT 6]:ITI> IMOJIY4YCHbl aHAJIUTUYCCKU, a UX YUCIICHHBIC
MPHUOIIMKEHNST OKa3bIBAIOTCS O4YeHb rpyObIMU. Kpome Toro, BeIUHCIE-
HUEC 3TUX MNPOU3BOAHBIX MOXKET HOTpe6OBaTB 60J'IBHIC MAaIlnHHOI'O BpE-
MCHH, YEM BBIYHCIICHUC 3HAYCHUI (pyHKIlI/II/I B HCO6XOI[I/IMOM 1A METO-
Jla HyJIEBOT'O MOPAJIKA YUCIIE TOUEK.

Takum 00pa3oM, HEBO3MOXHO BBIJIEIHUTH KaKOH-THOO METOH, IpH-
TONHEIN B M000M citydae. st OTBICKaHHS METO/a, HauboJee MPUro-
HOTO IS ONTHMHU3AIUW 3aJaHHOW (PYHKIWMH, HEOOXOIUMBI OIIBIT, WH-
TYUIHST ¥, MOXKET OBITh, TPEIBAPUTEIHHBIE HCCIIETOBAHNS.

3.3.1. Memooul Hyn1e60zo nopsaoka
3.3.1.1. Memoo nokoopOounamuozo cnycka

Haubonee mpocTeiM criocoOOM oOmpeieneHus] HalpaBJIeHUs CITycKa
SBJSIETCS. BBIOOP B KauecTBe S; OJHOIO M3 KOOPAMHATHBIX BEKTOPOB

€1,€r,...,€,.

Yepes ¢;=(0,...,0,1,0,...,0) (i =1,_n) 0003HAaYUM €IUMHUYHBINA
1 n

BEKTOp, y KOTOPOTO i-s KOMIIOHEHTa paBHa 1, a OCTaJbHBIE — HYIIO.
Wnade roBops, B METOJIe TOKOOPAMHATHOTO CITyCKa Ha KaKIOW uTepa-
[IUU TIONCK TOYKH C MEHBIINM 3HAa4eHHEM (YHKIIMH OCYIIECTBISETCS
W3MEHEHHEeM OJTHOW KOMITOHEHTHI BEKTOpa X IPH HEM3MEHHBIX OCTallb-
HBIX.

CymiecTByeT HECKONBKO BapHaHTOB IMOKOOPAWHATHOTO CITycKa. MBI
paccMOTpUM HEKOTOPbIE U3 HUX.

ITokoopaAuHATHBIHN CITYCK C YJIBOGHUEM IlIara
(mepBBIi BapHaHT)

OrnuiieM NepBhIi UK METOJIA, COCTOSIIIUN U3 71 UTEPAIUil.
ITycTh 3amaHbl TOUKA X, ¥ LIar A .
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B Touke X, BbIOMparOT HaualbHOE HAIpaBleHUE S; =e; U BbIOUpa-
10T BEJIMUYHMHY IIara A; CrocoOOM yIBOCHHS. DTOT CIIOCOO COCTOWT B
CJIEAYIOILEM:

1) BBIOMpAIOT MPOU3BOIBHOE HAYAJIBHOE 3HAYCHHUE IIara A ;

2)ecmm f(Xy +2S;) < f(Xy), TO momaratoT, A, =2A; M IpOIECC
Y/IBOCHUSI [Iara MpOJ0DKAIOT JI0 TeX IMOop, MOKa yObIBaHUE (BYHKIUHN HE
MPEKPaTUTCS;

3)ecam f(xy +AS;) 2 f(Xy), TOo BeIOUpaAOT A; =A;/2 u mepexo-
AT K I1. 2.

ar apoGsT A0 TeX MOp, MOKa OH HE YMEHBIIUTCS 0 HEKOTOPOM
MaJIOW BEJIMYMHBI €. ITO O3HAYAET, YTO B JAHHOM HaIpaBJICHUM (DyHK-
1usl He yObIBaeT.

Ecnu B HampaBnenun e; ¢yHkuust f(X) yObiBaer, TO (pUKCHPYIOT
A ¥ TepexoIiT K cileayouleld urepauuu. B npoTuBHOM ciydae BbIOU-
paroT HampasiieHHE S; =—e; M CHOBA ONPEACISIIOT BEJIMUMHY Iara A
crmoco6oMm ynBoeHus. Eciii v B JaHHOM HallpaBJiIeHUH QYHKITHAS HE YOBI-
BaeT, TO PUKCUPYIOT HEYJJAUHBIN IMOWCK B JIAHHOM HATPaBJICHUH; B Ka-
YecTBE 3HaUCHHUs A OepyT HayalbHOE 3HAUCHME IIara A, U MNEePEeXOIsT
K CJICAYIOIICH UTepaLH.

Ecnu B HampaBneHnn —e; (QyHKuus yObIBaeT, TO (DMKCHUPYIOT Hai-
JEHHYIO BEJIMYMHY 11ara A, ¥ MEPEeXosT K CIeIyolel uTepalny.

Ha cnenyromeii ntepanuu BeIOMparOT HapaBieHue S, = e, U 1noja-
raloT HayaJbHOE 3HA4YeHHe Iara A, =A;, a HA4YalbHYyI0 TOUKY
X=Xy +AS; (eca HOMCK — HEyIauHbli, TO X; =X, ) U HOBTOPSIOT
Ipolecc, Kak Ha IEPBOi nTepauuu.

ukn 3akaH4MBaeTcs npu k =n, T.e. TOCIE TOTO, KaK MPOHIET mo-
HCK 10 BCEM 71 HampapjieHusM S| =*e, S, =+e,,...,§ ==e,.

Ecimn mouck mo BceM n HAaIllpaBJICHUAM OKa3aJICd HCYyHAaYHbIM, TO
—* —
IIponecce NMpeKpamaeTesa: x =x, .

B npoTuBHOM Cilyuae HaUMHAETCSI HOBBIM LUKI: S, .| =€ U T.A.
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IToxoopaAMHATHBIN CIIyCK C yABOSHUEM LIara
(BTOpO¥ BapHuaHT)

Kaxaprii ki 3Toro MeToAa XapakTepusyeTcs TeM, UYTO BelIWYHHA
mara A B TEUCHHE BCEX 7 HUTEpallMil IMKJIA OCTACTCS IOCTOSIHHOM.
[Ipeanonaraercs, 4To B pe3yJbTaTe 3aBEPIICHUS MPEIBIIYIIETO HUKIIA
MoJTyueHa HEKOTopas BEJIMYKMHA IIara A.

PaccmoTrpum i-10 mreparuio 1mukia (1<i<n), KoTopas COCTOUT B

CIEeIYIOLIEM:
1) ecnm
f(x+ke;)< f(X), X —rekyuas TOUKa, (3.5
TO MOJIATAIOT X = X + Ae; ¥ MEPeXosT K CIeAyIOLIeH UTepaLum;
2) ecu
J(x+he)2 f(X), (3.6)
TO BBIYUCIISIOT
S(x-2e); (3.7)
3) ecm
fE-28) < f(3), (3.8)

TO TOJIATal0T X = X —Ae; U MepPexousT K ClIeLyIoell nTepauu;
4) ecnu
J(x=2e) =z f(X), 3.9)
TO X HE MEHSIOT (IOJaralT X = X ) U MEePEXOIAIT K CIeIyIonei nrtepa-
WU,

Takum 00pazoM, OCYIECTBISIETCS 72 UTEpALM [IUKJIA.

Ecnu nepasenctsa (3.6) u (3.9) umeror mMecto it Beex 1<i<n, TO
YMEHBIIAIOT BEJIMYUHY A, IOJIaras, Kak IpaBuio, A =A/2 W nepexoisaT
K CIEAYIOUIeMy LUKy, TO €CTh MOBTOPSIIOT BCE MPOIETYPHl MPEABIIY-
IEro IMKJIa, HO yIKe C IIaroM, yMEHbIIICHHBIM B JIBa pa3a.

Ecmu mepaBenctBo (3.6) wim (3.9) uMer0T MecTo HE IS BCEX i, TO
nrar A He JpoOuTcs.

[pornecc 3akaH4MBaeTCs, KOTJa BEIMYHHA I1ara CTAHOBUTCS MEHBIIIE
3aJaHHOW BEJMYUHBI €, ONMpelelsiomell TpeOyeMylo TOYHOCTh BBIYMC-
JIEHWSI TOYKH MUHUMYMa.
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IToxoOopaAMHATHBIN CITyCK ¢ OHOMEPHON MUHUMU3ALUEH

[ukn maHHOro METoJa OMSATh COAEPXKUT n urepaunil. Kaxnas ure-
panusi COCTOUT B TIOMCKE MUHUMYMa (DYHKIIMU BJIOJIb OJHOM U3 KOOp-
JUHAT MPU HEU3MEHHBIX OCTaNbHbIX. [I0MCK MUHUMYMa OCYLIECTBIISIET-
¢S ONTHMM W3 METOIOB OJHOMEpPHOH MHHHMH3anuu. M300pazmm anro-
PUTM B BUJE OJIOK-CXEMBI, IPeACTaBlIeHHON Ha puc. 3.12.

Bxon

v

BBOZ[ UCXOAHBIX TaHHBIX

€58y, N, Xy, f(X,), k=0

'

ko . .
k=k+1 [Mouck ¢ TO'{HOCTB}Og] KOMIIOHEHTBI x; - i=i+1

A . k+1 K+l k+l k4l k+l A
min S xS, x T, x LX)y

i i+l 2

aa

Puc. 3.12. bnok-cxema anropurmMa MeTo/ia IOKOOPAUHATHOIO CIIyCKa

HenmocraTok MeTofa MOKOOPAMHATHOrO CIycka (BCEX €ro BapuaH-
TOB) 3aKIIOYAETCS B TOM, YTO OH MOJXET «3aCTPEBATH», T.e. OH MOXKET
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OCTAHOBUTLCA BAAJIM OT TOUYKM MHUHHUMYMa U HC o0ecIeunTs ,[[aJ'II:HCI‘/’I-
mero yJIy4YlICHUs. Takas CUTyalusd MOKET BO3HUKHYTH, €CJIM ITOBEPX-
HOCTH YPOBHS L€JIEBOW (YHKIMM O0JafalOT OCTPbIMH YIJIAMHU WM
oueHb M30rHyTHl. Ha puc. 3.13, mpuBeeHHOM HUXE M 0TOOpa)karouieM
pacnonoxxenue TuHU ypoBHA f(X)=C, mpeicTaBlieH NMpUMep TaKOM

CUTyaITiH.

Puc. 3.13. Jlunuu ypoBHS
B METO/I€ TIOKOOPIMHATHOTO CITyCKa

Ecnu npouecc pelieHns npusen B TOUKY %, To KaKuM GBI MaJBIM
HU OpaTh 1Al B HANPaBJICHUU X; WM X, , HENb3s IOJIy4YUTh YMEHbIIIE-

HUe 3HaueHUs PYHKIUU. MeToll «3acTpeBaeT» B TOUKE X 0

PaccmoTpuM HECKOJIBKO IPUMEPOB MPUMEHEHHS] METO/Ia TIOKOOPIH-
HATHOTO CITyCKa.

3anaua 1. Iloctpouth 0I0K-cXeMy METOZA MOKOOPIUHATHOTO CITyC-
Ka ¢ yABOCHHEM Iara (BTOpOi BapHaHT).

Bbrok-cxema Merosia TOKOOPJUHATHOTO CITYyCKa C YJIBOCHHEM Ilara
Impyu TMOHUCKE MHUHUMYMY 11O Ka)KZ[Oﬁ KOOpAWHATE TIIpUBCJACHA Ha
puc. 3.14. ITpu 5TOM UCHIOIL30BaHbI CICAYIOIIHE 0003HAUCHHS:

k — HOMep 1UKIIa;

i— HOMEDP (BHYTpI/I HHKHa) UTCpaliy ABHUXKCHUSA T10 l-My HarpaBJic-
Huto (i=1,n);

j — CUETUMK HEeyJauHBIX IIIaroB, KOTJa X HE MEHSETCS;

X — TeKyIee 3HaUCHHUE apryMenTa (0e3 uHiekca).
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Bxon

BBoj HauabHBIX
JaHHBIX €, 1, X

k=0
i=1
j=0
Ja
S(x+he) < f(%)
Her Ja X=Xx+A\g
FGx-ke) < f(x)
Her X=X-\e;
j=i+
Ja
i=it+1 i<n
Her Ja
A<e ¥ o~X Beixon
Her
Ja
j=n
k:k/2
k=k+1

Puc. 3.14. bnok-cxema MeTo1a MIOKOOPAUHATHOTO CITyCKa
C y/IBOCHHEM Il1ara

3apaua 2. HaiiTu MeTOIOM MOKOOPIMHATHOTO CIIyCKa C OJZHOMEp-
HOW MUHUMH3AIIHEH M0 KAKIOH KOOPANHATE MUHUMYM (DYHKITUU

f()_c)=x12 +x§ —4x;+5

¢ TouHocthio € =0,01.
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CxeMy pemieHus 3a/ladydl MOXHO IPEICTABUTh B BUJIC

OCJIE0BATEIILHOCTH IEUCTBUH.

Bribepem HagabHYIO TOUKY xlo =1, xg =1, f 0-4.

[Muki £k=0.

Urepanus i =1:
X| — MEHseTCs;
Xy = 1,

HEO00X0IMMO HaHTH min{f (x)=xf —4x; + 7}.
X1

N3 ycioBus sxkcTpemMmyma:

ﬁ=2x1—4=0—)x1=2.
3x1
Urak:
X, =2;
{1 =3, ‘fl—f0‘=1>s.
X2:1,
Urepanus i =2:

.xl = 2,
X, — MeHseTc,

HEOOXOIMMO HaHTH min{f (x,)= x% + l}.
x2

U3 ycnoBus skcTpeMymMa:

122){72 :0—)XZ :O
aX2
Urak:
{x‘ N A
x2=0,
[Mukia k=1.
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COOTBETCTBEHHO:

ureparms i =1:
X| — MEHsieTCS;
xZ = 0
Ucxons us

min{f(xl) =x12 —4x, +5}—> X =2.

Urak:
X =2;
{ ! 3=l ‘f3—f2‘=0<s.
XZZO,
Omeem:
xL=2; f*=1
x2=0,

JIuHUU ypOBHS, COOTBETCTBYIOIIME pPacCMaTpUBaeMOl (YHKIUH
IIPUBEICHBI HUXKE!

Puc. 3.15. JIunuu yposus pyskuuu f(x) = x12 + x% —4x; +5
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3.3.1.2. Memoo opmoHOpMANbHLIX HANPAGTeHU
(memoo Pozenbpoxa)

B 3TOM MeTOA€E B KaXKIOM LIUKJIE IPOU3BOIUTCS MOUCK BAOJIbL /1 B3a-
MMHO OPTOIOHAJIBHBIX HampasiieHui. [locne 3aBepiueHust nukna ¢ mo-
Motsio mpoueayps! I'pama-llIMuara cTpoutcs HOBasi cucTeMa OpTOro-
HaJbHBIX HampaBieHui. [IpernMymiecTBO 3TOro MeToga COCTOUT B Clie-
nmytoreM. Eciu rieneBast yHKITHS UMEET Y3KUH HCKPUBIICHHBIN rpeOeHb
(TouHee, OBpar), TO MOWCK MO # B3aMMHO OPTOTOHAJBHBIM HaIpaBJie-
HUAM 3(h(HEeKTUBEH TeM, YTO PE3yNIbTUPYIOIIEe HAPaBICHHUE CTPEMHUTCS
PacmoNOXHUTBCA BIOIh OCH OBpara. JTO CYIIECTBEHHO YCKOPSIET IMPO-
LECC IO CPABHEHUIO C METOI0M IIOKOOPAMHATHOI'O CITyCKa.

PaccMmoTpuM mpouenypel, BEIOIHSIEMBIE HA & -M LIMKJIE METO/A.

[lycth B Hauayie LUKIA UMEETCS TOUYKa )_cé“ ,uicna A, Aq,..., A, —

JUTUHBI 11aroB, Slk , Sé‘ yenns S,lf — €JIMHUYHbIE BEKTOPBI, 33/Ial0lIUe Ha-
TpaBJICHWs] TMOMCKa JKcTpemyMma. ([ms mepBoro  mmkima )_cé,
AysAy,..., A, BBHIOMpAIOTCS MPOU3BOIBHO, HAIPABICHUS, KaK MPaBHIIO,
COBIIAJArOT C KOOPpAWMHATHBIMU OC}IMI/I.)

B nanpasnenun S lk JieTaeTes mar A A, .
Ecmn f ()_cé{ +lelk )< f ()_c(/;C ), TO IIAr CYMTAETCS YCIEUIHBIM H TIO-

JydeHHasl TOYKa 3aHUMaeT MECTO )?é‘ , T.€. )_c(])‘ = )?é‘ + 7»1S1k . Bennuuna
A, yMHOXaercs Ha uucio o (o>1, o0bgHO O =3), T.e. Temepb
7\,1 = (X)\.l .

Ecrm  f ()_cg +7\,1S1k )> f ()_cé‘) , TO TIar CYUTaeTCs HEYCIEIIHbIM,

TOYKa )_c(])‘ ocTaercs 0e3 M3MEHEHHH, a BEJIMYMHA A; YMHOXAeTcs Ha
yucio B (B <0, o6brano B=-0,5), T.e. A; =BA;.

Janee Ta ke camas NpoILeAypa MOBTOPSETCSA UI OCTAaJIbHBIX Ha-
IIpaBJICHUN S f yeees S ,]f . B pesynbraTte Oyaer moiyveHa HOBasi TOUKa )_cé“
U COBOKYNHOCTb MIAroB Aj,A,,..., A, TOXE HOBas. 3aT€M CHOBa BO3-
BpalaeMcsi K HalpaBJICHUIO glk W 33j1aeM mar Jubo oA, 1mbo BA,B
3aBHCHUMOCTH OT TOTO YCIIECLIHBIM HJIM HEYCIICIIHBIM OBLI 1Iar 10 3TOro.
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IIpouecc moucka BROJNb HamNpaBiIeHHUS MOBTOPSIETCS CHavyaua. OTO
MIPOUCXOANT JI0 TeX MOp, MOKa 32 YCHEIIHbIM JBMKECHHEM Ha KaXJIO0M
HaIpaBJIeHUH He Mocienyer Heyaada. Ha 3ToM 3akaHumMBaeTcs mepBbIi
JTan HuKia.

BTtopoii aTan mukia coCTOUT B BEIOOPE MCXOMHBIX JAHHBIX IS CIie-
JIYIOILIETO IIUKIIA.

B kauecTBe HayaabHON TOUKHU CIIEAYIOLIETO UKIIA J_c(]; + Oepercst mo-
CJeNHAsl yCIelIHas TOUKa.

B xauectBe maroB A;,i= m — MOCJIETHUE TIOJYYUBILHECS 3HAue-

aHus. [Tocie 3Toro BI)I6I/IpaIOTC5I HOBBIC HAITPaBJICHUS.
CrpouTcs cuctemMa BEKTOPOB:

n=n?>»
— Sk ok.
q2: A2S2 +"'+AnS}’l’
— Sk
qn = AnSn s
3neck A; — anreOpauyeckas CyMMa JUIMH YCHCLIHBIX INAroB IO i-My

HAaIpaBJICHHIO.
Ecin n300pa3uTh yCIOBHO HANpPAaBICHUS HA MIOCKOCTH, TO MOJIYYUM
cienyromui pucyHok (puc. 3.16).

Puc. 3.16. I'paduueckoe npeacrasienne Metoaa PozeHOpoka Ha 0HOM U3 UTEpaLHii

Kak BHIAHO M3 PUCYHKA, BEKTOP ¢; COEAHMHAET TOUYKY, B KOTOPOU

Mpoliecc HaXOAWICSA B Hadaje [UKIA, ¢ TOUYKOH, B KOTOPYIO OH IOmal B
KOHIIE I[MKJIA.
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JlaHHasi cuctemMa BEKTOPOB ¢, ...,q,

n OPTOTOHAJIM3UPYETCA € IIOMO-

uipto npouenypsl I'pama-IlImuara.

B kauecTBe HauanbHOro (MEPBOrO) HANpABJICHHS MPUHHUMAETCS ¢
(Tak Kak 3TO HamIpaBlICHHE pacloyiaraeTcs BAOJb MPEANoJIaracMoro
rpeOHs PYHKINN).

IIpouenypa oproronanusanum I'pama-IlImuara. Ilycts nmeeM n
BEKTOPOB ¢, ...,q,. Heo0XoanuMo MOIy4YUTh # €IUHUYHBIX OPTOTO-

A

HaJIbHBIX BEKTOPOB Slk yeees S ,]f .

Bynem Haxomuth 3TH BekTopa mo (opmyde: S'i =ﬁ, rae y;
i

BCIIOMOTaTeNbHbIN BEKTOp, [ =1,7, ||§l|| = <)7,- ,)7,-)5 — HOpMa BEKTopa.

Bekropa y; BBIYMCIIAIOTCS 11O PEKYPPEHTHBIM (OpMYyJIam:

Y1 =49

_ _ ll<qnyj> —

Yi=4q; — — WV, =Ln
j—1<yjayj>

Slqu’

. i—1<(7,-,§j>A —

S Sj, i=ln.

i=4i —S R
.1:1< jo j>
Bnok-cxema anroputma MOXKeT OBITH MpEACTaBJICHa B BHJE, H300pa-
JKeHHOM Ha puc. 3.17. Ha pucyHke HCITONB30BaHbI CleyIonme 0003Ha-

YEeHUS:
k — HOMEp THKIIA;

i=1,n —HOMEp UTEepalUy IPU ABWKEHUAX 110 S ;

J — CUCTYUK HCYJAYHBIX HIAroB;
Xo —9TO X B Haydaje HUKIA;

X — TeKyLIUH apryMeHT.
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Bxon

BBOH Ha4YaJIbHBIX TaHHBIX
g, n, )_CO,OL,B,M,..X,,,SI,..S,,

k=0
X ~X,
3
Ai = 0
2
j=0
i=1
Her
S +1:8) < f(X)
Ja
)_C=)_C+7niSi }"i:Bki
Ai:Ai+7\’i j:J+1
7\.1‘ = OL?»[
i=itl1 i<n
Ja
Her
j=n 2
Her
Ja
— — —% -
“x - x“ <g X =X Brixon
Hert
OproroHanu3anus
%y =%
Puc. 3.17. bnok-cxema
k=k+1 MeToaa PosenOpoka
3
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3.3.1.3. Memoo conpsicennvix HanpasieHutl
(memoo I[laysnna)

[IBa BekTOpa X M )y Ha3bIBAIOTCS (J-CONPSDKEHHBIMU (WM CONpS-

JKEHHBIMH 10 OTHOLIEHUIO K MaTpuie Q), ecmu X 0Oy =0, tae O — 1o-
JIOXKHTENILHO OTpeNieIeHHass MaTpuiia (X ¥ ) Ha3bIBAIOT B3aWMHO Op-

TOTOHAIBHBIMH, ecii X 'y =0 . Takum 00pa3oM, HOHATHE CONPSIKEHHO-

CTH ABJIACTCs 0606I.LIGHI/ICM IIOHATHA OpTOFOHaJ'IBHOCTI/I).

Hampasnenus Sy, S,,...,S, SABIAIOTCA conpsiceHHbiMU OTHOCH-

TENBbHO MaTpHIbl O, eciu
S{0S; =0 npu i%j, i,j=ln.

CyuiHoCcTh MeTOJAa COIPSDKCHHBIX HANpaBICHUH COCTOUT B TOM,
YTOOBI TOCTPOUTH CUCTEMY HAIIPABJICHUH, CONPSHKEHHBIX OTHOCUTEIILHO
MaTpuIel ['ecce 1eneBoil (YyHKIUM, U OCYIIECTBUTH ITOCIEAOBATENLHO
OTHOMEPHYO MUHUMH3AINIO BIOJb KaXKIO0TO M3 3TUX HAIIPaBICHHH.

Oto camas obOmas unes mMeroaa. CymecTBYIOT HECKOJIBKO CITOCOO0B
MIOCTPOEHUS] CHCTEMBI COTIPSHKEHHBIX HAIpPaBJICHUH M, COOTBETCTBEHHO,
HECKOJIbKO Pa3IMIHBIX BApUAHTOB METOJa COTPSKEHHBIX HAIpPaBICHUH.
Meron Ilaysnna — oiMH U3 TaKUX BapUaHTOB, OTHOCALLUKACS K METOAaM
HYJICBOTO TOPSJIKA, T.€. METOJaM, HE TPEOYIOIIUM BBIYHCICHHS MTPOU3-
BOJIHBIX.

Ha uem ocHOBaHa Wes CONPSDKCHHBIX HAIPABICHHWIA M B YeM Ipe-
UMYIIECTBO TIOMCKA BJOJb TaKWX HampapieHuii? J[eao B TOM, 4TO eciu
MMeeM KBaIPAaTHYHYIO LEIEeBYI0 (QYHKITUIO

fX)=a+x"b +%)‘:TQ)?,

rae X — n-MepHbId Bektop, O — Marpuna ['ecce (O — MOIOXKUTENBEHO
OTpeeICHHas] MaTPHIla), TO MUHAMYM TaKOW (DYHKITUH MOXKET OBITh
HaMJICH POBHO 3a «/1» IIAroB OT JIFO0OM HAYaJbHOW TOYKH, €CIIH MOMCK
BECTH BJIOJIb CUCTEMBI U3 1 (J-CONPSKEHHBIX HaIlPaBICHUM.

Ha puc. 3.18 mpuBeneH mpumep QopmupoBanus (J-CONPSIKEHHBIX
HANPaBICHUIN JJIs CITydasi KBaJ[paTUIHOH 1eneBor pyHkimu f(X).
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Towra mﬂﬂ-ﬂﬂvnmaf(fj ,.5"1
EZOIIE HATTH ARTEHILT ,E,"l

JIrEmm v OFHA--
EE 30 ATHIHETE $yHEITHE

F®m=c, G0

5] &, —-Q--compoxerHee
HATI[ ARITE A

Puc. 3.18. Onpenenenne conpspkeHHBIX HaNpaBiIeHui (n = 2)

MoxeT BO3HHKHYTHh BOIPOC, 3a4eM MOHAJ00MIOCH TPATUTH YCHIIHS
Ha MUHUMH3AIHIO KBAAPATHYHOW (PYHKINHU, €CITM OHA MUHUMHU3UPYETCS

—* 17
aHATUTHYECKH U JaeT pe3yiapTar X =—0 9

KBanparnunsie GyHKIMN paccMaTpUBAIOTCS TI0 ABYM IPUIHHAM.

Bo-nepevix, eciiu MeTO] He IPUTOJICH JUIA KBaJPaTUYHON (PYHKIIWH,
TO OYEHb MAJIO IIAHCOB, YTO OH MPUTOJCH sl PYHKIUI ¢ OoJiee CIIOK-
HO¥# cTpykTypoi. [ToaToMy 11000 METO, KaK MPaBUiI0, BHAYAJIE HUCIIBI-
THIBAIOT Ha KBaJPaTUYHOU (PyHKINH.

Bo-emopuix, He KBagpaTHUHYIO (QYHKIHIO MOXHO amlMpPOKCUMHPO-
BaTh KBaJpaTUYHON (QYHKIHEH, €CTd OTPaHUYUTHCS DPa3lIOKEHHEM B
psn Tefinopa wieHamu He BbIlIe BTOpOTo nopsiaka. [Ipu 3Tom MEHEMYM
(YHKIMU MOKET OBITh MOJYYEH MOCPEACTBOM MHHUMH3ALUU MOCIIEI0-
BaTENFHOCTA KBAJPAaTHYHBIX (YHKIWH, alMpOKCHMHUPYIOUINX HCXO/I-
HYI0 (DYHKIIUIO OTHOCHUTEIBHO TOYEK, MOCIEOBATENBHO MPHOIHKAIO-
IMUX K TOYKE UICTUHHOI'O MUHUMYMaA.

Merton ITayamia oCHOBEIBAETCS Ha CIIETYIOIIEH 0COOCHHOCTH: JTF00ast
mpsiMasi, KOTOpas MPOXOJIUT dYepe3 TOYKY MHHHMyMa KBaJpaTUIHOMN
(OpMBI, TIEpeceKaeT Moj PaBHBIMH yTJIAMH MTOBEPXHOCTH ypoBHS. Ode-
BHJIHO, 5TO 3KBUBAJIEHTHO TOMY, YTO BCE KacaTelbHbIE, IPOBEIEHHBIE K
JUHUSIM YPOBHSI B TOUKAX WX IEepECeUeHUs MPSIMOH, IPOXOAAIIeH yepe3
aKcTpeMyM, OyayT mapamiensHel. Ha puc. 3.19 mpuBenena wniocTpa-
IIUs 3TOTO CBOMCTBA JUTsl KBagipaTuuHOU QyHKImu f(X).
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Puc. 3.19. PacrionoxeHue KacaTelbHbIX K IMHUAM YPOBHS B TOUKaX X{, Xp

W3 storo cnenyer, 4To €clnM X; U X, — JBa MUHHUMYyMa, PacIoJIo-

JKEHHBIE HA JIBYX IapaUIe/IbHBIX HANPaBIEHUAX, TO MUHUMYM KBaJpa-
TUYHOW (YHKUMHM HYKHO HMCKaTh HA HANpaBICHUH X, —X,. lIpuuem

JIETKO YOEMUTCS, YTO 3TO HAINpaBJICHUE SBISETCS (J-COIPSIKEHHBIM C S.
I'pamuenT KBagpaTHIHOW QYHKITHH:

Vi(X)=b +0x.

[TockoybKy X' — 3TO TOYKM MUHAMYMa Ha HANPaBJICHUH S, TPAIUEHT
(YHKLIMH B 3THX TOYKaX OPTOTOHAJEH K S, T.€.

SVFEH=0=8"( +0Ox"),
STVF(x2)=0=8T(b + Ox?).
Beruuras BTOpOG ypaBHeHI/IC n3 nepBor o, l'IOJ'Iy‘lI/IM

0=S"0(x; —x%),

Te.Su (X' -% 2) — (-conpsiKEHHbIE HAIIPABICHMSL.

Auaroputm Metoaa Ilaysnia.

1. BeiOpath B KauecTBE HaYalbHBIX HAIPaBICHUHA S 10 , S 3 s S ,? ,
COBHAJaONIMe ¢ KoopauHaTHeIME ocsiMu (k= 0). BeiOpaTs HayaibpHYIO

—k
TOYKY IIOHUCKA X .
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2. Onpenenutsb ¢ TOMOIIBI0 OJHOMEPHOTO MOKCKA

niinf()_cé‘ +3,80).
1

— —_ *
ITonoxuts xlk =x(])C +7u1S1]€ . 3areM HOC/IEI0BaTEIbHO OCYIIECTBUTH
k

OJIHOMEPHBIX IOUCK BJOJb HaIPaBICHUN Sé‘ e S

OIpEJIENUB MO-

CIIEZI0BATEIIBHOCTD TOYEK
—k _ <k ok . _5
Xp =X +MS;, i=2,n.

3. Beruncnute HampasieHue S =)_c,lf —)_cé‘ u cOopMHPOBATH HOBBIE

HaIpaBJICHHs JUTS CIECIYIOIICH NTepalu:
skt sk sketl{sk sk sk ).
4. Haittu A w3 ycnoBust min f ()_c,]f +7»S1k ) (T.e. HAUTH MUHUMYM
A

B0JIb HOBOI'O MOJIYYCHHOI'O HaHpaBJ’ICHI/IH) " B34Tb B KQ4YC€CTBC Ha4dallb-

o o —k+1 _ =k * ok
HOI TOYKHM Ui CleAyIoIled urepauuu X, =X, +A S°, IOJIOKUB

k=k+1,nnepeitn k 1. 2.

bnok-cxema anroputma merojna Ilayanna npusenena Ha puc. 3.20.

B pesynbrare Takoi npoueaypsl OnpeeieHus HalpaBieHu morucka
MOOYEPETHO 3aMEHSIOTCS MPHUHSITHIE B Hayalle KOOPJUHATHHIE Harpas-
nenns. [lpu xBagpatuuHOil Popme mocie # IIaroB BCe HAIPaBICHUS
MOMCKAa OKaXYTCS B3aMMHO CONPSKEHHBIMU (3TO MOXKHO J0Ka3aTb) U
OyneT HaiiieHa TOYKa MHHIMYyMa.

B cnyuae HekBanpaTudHOW (YHKIIMH METOJ| COMPSDKEHHBIX HAIPaB-
JICHUH CTaHOBUTCS UTEPATUBHBIM M OOBIYHO HE 3aKaHUMBACTCS 3a 71 IIa-
roB. HekBagpaTnaHbie (GyHKIMH JOKATHHO allMIPOKCHUMHUPYIOT TTOCIEN0-
BaTENBHOCTh KBaJpaTHUHBIX (pyHKIWA. HampaBieHus ompenenstorcs B
COOTBETCTBUM C KBaJpaTHMYHBIMU aNIIPOKCHMAIUSIMHU 3THUX HEKBajpa-
THYHBIX QyHKIui. [losToMy pu QpyHKIMAK, TOKATEHBIE KBaIPATHIHBIE
aNMpPOKCUMAIIMHA KOTOPBIX OBICTPO MEHSIOTCS OT UTEPAIMH K UTePaIUH
WIN A1 KOTOpBIX Marpuia ['ecce mepecraer OBITH MOJIOKUTEIBHO OII-
penesIeHHo, METO/T COMTPSKEHHBIX HAIIPaBIEHUH MOXKET HE CXOIUTHCA.
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/ BBoj Hau. maHHEIX €, 7, )_507

v
Dripenenenne A; Ji3

i=H4E::;:] q@f@+kﬁn

¥ N
(ipeacicHne A; 1

min f(X +1,S;)
A

Puc. 3.20. biiok-cxema anropurma metoza [laysmna
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3.3.2. Memoowt nepsozo nopaoka
3.3.2.1. I'paouenmmuvie memoosl

[TpuemneMbIM  HampaBlICHUEM, T.C. HAMpaBJICHHEM, B KOTOPOM
¢byHKIHS yOBIBacT, Kak OBLIO MOKA3aHO PaHBIIE, SBISCTCS HApaBICHUE
S, I KOTOPOTO

(Vf(x),S)<0.

[TosTomy Hampasnenune S =—-Vf(X) sBusercs npuemieMbiM. bomee
TOT0, MOKHO ITOKa3aTh, YTO C HANpPaBICHUEM aHTUTPAIUEHTA COBIAIAET
HarpaslieHHe HauObIcTpeliiero yObiBaHuS (YHKIUU B TOYKE X . ITO
CBOMCTBO TIpaJueHTa JIEKHUT B OCHOBE psla MTEPAllMOHHBIX METOJOB
MHUHUMU3AIMK GYHKLHUI, B TOM YHCIIe TPaAUEHTHBIX METOOB.

I'paduenmuvim Ha3bIBAETCSI METOJ, COIVIACHO KOTOPOMY TOYKA X,

BLIGI/IpaeTCSI B COOTBCTCTBHUHU C COOTHOIICHUCM
Xi1 =X =M V(X))

B 3aBucumoctu ot crioco6a BeIOOpa mara Aj; MOXKHO HOIY4YHUTh pa3-
JIMYHBIC BAPUAHTEI I'PaIME€HTHOT'O METOAA.

1 BapuaHnT (MeToJ HauckKopeiimero cnycka). CormacHO 3TOMY Me-
TOIY A, OIpEAEeNACTCS MyTEeM pELIeHHs OJAHOMEPHOH 3a/aull MUHIMHU-

3a1UU
n}zinf(fk TAZACTI
k

B OTACJIBHBIX CIIy4asaX 3Ta 3aJada MOXKET 6I:ITI> peuicHa TOYHO, aHa-
JUTHYECKHU.

NnTepecHast 0coOEHHOCTh METO/Ia HaUCKOPEHIIIEro CIyCKa COCTOUT
B TOM, YTO MpEABIAYLIEE U MOCIEAYIONIEe HAMPaBICHUs MOUCKA OPTO-
TOHAJIBHBI.

JIBymMepHasi WiLTIOCTpaIus MeTo/ia rpejcTaBieHa puc. 3.21.

JleicTBUTENBHO, TOUKA X, JIEKHT HA JAaHHOM HalpaBJIeHUU B TOY-

K€ ero KacaHus c JuHuer ypoBHa f(X) = f(X;,;) NOCKOJIbKY OHa Haii-
JIeHa U3 yCIIOBUSI MHHUMyMa Ha HampasieHun — Vf (X, ). Ciaexyromum

HampaBjieHueM mnoucka Oymer — Vf(x,,;). MU3BecTHO, UTO TpaaueHT
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HalpasJIeH 10 HOPMalau K JIMHUMA YPOBHS, T.€. MIEPIEHAUKYIISAPHO Kaca-
TEJILHOM K HEH.

Puc. 3.21. MeTon Hauckopeiiiero cmycka

AHATUTHYIECKH 3TO MOYKHO TIOKa3aTh CIEAYIOIIAM 00pa3oM.
O0603HaYNM

O(A) = f (X = AV (%)) -

[Mockonbky mar A BbIOHpaeTCst U3 YCIOBHS MHHUMYMa
d
e —
d\h A

. d\ y
Hatimem d—i 10 TpaBuiITy AuGGEepeHITUPOBAHNS CIOXHOW (HYHKIINH;

T.€. UCXOAs U3 3aBUCUMOCTU O[X(A)], 3HAYCHHUE TPOU3BOJHON ONpejie-
JISIeTCS COOTHOIICHHEM
dp do dx
A dx dn
Otkyna

% =<Vf(x; =7 VI (X)), -V (x,)> =
M

MIPOU3BOIHAS L) HPOU3BO/HAs L3
P dx P dh

=—< Vi (x), Vf(x,)>=0.
201



CJIG,Z[OBaTeJ'II:HO, HaIlpaBJICHHUA OPTOTrOHAJIbHBI.

BaxxHO OTMETUTB, YTO AMUTET HAUCKOPEWUINMH MO OTHOUIEHUIO K
CITYCKY SABJIACTCA HUCTOPUYECKHU CIOXKHBIIMMCA, OH HC O3HA4YacT, 4YTO
3TOT METOJ 00JIaIaeT CIIOCOOHOCTHIO OCYIIECTBIISITh OTHICKAHUE MUHU-
MaJIbHOHM TOYKHW 32 MUHHMAJIbHOE YHCIIO IIAroB MM IPU MHHUMAIEHOM
obpeMe BeunciacHUE. CymecTBYIOT Oojiee 3 PEKTUBHBIE B 3TOM CMBIC-
JIE METOJIBI.

2 BapHUAHT I'PaJiMeHTHOT0 MeToAa. Ha mpakTrke HEpeaKo MOBOIb-
CTBYIOTCS BBEIOOpOM Imara, oOecleduBaroniero yObBaHUE (QYHKITHH B
HampasieHuu aHturpaauerta (f(x;.;) < f(X;)), BMECTO TOro 4TOOBI
OTBICKMBaTh MHUHMMYM (YHKIUH B JAaHHOM HampaBieHUH. Tpynoem-
KOCTh WTEpAIlMU TPU TaKOM CIoco0e BbIOOpa mrara MeHsIe. [lpu stom
CKOPOCTh CXOJUMOCTH O0OMX BaPHUAHTOB B KOHEYHOM CUETE MPUMEPHO
OJIMHAKOBA.

Onwumiem cioco6 BbIOOpa mara A, Ha k-i UTEpaLyH.

1. Beibupaercss HEKOTOpOE MPOU3BOJIBHOE 3HAaueHHE A (OJAHO M TO
K€ Ha BCEX UTEpaLUsIX) U onpenensercs Touka x = X, —AVf(x;).

2. Boraucnsterca f(x) = f(x; —AVf(X,)).

3. [IpousBoauTCS IPOBEPKA HEPABEHCTBA

S (X)) = (X)) 2 eM< Vf (X ), Vf (X)) >),
12
IVf ()l

rae 0 <e<1 — mpou3BOJBHO BBHIOpaHHAs KOHCTaHTa (OJHA W Ta K€ Ha
BCEX UTEPALUIX).
Bo3moxHO ncnosap30BaHue 60Jiee MPOCTOr0 HEPABEHCTRA!

S <f(xg)-

4. Ecnii HepaBEeHCTBO BBHIMOJHSICTCS, TO 3HAYEHHE A W OepeTcs B Ka-
YeCTBE HUCKOMOTO: A, =A . B mpoTHBHOM cilyyae MpOU3BOIUTCS APOO-

jeHue A (IyTeM YMHOXEHHsI A Ha MPOHM3BOJBHOE YMCIO o, <1) /10 Tex
Mop, MOKa HEPABEHCTBO HE OKAXKETCS CIPABEIINBBIM.

Crnenyer OTMETUTh, YTO €CJIM BbIOPATh B KAYECTBE A CIIHUIIKOM Ma-
JICHBKUI Iar, TO mporecc OyAeT CXOIUTHhCH OYCHb JIOJTO, TOITOMY
BpeMs OT BPEMEHH MOYKHO MPOOOBAaTh YBEIMYUTH A, HO TaK YTOOBI HE
HAPYIIUTh BEIOPAHHOE HEPABEHCTBO.
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Hanpaenenust movucka B 3TOM BapuaHTe METOJ/Ia yXkKe He OyAyT OpTo-
TOHANBHEI (puc. 3.22).

Puc. 3.22. I'paguenTtHbIi MeTOA (BTOPOI BapHaHT)

Mo:xHO MMPEAJIOKUTE HECKOJIBKO KPUTCPUEB OKOHYAHUSA UTCPALIMOH-
HOTIO mmpouecca:
1) I10 pa3HOCTH apryMCHTOB Ha IMOCJICAOBATCIIbHBIX HIarax

X 1=k [I< 215
2) 1o pa3HOCTH 3HaYeHUH QyHKIMN
[WACTRIENACTD] PP
3) 1Mo 3HAYCHHIO TPaTUCHTA
IVf (X< 5.

B GonbpIIMHCTBE MPaKTHYECKUX CIydYaeB HEBO3MOXKHO MOIYYUTH SB-
HOE€ BBIpaXCHHE TpajiieHTa. B 3TOM ciydae MCTONB3yIOTCS YHCIICHHBIE
METO/IBI BEIUYUCIICHHS IIPON3BOIHBIX:

Hanpumep. Ina dynxkuun f(x;,x,)

) SOF +81,x5) = [, x3)
0ox, o ’

o) _ fGf x5 +85) =[x, x7)
0x, 5, .
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CX0IMMOCTh TPATMEHTHBIX MeTOAO0B. TOT ()aKT, YTO IPaUCHTHBIC
METOJIbI TIPH OTIPEICNICHHBIX YCIOBHUIX CXOJSITCS, OTPaXKaeTcs B Teope-
Me, KOTOPYIO MpHUBeaeM 0e3 J0Ka3aTelbCTBRA.

Teopema. Ecim ¢yukmmst f(X) orpannyeHa CHH3Y, €€ TPAJIHCHT

Vf(X) ynomnerBopser yciaoButo Jlumimuma:
V) =V/D <RI X =Yl

npu mo0biX X, y € E”, a BoIOOp mara A NPOU3BOIAUTCS yKa3aHHBIMH
paHee criocodaMu, TO ISl 000K HAdalbHOW TOYKU X, TPaJUCHTHBIHI
merof cxoxures, T.€. ||V (X;)||— 0 mpu k — 0.

OreHKa CKOPOCTH CXOJUMOCTH MPOBEICHA TIPH eIe 0oJiee )KECTKUX
TpeOoBaHUAX K (YHKUUH (BBITYKIOCTb, TTaaKOCTh U T.A4.). s mocra-
TOYHO XOPOILIMX, C TOYKH 3PEHUS PEUICHHs 33/1a4d MUHHMHU3ALUH
GyHKIMH (TJIAIKUX W BBIIYKIBIX), TPAJUEHTHBIC METOABI CXOIATCS K
MHUHHMYMY CO CKOPOCTBIO T€OMETPUIECKON POrpeccuu

| X5 =X [[< gl X =X |, 0<g<1

(Takast CKOPOCTb CXOTUMOCTH Ha3bIBACTCS JUHEUHO).

Benuuwna 3namenartess mporpecCuu ¢g 3aBUCUT OT COOTHOLICHUA
HanboJbIero M W HAaUMEHBINETO 7 COOCTBEHHBIX 3HAYCHUN MATPHIIBI
BTOPBIX IPOU3BOAHBIX f(X). JlocTarouHo ManbiM 3HAMEHATENb ¢ OyIeT

JUIIb B TOM ClIy4ae, KOTAa 3TH COOCTBEHHBIE YHCIa Ma0 OTIMYAIOTCS
IpyT OT Apyra. B aTom ciyyae rpagueHTHbIE METOIBI Oy YT CXOAUTHCS

o m
C BBICOKOM CKOPOCTBIO. YeM MEHBIIIC OTHOIICHUE ﬁ, TeM OJIIKE K

¢/IMHUIIC 3HAMEHATEJb ¢ U TeM MEJJICHHEE CXOJSITCS TPaJMEeHTHBIC Me-
TOMBI.

MOXHO [aTh TE€OMETPUYECKYI0 HMHTEpPIPETAlUI0 3Toro (¢akra
(puc. 3.23).

m
Korna otHomenue i ONM3KO K eAWHMIIE JIMHUK YPOBHS (QYHKIUH

f(X)=const OMM3KK K OKPYKHOCTH. J[JIs1 TaKMX JIMHUHA YPOBHS TpaIvi-
EHTHBIN MeToJ1 cxoauTcs ObicTpo (puc. 3.23, a).
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0)

Puc. 3.23. Tumnsl TMHUHA yPOBHSA: a — JIMHUK YPOBHS OJIN3KUE K OKPY KHOCTH,
0 — TMHUY YPOBHS «OBPA)KHOTO THITa»

m
C YMCHBIICHUEM OTHOLICHUSA ﬁ JIMHUU YPOBHSA CTAHOBATCA BCC

GoJiece BBITSIHYTBIMH, U HAlpaBJeHHE BEKTOPA TPaJUCHTa B OOJIBIIHHCT-
BE TOYEK Bce 00Jiee CYIIECTBEHHO OTKIJIOHSETCS OT HAIMIPABJICHUS B TOY-
Ky MHHUMyMa. DTO TPHUBOAWUT K 3aMEAJICHHIO CKOPOCTU CXOIMMOCTH
(puc. 3.23, 6).

Oco0CHHO MEJICHHO TPaJMEHTHBIC METOJBI CXOMATCA, KOrma (yHK-
IIHST IMEET «OBPAKHBII» XapakTep. ITO 03HAYAET, YTO HEOOJBIIOE 3Me-
HEHHE HEKOTOPBIX TIEPEMEHHBIX MTPUBOJIUT K PE3KOMY H3MEHEHHIO 3HaUe-
HUA (QYHKIMH — 3Ta TPyIIa XapakTepusyeT «CKJIOH OBpara», a 1o oc-
TaJbHBIM TIEPEMEHHBIM, 3aJIaI0IIMM HAIMPaBJICHHE «IHA OBparay, (QyHK-
[IUsI MEHSIETCS] HEe3HAUMTeNbHO. ECIM JIHHUM ypOBHS y TakoW (yHKIWMHU
CHJIbHO BBITSIHYThI, TO TPAJHEHTHBIE METOJIBI CXO/ISITCS MEJICHHO.
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3TO MPOUCXOJUT M3-3a TOTO, YTO KpUBAas IMOMCKA Ui TaKuX (DyHK-
Ui 0OBIYHO OBICTPO CITyCKAaETCSI Ha «JIHO OBpara», a 3aTeM HaYMHAET
MEJICHHOE NIEpEeMELICHUE K IKCTPEMYMY, TaK KaK IPaJMeHT OKa3bIBaeT-
Csl TIOYTH MEPIICHANKYJIISPHBIM K OCH oBpara (puc. 3.24).

Puc. 3.24. cnionp3oBaHue rpaIuNeHTHOTO METOIA
B cily4yae QyHKINH «OBPaXKHOTOY» THIIA

JUIsl yCKOpEeHUst CXOQUMOCTH IIPU IIOMCKE MUHUMYyMa «OBPaKHON»
(GYHKUMH CYILECTBYIOT CIICLIMAlIbHBIE METOJBl — OHH HA3bIBAIOTCS «OB-
Pa>KHBIMM.

Tak 11 yCKOpEHUs] CXOIUMOCTH T'PaAMEHTHBIX METOA0B UCIOJb3Y-
10T NpeoOpa3oBaHUe CHCTEMbl KOOPAMHAT, TAKMM OOpa3oM 4TOOBI JIU-
HUH yPOBHS (DYHKLUH CTaH OJM3KH K OKPY>KHOCTSIM.

[pumep. Paccmorpum dpynkumio f(x) = x12 + 25x§ .

OueBuIHO, TMHUW YPOBHS JaHHOH ()YHKIIMU BBITSHYTHI BJIOJb OCH
X

Ecnm BBecTH 3aMeHy NMEpEeMEHHBIX: V) =X, Vo =5X,, TO (QyHKIuSA

fO) = ylz + y% OyzeT UMeTh JIMHUU YPOBHS B BUJIE OKPYKHOCTEH H, B
pe3yJbTaTe, TpaAneHTHBIH METOJ] CXOJUTCS 33 OJMH IIar.

B peanpHO# 3amade mogoOpath Hy)KHBIE TIpeoOpa3oBaHus, Kak Ipa-
BUJIO, OKa3bIBACTCS TOCTATOUYHO CIIOXKHO.

brnok-cxema rpaaueHTHOr0 Metona (2-ii BapuaHT) M300pakeHa Ha

puc. 3.25.
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I/ICXOZ[HHC JAaHHBIE!
f()?)avf ()?)a fo,}\.o,O(,,S

fo=17(xo)
>
A=
l
16 =V (%)

fo=1 l
/=7
Ha
Het
A=or

Puc. 3.25. brok-cxema rpaJJueHTHOTO METOJIa, Il X — apryMEHT B Hauaje UTepalyy;
X —TeKyliee 3HaueHUe apryMeHTa; f, — QYHKUHsS B TOUKe Xg; f — QYHKUHS B TOUKE

X ; fo —IPOU3BOIHAS B TOUKE X ; A — HAYalbHOE A IS KAXKTOM UTEpaLHN

B 1aHHOM MeTO/ie OKOHYAHHE MTEPALHOHHOIO IPOLEcca OCYIEeCTB-
nsercs mo ycaosuro — || f'(xX;) |I< €.
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3agava. Haiitu MeTomoM Haumckopewuiero crnycka MUHUMYM (DyHK-

mm f(x) = 2x12 + x% + XX, +X; +X, ¢ TouHOCTBIO € = 0,05 (1m0 HOpME
. =0

rpaauenTta). B kauecTBe HayanbHOW TOYKM MPHHATH Touky X = (0,0).

3naveHus pyHKIUM U TPAAXEHTa B 3TON TOUKE, COOTBETCTBEHHO, OYIyT:

S@E)=0;
— X
V&)= o -
aX2 _

X=X(
OueBHUIHO, HETPYAHO HAUTHU TOYHOE PEIlIeHUE JaHHOU 3ajauu:

. .2
O P =2~ 02857

Pemnm 3amady ¢ UCHonb30BaHUEM IPAIMEHTHOTO MeTona. B pe3yib-
TaTe HOJIY4YHUM CIIELYIONIYIO [0CIEeN0BAaTEIbHOCTD ACHCTBUH.
1-a2 umepayus:

Vf(?)):@; i :fo_Wf()?o):((o)j_[ij:(:ij’

||vf()70 )|| ~l4>¢.

Tak Kak x{ =—A 1 Xy =—A, 10 f(X' (L)) = f(L) = 40> - 2.

Takum oOpa3oM, 3HaUeHHE A, 0OECIeYMBAOIIEE MHUHUMYM (YHK-
— 1 1
UM 110 HampasieHuo Vf (xo) = (J W3 TOUKH X', Oyner A = R

OKOHYATEIIBHO nojry4acMm IJist nepBoﬁ uTepanuu:

-1 _ —~1/4 ) —IN 14
X —(_1/4} f(x)=-1/4=-0,25.
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2-s1 umepayus:

~1/4
Vf(fl){ /

1/4} IV/ () (1= 0,35,

o (VA -y | |
’“()‘[—1/4]*( 1/4]‘ o |
4

202 -0 —4 1 1
M= M) =—(Ah=2)=0 > A =—:
S T £ 16( ) 5

=2 [—1/8

“l-3/8

j, f(x%)=-0,281.

3-1 umepayusi:

—25 _ /8 —2\11 o .
Vf(x )_(I/SJ, ||Vf(x )||~0,187
/ / A+1)
o (V8 (/&) | T g |,
g _(—3/8 Mys)=| 053 |
8
aHr-o-18 1 B 1
S == S W)= BL=2)=0>h="
5 (-5/32 i
X —(_13/32} f(x7)=-0,2852.

4-2 umepayus:
-1/32

Vf(f3)=( V3

Kak BUIWM, YCJIOBUC TOUYHOCTHU PCHICHUA 3aJa4i BBIIIOJIHCHO; OKOH-
4aTCJIbHO UMECCM:

_+ _3 (—5/32

j, V(%) ~0,04d<e.

=X =

~13/32

4ToO, C 3aJJaHHOM CTEIIEHBI0 TOYHOCTH COBIIAJIa€T UCTHUHHBIM PEUICHUEM
3aJadu.

J, f(x")=-0,2852,
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3.3.2.2. Memoo conpsitceHublx epaouermos

Meron CONpsiKEHHBIX I'DAJUEHTOB SIBJISETCS YACTHBIM CIIy4aeM Me-
TOJAA CONPSKEHHBIX HANPABICHUMN.
BHoBb nipeamonoxkum, uto f(X) — KBagpaTHuHas QyHKIHS BUIA:

f(X)=a+x"b +%)?TQ)?,

rae (0 — TOJOXKUTENBHO ONpeielieHHas MaTpHIla, KOTOpas B JaHHOM
ciydae coBrmajaer ¢ Marpuieit ['ecce.

B tom cnyuae, ecnu f(X) He siBIsETCA KBaApaTUUHOU, TO (J TaKxke
Oynmer o003HaYaTH MaTPUIy BTOPHIX MPOM3BOAHBIX — MaTpuiy I 'ecce.
[Tpu atom martpuia ['ecce Oymer U3MEHSATHCS MPH MOJYYCHUU Kax a0
HOBO# ToukW. /{711 TOTO, YTOOBI METOM OBUT MPUMEHUMEIM, HEOOXO0IH-
MO, 4YTOOBI MaTHIlbl ['ecce HEeKBaApaTU4YHBIX (PYHKIUNA MEHSUIMCH HE
OueHb OBICTPO.

CyIIecTBYIOT pa3IUYHbIe BAPUAHTHI METOA CONPSIKEHHBIX IPaTUCH-
ToB. OnHNM U3 HUX sBIsIeTCs MeTon Dietuepa — PuBca.

BmecTo TOro 4TOOBI HWCIIONIE30BaTh AHTUTPAIUCHT B KAauyeCTBE Ha-
MIpaBIIeHU CITyCKa, METOJ] CONPSDKEHHBIX T'PaJHEeHTOB MPeo0paszyeT aH-
TUTPAJUEHT B HaIpaBleHUE S , KOTOpoe sBIACTCA () -CONPSIKEHHBIM C
paHee HallICHHBIMU HAPaBIICHUSIMH.

DT HampaBJIeHUs BHIPA0aTHIBAIOTCS CIEIYIOIIAM 00pa3oM:

So ==V (xp),
Sk ==V (x) +BraSk-rs (3.10)

rae koadduuuent f,_; BeIOMpaeTcss Tak, yToObl caenate S; Q-

COIPSDKEHHBIM ¢ S _; . IHaue roBops, U3 ycioBus

0=<8;,081 >=—<Vf(x), 08, >+Byy <S1,084 >

OTtcroga

= <Vf(x;),08,, >
B <Spo1,98k >

Touka X; HaXOAWUTCS C MOMOIIBI0 OJHOMEPHOIO MOKCKA B HAIIPAB-

(3.11)

neHuu S; U3 TOUKU X;_p, T.C.
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X =Xy + WSk (3.12)
rie

Kipor =arg(min £ (Fy + k1 S51)-
k-1

MOo>HO TOKa3aTh, 4TO BhIpabaThIBAEMBIE C TMTOMOIIBIO JAHHOM MpO-
LEeAypHl HanpaBJIeHus Sg,S,...,S; ABIAIOTCA Q -CONPSKEHHBIMHU.

Takum 00pa3oM, Memoo CONPANCEHHbIX SPAOUEHMO8 CXOOUMCSL Os
K8AOpamuyHblX YHKYULL 3a YUCTIO UA208, He NPEeSbIUAIOWUX 1.

J7ist Toro 4TOOBI PacpoCTPaHUTh METOA CONPSHKEHHBIX TPaJHCHTOB
Ha CIIy4yail MOoHMCcKa SKCTpEMyMa HEKBaJAPAaTUUHBIX (YHKLUI (B TOM 4YuC-
Jie 3aJaHHBIX HESIBHO), PAacCMOTPHUM CIOCOO BBIOOpa HaIpPaBIICHUS
CIyCKa, HE UCIOJIB3YIONHI B SBHOM Buae Marpuiy ['ecce Q.

JIsist 9TOr0 BOCHONB3YEMCS BBIPOKCHUEM TIPAJUCHTa KBAJAPATHUHOM
GyHKINN:

V(%) =0x+b .

Torna, mpuHUMas BO BHUMaHHE UTEPallMOHHOE cooTHoIeHue (3.12),
MOKHO 3aITHCaTh,

V&) =V (F) = O — %) = 208y - (3.13)
OTkyna moaydaem

0, - VI (% )7; Vi (x;_1) .
k-1

IToncraBum nomyuenHoe BelpaskeHue B popmyiy (3.11) amst B, :
B - < V(). VI (X)) =V (3) >
-1 — — — B
<S> VI (X)) = Vf (X)) >

WU, paCKpbIBasd CKAJISIPHBIC IIPOMU3BCACHUA W IPOU3BOJAA HECIIOXHBIC
ornepanuu, rmojrydyum

1
_ <V (xp), VG > =< Vf(x),Vf(x_) > '
SV F) > =< SV (R >
2 3
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PaccMmoTpyM Kaxblil U3 3aHyMEPOBAHHBIX YJICHOB.

2-ii wieH. Tak kak X; — TO4YKa MUHMMYyMa Ha HalpaBJIeHUU S;_, TO
IpajiueHT B JSTOH TOUYKE OPTOrOHAJIEH K HAlpaBICHUIO II0MCKA
(puc. 3.26). OTKyzaa nonxy4aem:

<S4 1. Vf (X)) >=0.

V f(x)

Puc. 3.26. Oproronains-
HOCTh rpaauenta Vf(x; )

W HanpasieHus S _

3-ii yaeH. [logcraBum BMecTo S)_; €ro BbIpaXEHHUE, ONPEAEIIEMOE
dbopmyioii (3.10). Torma momydnm:

< St VI (K1) >=< =V (641 VI (Kmt) > +Bia < Spa, VI (X) >

OdeBHHO, BTOpOE claraeMoe paBHO HYJIO, KaK CKaISIPHOE MPOU3-
BEJICHHE ABYX OPTOTOHAIBHBIX BEKTOPOB. Takum 00pazom,

<8t VI (X)) >= = <V (X)), VI (X)) >

1-it wiaen. Beipasum Vf'(X,_;) B coorBercTBUU C popmynoii (3.10),
TOTJIa MOJTY9UM

< V(X ), VI (Xpoy) >=< V(X ),=Sp1 +Br-2Skn >=
== <Vf(xp), Skt > +Bra <Vf(X(),Sp—2 >

Pazpemmum (3.13) otHocutensHo V(X)) M MOACTaBUM B IOCIEIHEE
BbIpaxkeHue. Toraa nojay4um:
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<VFED),Vf(F) >=Broa < VI Fiy) + A1 OSiy, Siy >=

=B <VF(F1)s Sk > +Brcahi <OSi1,Sia >

Jlerko 3amMeTHUTh, YTO MOJYUWIM CYMMY JBYX CKaJSIPHBIX IPOM3BE-
JICHUH OPTOTOHAIBHBIX BEKTOPOB. TakuMm o6paszom,

<Vf (%), Vf (X)) >=0.

D10 03Hauaer, uTo BekTopa Vf(x,),Vf(x;_;) oproroHanbHsl. Bo-
o0111e MOXKHO TOKa3aTh, YTO Bee rpaaueHtel Vf(X,), VI (X)), ..., Vf(X})

B3aMMHO OPTOTOHAJIbHBI.
I/ITaK, B OKOHYATCJIIbHOM BHUJIC UMCCM:

5, <VELYE)> G
TV EDY D> VG|

[Mocnennow GopMyTy MOXKHO MPHUMEHATH JUIS HEKBaJPATUYHBIX
(YHKIIHI, TaK KaK B Hee He BXoAUT MaTpuia QO .

MeTo CONpsDKEHHBIX TPAJUCHTOB SIBISCTCS OJAHMM W3 HauOosee
3¢ (EKTUBHBIX METOJ0B MUHUMH3AIMH JIOCTATOYHO TNIAJAKUX (DYyHKIUI.
ITpu ompeneneHHbIX YCIOBHIX METOA 00JalacT KBaJAPaTHUHOW CKOPO-
CTBIO CXOJUMOCTH:

- _ T
Xpg—X [|[Sclx,—x ||, ¢>0.

3.3.3. Memoowt 6mopozo nopaoka
3.3.3.1. Memoo Hvtomona (memoo Hviomona — Paghcona)

B Metonax mepBoro mopsiika i OomnpenesieHus HalpaBiIeHHUs YObI-
BaHUS (YHKIMHM HCIIONB3YETCS JIUIIb JHMHEWHAs 4YacTh Pa3lIoKEHUS
¢byaxkaun B pag Teimopa. Ecam MmunuMu3upyemas QYHKIHS ABaXKITBI
HenpepbiBHO auddepeHimpyema, a nepBasi U BTopasi IPOU3BOIHBIC BbI-
YHUCISAIOTCS JIOCTATOYHO IPOCTO, TO BO3MOYKHO NPUMEHEHHE METOJIOB
MUHHMH3AIUN BTOPOTO MOPsI/IKA, KOTOPBIE UCIONB3YOT KBAAPATUYHYIO
YacTh pa3liokeHus 3Toi GyHKuuU B psin Teitnopa. ITockonbKy KBajapa-
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TUYHAs YacTh Pa3JIOKeHUs allllPOKCUMUPYeT (PYyHKIHIO TOpa3 o TOUYHEE,
YyeM JIMHEIHas, TO eCTECTBEHHO 0XKUAATh, YTO METO/IbI BTOPOTO MOPsAKa
CXOIATCSI OBICTpEE, YeM METO/IbI TIEPBOTO TOPSIIKA.

Meton HeloToHa sBnsieTcss MpsMBIM OOOOIIEHHEM METO/Aa OTHICKa-
HUSI KOpHA ypaBHeHus: O(x) =0, rae ¢(x) — QyHKIOUS CKAJSPHOW Tie-
pemeHHoO. Pasnoxenue B psn Teisiopa 10 nepBOro wieHa MO3BOJISET
NepernucaTh ypaBHEHHUE B CIIEIYIOIIEM BUJE:

0=0(x41) = P(xg) + @' (xp )Xpyy — Xp).

Torma mpu ompeereHHBIX YCIOBUSX MOXKHO YIYUYHIUTh TPHOIHKe-
HUE K 3HAYCHUIO KOPHS CICAYIONUM 00pa3oMm:

B o(xy)
Xl =X —— -
'(xy)

Hac unTepecyer n-mMepHas 3aa4a ONTUMH3ALNU, CBOISIIAsACS (ak-
THYECKH K ONpesenennio Kopus ypasuenus Vf(X)=0. Pasnoxenue B
psn Teitnopa B 3TOM ciiydae JaeT:

0= VI (Xp1) = V() + O ) (X1 — Xk )

rae Q(x;) —marpuua ['ecce.
Ortcrona

X =% — 0 XV (X))

TpH YCIIOBHH, YTO CyIECTBYeT oOpaTHas matpuua O (x;). Ora dop-
MyJia u onpezensier Mmero HproTona MuHUMU3anuu QyHKIHH.
Ecnu ¢yHKums KkBagpaTudHas

_ o l_p _
fX)=a+x"h +—x"Ox,
2
rae O — HOIOKUTENRHO ONpeie]ieHHasi MAaTPUIIA, TO, HCXO/S U3 HPOH3-

BOJIbHON HAayaJIbHOW TOYKU X(, C IOMOIIbIO MOJIY4YEeHHOH BbIme ¢op-
MYJIBI MOXKHO TIOJIY9HTh CIIEAYIONIYI0 TOUKY:

- = 1.7, = -1
X =X-0 (b+0x0)=-0 ).
JTa ToUYKa SBISIETCS TOYKOW MHHIMYMa KBaAPATHIHONW (DYHKITHH.
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Takum oOpaszom, Ui KBagpaTHUHOH QyHKUIMM MeTox HeioToHa on-
pezernsieT TOUYKy MHHIMYMa 3a OJMH IIar.

3.3.3.2. Cxooumocmob memooa Heromona

Ha cxomumoctes Meroma HproToHa OonbIioe BIHSHHE OKa3bIBaeT
Matpura ['ecce. OnHOI U3 TIPUYNH PACXOJUMOCTH METOJIA SBIIIECTCA TO,
yTo Matpuua ['ecce He sIBIsSIETCS MOJIOKUTENBHO onpeneiaeHHon. B atom
cryqae  (GyHkimus ~— Oy#eT  yBeNMYMBAaTBCS B HAIPABICHUH

Q_l()_ck )Vf(x;), a He ymenpmarscs. Kpome toro, marpuna I'ecce Ha

MIPOTSHKEHUN BCETO TpoIiecca AOKHA OBITH HEBBIPOKIACHHOM, TaK Kak
HEO0XOMMO CYIIECTBOBaHHE 00OPATHOM MaTpPHIIBL.

Ecim mMatpuna yaoBieTBopseT STUM YCIOBHSAM H, KPOME TOTO, SIBJIsI-
€TCsl OTPaHUYCHHON M YIOBJIETBOPSET YCIOBHUIO JIMMIHAIIA, TO CyIIECT-
BYeT HEKOTOpas OKPECTHOCTh TOYKH MHUHHUMYyMa )_c*, TakKasi, 4Tro JJIs
m000i HavyalIbHOM TOYKM X, M3 3TOW OKpecTHOCTH MeTonx HproToHa
CXOIMTCS C KBAAPATUIHOU CKOPOCTHIO:

2
, ¢2>0.

—_ —% —_ —%
X —X ||[Sclx; —Xx

Takum O6p3.30M, L CXOOAUMOCTH MCETOAAa HadaJlbHas TOYKa )_CO
JOJIKHA BBIGI/IpaTLCH J0CTAaTOYHO OJIM3KO K UCKOMOW TOYKE MHHHUMYMa

%
X .

[TonBoast UTOT, MOYKHO CIICIYIOIIUM 00pa3oM CPOPMYIHUPOBATH J10C-
TOMHCTBA U HEIOCTATKH METO/A.

HenocraTkm:

HEOOXOAMMOCTh BBIYUCIATH W OOpamaTh MaTpHUIly BTOPHIX NPOU3-
BOAHBIX. B psje 3amau TpyagoeMKocTh urepanuu meroga HeioToHa mMo-
JKET 3a CYET HTOTO 0Ka3aThCsl HETOMEPHO OOJIBIIION;

CXOOUMOCTb ME€TOJAa 3aBUCHT OT BI:I60pa HadJaJbHOH TOYKH )_CO . B

CBSI3H C 3THM BO3HHKAET NMpobJieMa BEIOOpa HAYAIbHOW TOYKH, KOTOpast
JTOJDKHA HAXOJUTHCS B IOCTATOYHO MAJIOH OKPECTHOCTH MUHUMYMA.
JocTonncrna:
BOJIM3M TOYKM MHHHMyMa METOJ| obOecrieunBaeT OoJiee OBICTPYIO
CXOAMMOCTb, YEM I'PaIHCHTHBIC METOIBI;
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o01IHii 00beM BBIUMCIICHUH MOXET OKa3aThCs MEHBIIE, XOTS TPYJIO0-
E€MKOCTh KaKIIOo# uTepanuu B Metozie HptoToHa 60sIbITe, 4eM B METOIaxX
1-ro mopsiaka.

Hwxe npuBoasTcs HekoTopbie Moaudukamu Metoaa HeroToHa, Ha-
MpaBlieHHBIE Ha YCTPAaHEHHWE YKa3aHHBIX BHIIIE HETOCTATKOB.

3.3.3.3. Memoo Hviomona ¢ pe2yaupogroil uiaza

B HEKOTOpBIX CIIydasX MOXHO YIPAaBJIATh CXOJIUMOCTBIO METOJa
HproToHa, M3MeHssT pa3Mephbl IIAaroB, T.€. ONpPEeNsisi MOCIe0BaATEIb-
HOCTB TOYEK 10 (hopMyJie

X1 =X — PO XV (%),

rae 0 <p; <1 (oOsryHOMY MeTOoy HbrOoTOHA cooTBETCTBYET p) =1).

B sTom ciyuae meTon HaspIBaeTCs MeTo0M HBIOTOHA ¢ peryIupoB-
KOIi 1mara, ujanu 0000IIeHHBIM MeTOI0M HhloTOHA.
CymecTByIOT ABa crioco0a BeIOOpa mapamerpa py .

1. ITepBEIit croco6 3aKI0YacTCs B CIACAYIOMIECM:
1) BeiOupaercs p; =1 u BbIUUCISIETCA TOUKA X = X, + P, TA€

e =07 (X%

2) Beruncnsercst f(X)= (X, + py);
3) mpoM3BOANTCS MPOBEPKA HEPABEHCTBA

SX) = f(x) < (epp <Vf(Xp)s Dk >)»
0<8<l,
2

4) ecnmu 3TO HEPABEHCTBO BBIMONHSIETCS, TO B KauyeCTBE HCKOMOTO
3HaueHus p, Oepem p; =1. B mpoTuBHOM ciydae NpOU3BOAUTCS

JpobiieHue p; 10 TeX IMOp, I0KAa HEPABEHCTBO HE BBINOIHUTCA.
2. B apyrom BapmaHTe MeTOZa, 3HAUCHHE P; BHIOMpAECTCS U3 YCIO-
BUSI MUHUMYMa (DyHKIIMY B HAIIPABJICHUH JBIKCHMS:

S @ =pxQ (®)V/ (%) = min f 1%, —pQ™ (FOV/ (%)}
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[IpeumyiiecTBo nanHO# Moaupukanuu merona HproToHa COCTOUT B
TOM, YTO METOJ CXOJIUTCS TPH JTIOOOM BBEIOOPE HAYAIBHOTO TPHOIIIKE-
HUA X,. CKOpPOCTb CXOAMMOCTH IIPU 3TOM OCTaeTCs KBaJpaTU4HOM,

TPYJAOEMKOCTb KaKAON UTepauuu yBenuuuBaerca. OJIHaKo MpU IepBOM
criocobe BbIOOpa mapamerpa p; TPYAOEMKOCTb KaXIOW UTepaluy He-

CKOJIBKO yBEJTMYHBAETCSI.

CpaBHeHHE JIBYX CHOCOOOB PEryJMPOBKH JJIMHBI IIara TOBOPHT B
MOJIb3y MEPBOr0, MOTOMY YTO OH OKAa3bIBAETCS MEHEE TPYAOEMKHUM IO
KOJIMYECTBY BBHIYHCICHUN W 00ECIIEYMBAET TaKOH ke TOPII0K CKOPOCTH
CXOAMMOCTH.

3ameuanus. Kak Obuto ormeueno B 1. 3.3.3.2, Ha cxogumocTh MeTona HeroroHa
Gonploe BIMsSHHE OKasbiBaeT marpuna I'ecce. Eciii oHa He SIBISETCS MOJOXKUTEIBHO
OIIPE/IeNICHHON, TO METOA pacxoauTcs. Eciam oHa TMOJIOXKHTENBHO OmpeseneHHas (T.e.
BBIMYKJast f (X)), TO METOI CXOAUTCS B OKPECTHOCTH TOUYKH MUHHUMYMa.

OnpenenuTh, SBISETCS X MaTPHUIlA IOJIOXKUTEIBHO OMpPEeIEHHON
MOXXHO JTHOO WCHOnb3ys kputepuit CuibBecTpa, JauO0 COOCTBEHHBIE
yrcine Matpulsl ['ecce. MaTpuna OyneT MoJ0KHUTENBHO ONpeAeeHHasl,
€CIIH BCE YIJIOBBIE MHHOPBI MaTPHUIILI TIOJIOXKUTEIbHBI (KpUTepuii CHilh-
BECTpa), TN BCe COOCTBEHHBIE YUCIIa MATPHUIIBI TIOJIOKHUTEIHHBI.

B kadecTBe mpuMepa pacCMOTPHUM CIEAYIOMINE 3a/1a49H.

3apaua 1. Paccmorpum ¢yHKIMIO

(%) =2x7 + x5 +sin(x; +x,).

[IpoBeputh siBisieTcs nu Juisl JaHHOW QyHKIMU Matpuna ['ecce mo-
JIOKUTEJIBLHO OTNpe/IeIEHHOMN ?
Pewenue. I'paueHT QyHKIINU UMEET BUI:

_ |4x; +cos(x; +x5)
V(%) = :
2x, +cos(x; +x,)
Martpuma I'ecce:

—sin(x; +x,) —sin(x; +x,)

_ |4
o) =

—sin(x; +x,)  2-sin(x; +x,)|
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VYTI0BBIMH MUHOpaMHU OYyAYyT:

Tak kak |sin(x1 +x2)| <1, o Ay >0m A, >0.
CrnenosarenbHo, cornacHo kputepuio Cunbsectpa (Q(X) — MONOKHU-

TEJILHO OTIPE/ICIICHHAS MATPHUIIA.
3amaua 2. IIpoBepuTh MOJOKHUTEIBHYIO OIPEAEIEHHOCTh MAaTPHIIBI
I'ecce dyHkIMH:

f()_c)=4x12—x§ —2x1xy +6x; —x, —2.

Peuwenue. JIerko yCTaHOBUTB, uTO Marpuiia ['ecce maHHON (QyHKIIMK
Oyzer:
g8 -2

9=, _of

ITo xpureputo CumimbBecTpa Marpuiia l'ecce He SBISETCS TMOJOXKH-
TEJIbHO  OINPEIEJIECHHOM, TaK Kak €€ TJIaBHBbIM OIpPENeNIUTENb
A=-16-4=-20<0.

[IpoBepuM MOTYUYEHHBIN pe3yJbTaT, UCIONB3YsI COOCTBEHHBIC YMCTa
Matpuisl ['ecce:

=A"-61-20=0,
-2 =2-A
Ay = 6+\2/116 50,0, = 6—\2/116 <0,

Kak BuamM, He Bce COOCTBEHHBIC YHCIA MOJIOXKUTENBHBI. ClemoBa-
TEeIbHO, MaTpula l'ecce — HE MOJOXKUTENBHO ONpeleieHHas. Meron
Hprorona pacxoaures.

3.3.4. Memoo nepemeHnHOl MempuKu
(memoo /lesuoona)

Kak ObLI0 OTMEYEHO BEIIIE, MCIIOIb30BaHHE MeToja HbioToHa CBs-
3aHO C HEOOXOIMMOCTBIO BBIYHCIECHUs MaTpuibl ['ecce mcciemyemoit
GYHKIMA W TIOCIICAYIOMIETO OOpaIleHuss dTOW MaTpHIll. Bo MHOTHX
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CITyYasix BBIYMCIICHHE MaTpUIlbl ['ecce MOKET OBITh CBSI3aHO C OOJIBIIH-
MU TPYAHOCTSIMH (HAIpuUMep, OHa MOXKET OBITh MOJy4eHa TOJIBKO YHC-
JICHHBIMH MeTojaMH). KpoMe TOro, M3BECTHO, YTO YHCIO YMHOKECHHUH
mpu 0OpallleHuu MaTpUIlbl pazMepa [n X n], MPUOIM3UTEIHHO, TPOTIOP-
IMOHATIBHO 71°, YTO MPEACTABIAET CO0O0i GOIBIIYIO BETHUMHY YK TPH
OTHOCHTEIHHO HEOOIBIINX 3HAYCHUSX /1.

PaccmoTpumM MeTO 1, TO3BOJSIONIMY OOOUTH YKa3aHHBIC BBIIIEC TPY/-
HOCTH. B Tex ciydasx, Korja ecTb BO3MOXHOCTh BBIYMCIIEHHS TpaiieH-
TOB, METOJ TEPEMEHHON METPHKH OKa3bIBaeTcs Hambosee 3pQeKTrB-
HBIM (T.€. OH OTHOCHUTCS K TPYyIIE€ METOAOB MEPBOro MOpsijaKa, HO CO-
XpaHSET BBICOKYIO CKOPOCTh CXOAMMOCTH MeTojia HproToHa U, mo 3Toit
MPUYUHE, OTHOCUTCS K KBa3MHHIOTOHOBCKHUM METOJIaM).

OcHoBHas uTepanronHas Gopmysia METOIa UMEET BU:

X1 =X =MV (X)), (3.14)
rzIe 1; — MaTpHla, anmpoKcuMHpyomas odpaTHyro Marpuiy ['ecce, a
Aj — LIar, KOTOPbIH BHIOMpAETCs MyTeM MUHMMH3AaLUK (YHKIHUU B Ha-
MpaBIECHUH (— N VS (x4 )).

Kcratu, dopmyna (3.14) sBnsercs oOmiel uis rpalueHTHBIX METO-
IoB n Merona HproToHa. B MeTone HaMCKOpEHIEro CIycka poib 1)y

UrpaeT eIMHUYHAS MaTpULa, a B MeTojie HhioTOHA — 00paTHas MaTpuia
I'ecce.
B paccmaTpuBaeMOM MeTO/E MaTpHIA 1); BBIYUCISIETCS IO PEKyp-
peHTHOU Gopmyie:
Npyt =N + 4 = By, (3.15)
TIe

_ A (A" _ A (Ag) "
Ak - — T — ) Bk — — T — Py
(Ax;) Agy (Agy) MiAgy
AXye = Xjep1 = X
Ay = Vf (Xp11) = Vf (%)
B kauecTBe HavanpHOTO 3HAYEHHS T, VI OpraHU3AaLUH PEKyp-
pentHoro npouecca (3.15) npunumaerea M, = £, rie £ — eauHuuHasd
marpuia. Takum 00pa3oMm, HaYaIbHOE HAIPABICHUE MOMCKA IKCTPEMY-

Ma COBIIAJAaCT C HAIIPAaBJICHUCM IOUCKA B MCTO/IC HaHCKOpCﬁH.ICFO cyc-
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Ka, TIPH 3TOM B X0/i€ PabOThl AJITOPUTMa OCYIIECTBISIETCS IOCTETICHHBIH
epexo] K HBIOTOHOBCKOMY HAIIpaBIIEHUIO. J[0Ka3aTENIbCTBO 3TOTO MO-
JKeT OBITh JaHO JIMIIb JJIsl KBAIPATUIHOU (DYHKIIUH

f(X)=a+ XT5+%YTQX

C TIOJIOKUTENBHO ompeseeHHoit matpumein ['ecce Q. Oxa3piBaercs,

YTO POJIb MaTPUIBI A; COCTOUT B TOM, YTOOBI 00ECHEUUTH CXOAUMOCTD

MaTpHLbl 1My, K oOpaTHO# mMarpuue ['ecce Q_1 , @ poJIb MaTpuLbl B; B
TOM, 9TOOBI oGecneanb TTOJIOKUTCIIbHYIO OIPEACICHHOCTE MaTpPHIbI
N+ ¥, B TIpeelie, NCKIIOYUTh BIMSHHUE IPOU3BOJIBHOTO 3aaHUs Mart-

PHIIBL 1| .
JeicTBUTENBHO,
no = £,
m=E+4,-B,
Ny=m+4,—-B=E+(4y + 4)—(By + By),

k k
Mgy =E+4; =2 B;.
i=0 i=0

B ciydae kBagpatuuHoi GyHKUMH, cymMMa MaTpull 4; (i = Lk ), Ipu

k =n—1, paBHa oOpaTHOW MaTpuIe Q_1 , @ cyMMa MaTpull B; paBHa
MaTpuue E . DTo Jerko A0Ka3aTh, €ClId B Hayalle M0Ka3aTh C MOMOIIBIO
MaTeMaTU4IeCKOM MHAYKIUH, YTO BbIpaOaThIBa€Mble METOJIOM JleBunoHa
BEKTOPBI HampasieHut Ax,, Ax,, ..., Ax,_; o0pa3yroT MHO)kecTBO (O -
COTIPSKEHHBIX BEKTOPOB.

JlaHHBIA METOI MOJKHO pacCMaTpyBaTh Kak OJJMH U3 BAPUAHTOB METOa
COTPSDKEHHBIX HampasieHud. OH pelaer 3afady MUHMMH3ALWU KBajapa-

THYHOM (DYHKIMH 32 KOHEYHOE YHCIIO LIAroB, HE MPEBOCXOISIIEE 71 .
n-1 |
[okaxem, uto » A, =07 .
i=0

U3 coortHomenwuii (3.15), yautsiBast, uto Vf(X) = OX + b , moimydnm:

Agy =V (X)) = VI (X ) = O(xpy1 — %) = OAX, -
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HpI/IHI/IMa}I BO BHUMAHHUC MMOCJIICAHEC BbIPAKECHUC, MOKHO 3alluCaTh:

n-1 n-1 M[ (A)_Ci)T
S |5

Par 0 (AY,)"T OAR,
PaCCMOTpI/IM BBIpAXXCHHUC

ZA OAX; nZle(Ax) oY, (3.16)
= (AF)ToAR, '

Tak xak Bekropa AX;, AX; (i, ] =lni= Jj) — B3aUMHO COIIpSIKEH-
HBIE, TO Bce ciaraemele B (opmyne (3.16), kpome j-ro ciaraemoro,
paBHBI HYJIIO.

Taxum 00pazom, noxy4aem:

n-1 AX ; (M)TQA)_C
2 4; |OAT; =— ———L =A%,
j= (Ax j) OAx j

n—
O4eBuIHO, TAKOE BO3MOXKHO TOJBKO, €CIIU z

n-1

TaksKke HETPYIHO J0Ka3aTh, 4T0 » B; = E .

i=0

Meton nepeMeHHOW METPHKH, TaK K€ KaK M METOJ COMNPSIKEHHBIX
HarpaBlieHHH, TpeOyeT, 4ToObl HaxOXJCHHE MUHHUMyMa (QYHKIHH Ha
JJAHHOM HalpaBlIeHUU OCYIIECTBISUIOCh OYEHb TOYHO. B mpoTuBHOM
Cllydae HalpaBlIeHHS MoUcKa He OyayT () -CONpsKEHHBIMU.

Ecnu cpaBHUTH METOJ| MEPEMEHHON METPUKH C METOAOM COTPSKEH-
HBIX TPaJMEHTOB, TO OKA3bIBAETCS, YTO IMEPBbIH 00eCIIeUNBAET CYIIECT-
BEHHO OoJiee OBICTPYIO CXOAMMOCTB, YeM BTOpPOH, HO B Oombiueil Mepe
MOJIBEP’KEH BIMSHUIO OMMOOK BBIYHMCIeHHNA. [loaToMy wacTo mCmoib-
3YIOT METOJI IEPEMEHHON METPUKHU CO Cienytolield Moaudukammei: ue-
pe3 KOHEYHOE YHCJIO IMaroB (OOBIYHO 72) OCYIIECTBISIIOT OOHOBJICHHE
MaTpHuUbl 1), T.€. MOJaraloT M, = £ ¥ mpouecc HaunHaeTcs, Kak Obl,
cHadana. Ha puc. 3.26 mpuBeneHa Onok-cxema MeToOJla MEPEMEHHOMN
METPHKH C IIEPUOANYECKUM OOHOBJICHUEM MaTpPULIBL 1) .
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BXO/JI

HcxoiHbIe JaHHBIE:

SV (%)%, €

30ech:
X, -apryMeHT B Haualle UTePaLUH;

X — QapryMeHT B KOHLE UTEpalIUU;

v Jo =) fT=M(x)-

k = lE A" — 3HaueHwe A, JOCTaBIAIOLIEE
%f: Vr(%,) OJITHOMEPHBIH MUHHMYM;

k — HOMep uTepanu.

Haiitn 7
A =argmin £ (X, - Anf,")
F=5, - A0,

Y

BBIXOJT

n==FE
k=k+1

v

Ax =X-X,
Ag =f(f)'—f0'()?0)
v

Beruuciauts
HOBOEC n

v

k=k+1
IA

X, =X

f'=1

Puc. 3.26. bnok-cxema MeTo/1a IEPEMEHHOI METPUKH
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3.4. MuanMu3anus GyHKIUIA ¢ orpaHnYeHUsIMHU

IIpu dopmynupoBKe peanbHBIX 3a7ad ONTUMHU3ALUK OOBIYHO NPH-
XOAWTCS HAa IEPEMEHHBbIE HAK/IaIbIBaTh HEKOTOphbIE OrpaHuueHus. B
pe3yJbTaTe TOUKW X BBIOMPAIOTCS HE MPOM3BOJIBHO, a JIUIIL U3 HEKOTO-

poro noamuoxkectBa X mpocrpanctBa R”. IMoamHOokecTBO X 00bIY-
HO 3aJjaeTCsl HEABHO CHCTEMOM yPaBHEHUH OTpaHMUYCHHH, KOTOpas co-
CTOWUT U3 OTPaHWUYMBAIONINX PABEHCTB, HEPABEHCTB MM TEX M APYTHUX
BMECTE.

MuoxxecTBO X HAa3BIBAIOT JOIYCTUMOM 00JIACTHIO, @ TOUKY X € X —
JIOTTYCTUMBIM peIIeHUEM.

Wrak, 3a1a4a COCTOUT B CIETYIOIEM:

HaiiTh min( f (X)) mpu orpaHUYEHHUAX

g;(x)<0, i=Lm. (3.17)

3.4.1. Memoo wmpagpnvix gynxyui

Tak kak MUHUMH3aLUUS (QYHKUMH Oe3 OrpaHMYCHUI TpeACTaBiseT
co0oii OoJjee Jerkyro 3ajady, YeM MHUHUMU3AIUS C OTPAaHUYCHUSIMH, TO
€CTECTBEHHBIMH SIBIISIOTCS TIOMBITKY TPE00pa3oOBaHus 3a/a4 C OrpaHu-
YeHUSIMHU B 3a7adn 0e3 orpanmdeHuil. CyIliecTByeT HECKOJIBKO CITOCO-
00B Takoro npeoOpa3zoBaHusl. B HEKOTOPBIX Cilydasx Uil UCKITIOYCHHUS
OTPaHWYCHUM, HAKJIA/IBIBACMBIX Ha X , MOXKET OBITh MCIOJIb30BAHA TIPO-
cTas 3aMeHa NepEeMEHHBIX.

Hamnpumep, ecnu ckanspHas mepeMeHHass X OrpaHUYEHAa YCIOBHEM

|x| <1, TO MOXHO UCIOJIb30BATh CIIEAYIOILYIO 3aMEHY ITE€PEMEHHOM:

x=s8in® wmm x=cos0.

Ecnu mepeMenHass x orpaHuueHa ycioBueM x >0, TO CHATh Orpa-
HUYCHHUS MOXKHO 3aMEHOHM X = y2. IIpu 5TOM mepeMeHHass y He orpa-
HUYCHA.

Ecmm a <x<b, To Bo3MOxHa 3amMeHa: X =a+(b—a) sin?0. Dt

MPUEMbl UMEIOT OTPAaHHYCHHOE NMPHUMEHEHHE, TeM HE MEHEe UMH IIpe-
HeOperaTh HeJb341.

Bonee mmpokoe mpuUMEHEHHE MOJIy4MJI, TaK Ha3bIBAEMBIH, Memoo
wmpaguoix @ynxyuil. IT0 OOUH U3 HanOOJIee MPOCTHIX U IIHPOKO M3-
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BECTHBIX METOJIOB PEIICHMS 3a7ad HEJTMHEHHOTO MpOrpaMMHUPOBAHHA.
OcHOBHasl ujes METO/la COCTOUT B MPHOJMKEHHOM CBEJICHUW 3aJIa4H
MUHUMU3AIHN [IPH OTPAHUYCHISIX K 3a/laue MUHHMHU3AIMA HEKOTOPOH
¢yHkuuu 6e3 orpanumueHuid. [Ipym 3ToM BcmomorartenbHas (QyHKIHS
noJ0upaeTcs Tak, YTo0bl OHA COBMAAa ¢ 3aaHHONH MUHUMH3UPYEMOH
(hyHKIMEH BHYTPH IOMYCTHMON 00JacTH M OBICTPO BO3pacTaia BHE ee.
BcrnomorarenbHass QyHKIUsST TpEACTaBIsSET COOOH CyMMy MUHHMH3H-
pyemoii GyHKIMH 1 GyHKIHMH Tpada:

Fx,D)=fX)+2vi(g: (X)),
i

e [ - HEKOTOpBI BEKTOPHBIA MapaMeTp [ = {l,-}, i =1,_m;
v;(g;(x),1,), i=l,m — ¢yHkums wrpada, Kotopas oOmamaer cie-
JIYIOIIIMM CBONCTBOM:
. _ 0 mpu g;(¥)<0, i=1m;
lim (y;(g;(x),/;)) = '
li—>0 +00 B TPOTUBHOM CIydae.

Ipu TakoMm 3amanmn wrpadusx Gyskumii F(X,/) B obmactn X
ommsko ¥k f(X), a BHE oOyactd X 3Ta QYHKIUSA MPUHUMACT OOJIBIITHE

3HAYEHUS.
Unest merona mrpadHeix QyHKIUH COCTOMT B TOM, YTOOBI BMECTO

samgaun (3.17) paccMaTpuBaTh 3amady MEUHEMK3anEd GyHKman F(X,])
npu Oonpiux /; .
B obmewm cayuae F(X, ] ) cTpouTCs TaK, 4ToObl OHA ObLIA [IAIKOW U

ObLIa BO3MOXKHOCTD MPUMEHUTH OJMH U3 OBICTPO CXOMSIINXCS METOJIOB
MUHMMU3AIMX QYHKLIUI 6e3 OrpaHn4YeHU.

Hampumep, mrpadHas QyHKIUS MOXKET OBITH NOCTPOSHA KakK B3Be-
IICHHAs] CyMMa KBa/IpaTOB HEBS30K

F&ED) = f(X)+Y1L0°(g;(%),
i=1
rjae
_ g;(x),ecmn g;(x)=0, i= 1,711;
o(g;(x))=
0,ecn g;(X)<0, i=1m.
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3amena pemenus 3aaauyn (3.17) MuHuMmE3anmend GyHKIuH F (x,1)

npu GOMBIIEX | TO3BOISET MPHOTHU3HTHCS K PEIICHHIO HCXO/HOM 3a/1a-
YH.

OpHako 37ech BO3HHUKAIOT CIEAYIONIME BBIYUCIUTEIBHBIC TPYIHO-
CTH.

1. Eciu gynknum g;(X) — HeBblmykisle, To F(X, [) Taxxe He GyeT
BBIMyKJIO 10 X . IloaTomMy oHa MokeT 00nanaTh JOKAJbHBIMH MUHH-
MyMmamu. Tak Kak Bce M3ydeHHBIE HAMH METOJbI MpeAHAa3HAYESHBI IS
HaXOK/ICHUsI JJOKATBHOTO MUHAMYMA, TO TP IJIOXOM HAYaIbHOM TIpH-
OmmxeHHM X, OyleT HaiilieH JOoKaabHbl MUHUMYM (yHKIuHn F(X, I,
HE COBIAAAOINI ¢ MUHUIMYMOM HCXOJHOH 3a7a4u.

Ecmu ¢ysxuun g;(x) — BbUIyKIbIE, TO F ()_c,l_ ) Takxke OyIer BbI-
MyKJION W JaHHas MpobiieMa yCTpaHsIeTCs.

2. JIns monydeHUs XOpoIIero MPHOMMKEHHS clemayeT Opath OOJb-
mme 3Hadenns [ . IIpu 3TOM BCe MPOM3BOAHBIC IO X TAaKKe OyayT
GoMbIIMY, U60 OHM MPONMOPLUOHANBHEI [ . OIHAKO 3TO MPHBOMMT K
YXyALIEHUIO CXOIUMOCTH METOIOB 0€3yCIOBHON MHHMUMH3aUWHU (rpa-
JUCHTHBII METOJI, METO/ CONPSKEHHBIX TPAJUECHTOB U APYTHE METOMBI,
WCTIONIb3YIOIINE TIEPBYIO MPOU3BOIHYI0). OKpECTHOCTh, B KOTOPOU Me-
TOJBI 00JAAIOT BBICOKOH CKOPOCTBHIO CXOIUMOCTH, CTAHOBHUTCS OUCHb
MaJICHbKOH.

3. Oynkuusa F (X, [) B TOUKax X, VISl KOTOPBIX g;(x)=0 mpu He-
KOTOPBIX [ HE MMEET BTOPBIX MPOU3BOAHEIX, T.C. TPAIHCHT B ITUX TOU-

Kax uMmeeT pa3peiB. Ho ecru perienue ¥ Jjexur Ha TpaHuIle J0MyCTH-
Moi obsacT (a 3TO OBIBAaET 4acTo), TO BOZHHKAET TPYIHOCTh CO CXO-
JUMOCTBIO, TaK KaK BCE OBICTPOCXOAIICECS METOIbI TPEOYIOT HATHYHS
Y MUHUMH3UPYEMOH (YHKIIMHM BTOPBIX MPOU3BOAHBIX, N0 KpaiiHel Me-
pe, B HEKOTOPOH OKPECTHOCTH TOYKH.

Bce ykazaHHBIE TPYyAHOCTH, KaK MPaBUIIO, MPOSBISIOT ceOs B Mpak-
TUYECKHX pacderax, 4YTo CHmkaeT 3((EeKTUBHOCTh METOA.

225



3.4.2. Memoo @uakko u Mak-Kopmuka
(memoo bapvephvix ynKyuil, Memoo eHympenHei mo4uKu)

OTOT METOA OCHOBAH Ha Hjee, OMM3KOH K MeToAy mTpadHbIX (QyHK-
U, TP 3TOM B HEM HCIOJIb3yeTcsl WHas (opMa 3alucH BCIIOMOTa-
TEeTHLHOW (PYHKITHH.

Wrak, Hamo Haiitu min f(X¥) npu orpanudeHusx g;(x)<0, rue

¢byHKIMN g;(X) — BBILYKJIbIC U AOIyCTHMAs 00JacTh HE IMyCTa.
CocraBUM BCIIOMOTATENBbHYIO (QYHKIIHIO

FGA) = f(7) -k —

—, k>0.
i-18;(X)

Korma X npuOmrkaeTcst K rpaHuiiam oosnactd X (M3HYTpH), 3HaYE-
HUS, IO MEHBIIEH Mepe, OAHOW W3 OrpaHUYMBAIOIIUX (QYHKIUH MpH-
OmwkaroTcs U3 001acTH OTPULATENBHBIX 3HAYEHUH K Hyno. B 3Tom
cinyvae K QyHknuu f(X) moOaBiseTcs: OOJbINas MOJIOKUTENbHAS BEIU-

gpHa. [Ipn k& — 0 muamMyMm QyHKIHH F(X,k) CTpEeMHTCS K MUHUMY-
My GyHkmuu f(X) ¢ orpaHudeHusIMH g;(X) < 0.
JInist TOBBIIIIEHUS] TOYHOCTH BaXKHO BHIOMpATh Mallbie 3HAUCHHS K .

OpHako Mpu MaJIBIX k HeOONbIIME U3MEHEHHS X NPHUBOIST K PE3KUM
u3MeHeHusM QyHkuuu F (X, k). JIpyrumu clioBaMu, U3MEHEHHsI TPpaJii-

edra F(x,k) BONMM3M rpaHMIl JONMYCTHMOW 00JacTH cTaHOBATCS Oojee

PE3KUMU. 910 3aTpyaAHACT NOMCK MUHUMYMaA U 3HAYUTCIIBHO CHMXKACT
OEHHOCTh METO/Ja.

3.4.3. Memoowvt 603MOIHCHBIX HANPAGTICHUTL

Metobl BO3MOXKHBIX HAMpaBJICHHH — Haubosee WCCIe0BAHHbIH
KJJaCC METOOB BBIMTYKJIOTO INPOrpaMMHUpPOBaHUS (3a7add BBIMYKIOTO
MPOrPaMMHUPOBAHMSI — 3TO TAKUE 33J[a4d HEIUHEHHOTO MPOrpaMMHUpPO-
BaHUsI, B KOTOPBIX LeNeBbIe QYHKIMU U QYHKIUU OTPAHUYCHUHN BBIMYK-
ne1). [TonpoOHOE onmcaHWe JaHHBIX METOMIOB OBLIO TIPOM3BEICHO B pa-
Ootax 3oHTeHACHKA.

X0Ts CXOIUMOCTb K TII00ATbHOMY MHHUMYMY MOJXKET OBITh J0Ka3aHa
TOJILKO B CIIyYasX 3aJ1a4 BHITYKJIOTO MPOrPaMMUPOBAHHS, TEM HE MECHEE

226



METO/IbI BO3MOXKHBIX HAIlPaBJICHUH CXOIATCA K JIOKAILHOMY MUHUMYMY
¥ B IPIMEHEHNH K 3a/[adyaM HEJIMHEWHOTO IMPOrpaMMHPOBaHUs BOOOIIE.
PaccMOTpHM CYITHOCTB ATUX METO/OB.
HmeeM 3a1auy HEJIMHEHHOTO MTPOTPaMMHUPOBAHUS:
HaiiTh min f(X) npu orpaHUYEHHIX

g:(¥)<0, i=Lm,

rae g;(x), f(X) —HenpepsiBHO auddepeHupyemble GyHKIUN.
[MocnenoBaTenbHOCTh TOYEK OyneM, KaK BCeria, CTPOMTh [0 UTepa-
IMOHHOH popmyie
fk+l ka +7\'k ‘Sk'

Kak u3BecTHO, UMes JOMYCTHMYK) TOYKY X, YJOBJICTBOPSIONIYIO
BCEM OTPaHUYCHUSIM, HEOOXOUMO TIPUHSTD JBA PEIICHUS:

1) BEIOpaTh HampaBJICHHE S, KOTOPOE IOJDKHO OBITH 8O3MOJMCHBIM U
npuemnemMvim, T.€. HA 3TOM HAIMPAaBJICHUH JOJDKHBI JISKATh TOUKH, TPH-
HaJUIeXale IomycTUMON obmactu X (BO3MOXKHOCTB), W (PyHKIHS
f(X) momkHa B 5TOM HanpaBJIeHUH yObIBATh (IPUEMIIEMOCTB);

2) pemmuTh, KaKOW BEIMYWHBI IIar OJDKEH OBITH ClejlaH B BhIOpaH-
HOM HarpaBJieHHH S .

BooOmie roBops, CyIiecTByeT MHOTO BO3MOMKHBIX M TPHEMIIEMBIX
HaIIpaBJICHUMN.

[Ipu BbIOOpE «TyuIlIero» HampaBieHHS S, T.e. TAKOTO, B KOTOPOM
¢yHkuuss yOpiBaeT B HaWOOJbLIEH CTENEHH, MHHUMH3HPYIOT
<Vf(x),S >.

OyHKIMs yObIBaeT B HANpaBICHUH S, €CIU 3TO CKAJSPHOE MPOH3-
BEJICHUE MEHBINE HYJISI, T.. HampaBieHUEe S 00pa3yeT OCTPHIHA yroi c
anTurpagueHToMm (puc. 3.27).

Puc. 3.27. K BBIOOpY [OITyCTUMBIX HAaNpaBICHUI

227



Bynem nomarate, 4TO B TOYKE X HMEETCS XOTS Obl OJHO aKTHBHOE
orpaHnuuBaroniee ypasHenne g(x)=0, Opu 3TOM TOYKa X JICKUT Ha

rpaHyLe OOMYCTUMOHM oOnacTH. B mpoTHBHOM ciydae HeT mpoOneMm c
BBIOOPOM HAIIPABJICHUS — 3TO AHTUIPAIUCHT.

[Ipenmonokum, 9TO AHTUTPAAWEHT HE SBISETCS BO3MOXKHBIM Ha-
MIpaBJIE€HUEM, TO €CTh MIPU JBMKEHUHU [0 HEMY HapyIIaeTcs, Mo KpaitHei
Mepe, OJJTHO OTPaHUYMBAIOIIEE YPaBHEHHUE.

Ecim orpannumBaroliee ypaBHEHUE JIMHEHHO, TO «JIy4dILEe» HaIpaBie-
HUe S ToydaeTcs mpoekmueil Bektopa — Vf (X) Ha MHOrooOpasme, Xa-

pakTepu3yeMoe JIMHESHHBIM OrPaHUYMBAIOIINM yYpaBHeHHEM (pHc. 3.28).

- Vf(¥)

? yMmeHblieHne f(x)

X — nomycrumas

o0JacThb

Puc. 3.28. I[Ipoekius aHTUTpaJUeHTa HA AKTUBHOE OrpaHU4eHHe

Ecnu akTuBHOE OrpaHMYMBaIOLIce ypaBHEHUE SIBISICTCS HEJTMHEH-
HBIM, IIpo0seMa BbIOOpa HampaBlieHHS CTAaHOBUTCS ciioxkHee. [lommmo
ycnoBus < Vf(X),S >< 0 (uBwkeHHe B CTOPOHY yMeHbleHHA f (X)),
JIOJDKHO YIOBJIETBOPATHCS ycioBue < Vg(X),S >< 0 (mBmxeHHE B CTO-
poHy yMeHblIeHus1 g(X) ), rae g(X) — akTUBHOE OrpaHHYHMBaIolIee He-
paBeHCTBO (puc. 3.29).

Bo3MOXHBIMM ~ ABISIFOTCS ~ HampaBieHMs S, I KOTOPBIX
<Vg(x),S >< 0 (mpu ycrnoBuu BITyKIOCTH g(X) ).

OxkaspIBaeTcs, 4TO MPH BBHIOOPE BO3MOXKHOTO HAMpPABJICHHUS HY>KHO
IPUHUMAaTh BO BHUMaHHE HE TOJIBKO OIPaHUYCHUS, KOTOPbIE B JaHHOW
TOYKE BBIIOJIHSIOTCS TOYHO, HO U TE€, KOTOPBIC BBITIOJIHSIOTCS «IIOYTH
TOYHO», TaK KaK B IPOTUBHOM CIIy4ae MOXET MPOU30UTH CKOJIb YTOJHO
CHJIbHO€ W3MEJIbYEHHE Iara BJAJIM OT TOYKM MUHHMyMa. [Ipu 3Tom
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npolecc He 00s3aTenbHO OyJeT NMPUBOJAUTH B TOUYKY MUHHUMyMa. DTH
CO000paXKeHUs BKITIOYECHBI B aJITOPUTM BBIOOpA HAIIPABIICHUS.

Ag(x)

X

KacarenpHas mnockocts k g(x) =0

g(X)=0 S

X(g(x)

Puc. 3.29. Bri6op BO3MOKHBIX HalpaBICHUI
NIPH HEJIMHEHHOM OTPaHHYHMBAIOIIEM YPaBHEHUN

Bo3MoxxHOE M mpuemsieMoe HampaBlIeHUE S noayuaemcsi nymem
pewenus credyloueli 6CnOMO2amenbHoll 3a0ayy YCI08HOU ONMUMU3A-
yuu:

HalTH max{(p(cr, S)= G} MIPYU OTPaHUUYECHUSIX:

<Vg;(x),§>+0<0, iel,;
<Vf(x),S>+5<0.
<S,§>=1.

B nanHnoii 3amaue [, = {i —£<g;(X¥)<0; O<e<< 1}, T.€. MHOXe-
cTBO [, BKIJIIOYAET B ce0s MHJIEKCHI «IIOYTU AKTUBHBIX» OIPaHUUYEHUIA,
3HAYCHHUS  KOTOPBIX HAXOIATCS B €-OJM30CTH  OT  TPAHMIIBI

OdYeBUAHO, €CITHU TIOAYyYEHHOE B pPE3yJIbTaTe PCEIICHUS BCIIOMOTa-

TEJIBHOM 3aJayd MakKCUMalbHOe 3HadeHue o >0, To cMelleHue B Ha-
MpaBlieHUH S MPUBOJUT K YMCHBIIICHUIO 3HAUCHUs QyHKIMH f(X), 94TO
CJIEyeT U3 BTOPOTO YCIIOBHUS B OIPaHMUYCHHIX BCIIOMOTATENIbHOM 3aj1a-
4YM, U HE HapyLIaeT HUKAaKUX OIPAHMYEHUN OCHOBHOH 3aJa4d, 4To Clie-
IIyeT W3 TIEPBOTO YCJIOBUS B OTPAHWUYEHUSX BCIIOMOTATCILHOW 3aadm.
[locnenHee orpaHnYeHne — 3TO YCIOBHE HOPMHUPOBKU BekTopa S . Ya-
e BCEr0 ATO OrPaHUYCHUE 3aMCHSIOT cleayonmm: —1<g ;< 1,
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j=Ln, s; — sneMeHT Bekropa HampaBieHus S. Takum oOpasom,

J
BCIIOMOTaTeNbHAs 33/7a4a CTAHOBUTHCS 3ajadell JTMHEHHOTO Mporpam-
MHUPOBaHUs, Ui pEIIeHUs KOTOpPOH CYIIECTBYIOT KOHEYHO-IIaroBbIe
METOJIbI (CHUMILIEKC-MeTO/Ibl). Hen3BecTHRIMU TTapamMeTpamMu B 3TOH 3a-
Jlade JIMHEHHOTO MPOTrPaMMUPOBAHUS SIBIIIIOTCA G, U AJIEMEHTBI BEKTO-
pa S (81,80,---,5,).

PaccmoTpuM ofuH M3 anTOPUTMOB METOAA BO3MOXKHBIX HampabJe-
HU.

B kauecTBe HauyaJIbHOrO HPUOJIIKEHHS X, MOXKET OBITh BhIOpaHa
nro0as Touka MHOXKECTBAa X , a €, BbIOMpAIOT U3 UHTEpBaJIa (O, 1].

[TycTs B pesynbraTe k-if UTEpaluy BBIUUCIEHBI X, U € . Onuiiem
k +1 wuteparuio.

1. PermmTh BcmomoratenbHyIO 3a1ady W BBUMCIHTE G, 20 m S,
(ecnu I, mycro, T.e. X; — BHYTPEHHs TOYKa, TO S COBIAJAET C aHTU-
IPaJleHTOM).

2.Ecmu G, >¢€;, TO NepeiTH K BBIYUCICHUIO BEIMYMHBI IIara Ay .

DT0 MOXKHO c/IeNaTh OJHUM U3 IByX CIOCOOOB:

a)permas  3amadyy  OJHOMEPHOW  MUHUMH3ANMH  (YHKIHH
o(A) = f(X;)+AS;, mpuueM A JODKHA JIeKaTb B HUHTEpBAle
0<A<A,on- 30€Ch A o — pacCTOSHUE OT TOYKU X; 10 Ommxaimeit
N0 HAmpaBJICHWIO S; TOYKM TPaHUIBl MHOXecTBa X, T.e. TOYKa
V=X +A

nondx TPUHAUICKUT TpaHule MHOkecTBa X (eciau Jjyd

Xp + A oSy HE IEPECEKAETCs ¢ TPAHMLEH, a TIOJHOCTBIO NPUHAUIEKHUT
MHOXKECTBY X , TO A, =+00);

0) uncno A, MOXHO BBIOpaTh Tak, 4yToObl pyHkuus f(X) ObLia B
TOYKE Xj,; MEHBIIE, YEM B TOUKE X .

Hampumep, B kauecTBe A, MOXKHO B3AThb HamOOJbIIEE U3 UHCEI,

yZ[OBHeTBOpS[IOH_H/IX COOTHOLICHUSM.
_ _ 1
SO = S + 2, Sy) 257%01( ,

0<h, <A

o *
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ITocne ompeneneHust A; BBIUUCIUTD Xj, = X; +A,S;, MOIOKUTH
€441 =€, M IPEHTH K 1mary 1.

3.Ecimn 0 <o) <€, TO MONOXKUTD X, =X, €44 =7YEg, IIC Y
yaosiaeTBopsieT ycnosuio 0 <y <1, u nepeiitu k mary 1.

E
4. Ecmn o, =0, TO BBIYUCIUTD G, PEIIUB BCIIOMOTAaTENIbHYIO 3a-

*
naay ¢ €=0. Ecim o, =0, To mpouecc noucka TOYKH MHHAMYyMa 3a-

—* — — —
KOH4eH (X =X;). B DNpoTUBHOM cilydae HONOXKHTb Xj,. =X,

€441 = Y€, W IEpElTH K mmary 1.

*
3ameuanue. Yciosue G, =0 sBisercsd HEOOXOAUMBIM M JOCTATOYHBIM YCIOBHEM

ONTUMAIBHOCTH TOUKU X , 9TO JOKa3bIBACTCs C ITOMOIIBIO crieraabHON TE€OPEMBI.

3.4.4. Memoo npoexuuu zpaduenma

B cnyuae 3amau 0e3ycioBHOM MHHHMMH3ALMU BEChbMa paclpocTpa-
HEHHBIM SIBJII€TCA METOJl TPaAMEHTHOro ciycka. OmHako A 3ajad ¢
OrpaHUUYEHUAMHU HAIPaBJIECHUE BJAOJIb AHTUIPAJUEHTa HEO0OA3aTENIbHO
ABIETCS BO3MOXKHBIM. B ciydae, korna MHOKeCTBO X BBIIIYKJIO, Ul
OTBICKAaHUS HANPaBJICHUS B TOYKE X; HAIPAIIMBACTCS! MBICIb CIPOEK-
THPOBAaThb TOUKY ; =X; —V;Vf(X;) (v, — HekoTopoe (HUKCUPOBaH-
HOE IOJIOKUTEJIBHOE YHUCII0) Ha MHOXKECTBO X U B KaueCcTBE HallpaBlie-
HUS CIIyCKa B3Th S = P — X; , TA€ p; — NPOEKUHMSA TOYKU ) Ha J0-
myctumoe MHOXKecTBO X (puc. 3.30). [Tocie 3Toro Hamo OCYIIECTBISAThH
CILyCK BJOJIb IIOJYYEHHOIO HampasiieHus. Beinmykinocts MHOxecTBa X
rapaHTUPYET, YTO TAKOE HalpaBieHUe S; SBiIAETCS BO3MOXHBIM. Ipo-
eKIMs TOYKM ), Ha MHOXECTBO — Oykaimias K ), TOYKa 3TOro
MHOXECTBA.

Wtak, MeTo MPOEKUUH T'PaJUeHTa COCTOUT B BBIYMCICHHUH MPOCK-
OUN P, TOYKU V; =X; —V;Vf(X;) Ha MHOXXecTBO X U B BbIOOpE IlIa-

ra A, TakuM o00pa3oM, 4TOObl B TOUKE X, =X, —A;S;, TOe

S} = DPr —X;, BBHIIOIHAIOCH YCIOBUE [BHXKEHUS K MHHUMYMY
(S Fp) < S (X))
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Puc. 3.30. Onpenenenue HanpaBIeHNUs B METOJIE IPOESKIIUHU IPAAUEHTA

B 3aBucumocTtu 0T ciocoba BLI60pa mara 7\./( MOJXHO ITOJIY4YUTb pa3s-

JMYHBIC BapUaHTHl METOJA IMPOEKLUH IpajueHTa (MOKHO HCIIOIb30BATh
OJTHOMEPHYI0 MUHMMU3ALMIO U T.1.).
VYcnoBueM mpeKpaleHus mporecca sIBIseTcsl YCIOBHE Py = X, , KO-

TOpOE SBISAETCS HEOOXOIUMBIM M JOCTATOYHBIM YCIIOBHEM TOTO, YTO
TOUYKA X; — TOYKAa MUHMMYMa (JIOKa3bIBAE€TCS C IOMOILBIO CIIEUAIbHOI
TEOPEMBI).

Hanpumep, p, =X, ecnmn Vf(x;) =0, Tak Kak Toraa y, =X, "
HET HepeMElLeHUs U3 TOUKU X, . AHaJOrMyHas CUTyalus BO3HUKACT,
€ClIU X; JIEXKMT Ha I'PaHULE U TPAJUEHT OPTOTOHAJIEH IPAaHULIE AOILyC-
TUMOM obnactu (puc. 3.31).

- V/(x)

Puc. 3.31. Hanpasnenue rpagueHTa coBNaaaeT ¢ HalpaBIeHUEM IpaiueHTa
K IpaHHIe JOMyCTUMOM obnacTu

Jis Toro, 4ToOBl HAaWTH HPOEKLHUIO TOYKH ); Ha MHOXECTBO X ,

HEOOXOMMO PEIIUTh 3aJady MHUHUMHU3AIUNA KBaJPaTUIHOH (QYHKITUH
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- 2 — .
|| Vi — x” Ha MHOXecTBe X (T.e. X € X ) — TeM cambIM OyzeT HalizieHa

Ommkaimas Ky, Touka MHOxkecTBa X . B oOmiem ciydae sTta 3amava

TOTO € MOPAJIKA CII0KHOCTH, 4TO U UcxoaHas. [ToaToMy MeTonoM mpo-
eKIMHM TpaJueHTa OOBIYHO IOJIB3YIOTCS JIMIIB B TEX CIydYasxX, KOrjaa
MIPOEKIUS TOYKH Ha MHOYKECTBO JIETKO OIPEIEIIAETCS.

Hanpumep, xoraa MHOXecTBO X TpeacTaBisieT coOO# map WiH ma-

paenenunen B E” , TUNEPIUIOCKOCTD WM TIOJNYIPOCTPAHCTBO. B 3TOM
clyvae 3ajaya IMPOECKTUPOBAHUS TOYKU PEUIAETCsl MPOCTO U B SIBHOM
BUze. B yacTHOCTH, 3TO MMEET MECTO, KOTla OTPAaHNYMBAIOIINE ypaBHE-
HUS JINHEIHBL.

Paccmompum npumep SBHOTO ONpeAeNICHUs NPOEKIMM TOYKH Ha
MHOkecTBe X . B kauectBe obimactu X Oynem paccMaTpuBaTh 3aMK-

HyTHIN [Iap paguyca r ¢ IEeHTPoM B Touke O B npocTpaHctee E”.
Kak n3BecTHO, ypaBHEHHE L1apa UMEET BUL

TOra A01myCctuMas o0macTh X OMUCKHIBAETCS HCPAaBCHCTBOM:

x2<r2.

i =

M=

1

IIyctb y — HekoTopasi TOuYKa, JUIsl KOTOPOM HaJ0 HAWTH MPOEKIIUIO
p Ha moBepxHOcTh Imapa. O4YeBHIHO, JaHHas 3ajlaue IKBHUBAJIECHTHA

3ajia4ye MUHHMU3AIAN QYHKIUH

o(x) =|y - |

2 xeX, MIPH 3TOM p = arg(min (I)()_c)) .
xeX

JlanHy10 3371a9y MOXKHO 3aIHCaTh B BUJIE:
HaWTH
n
min Y (y; -, )’
i=1
TIPH OTpaHUUYCHUE



Pemenue 3Toi#t BcnoMoraTeabHOM 3aJ1a4i HAXOAUTHCS B SBHOM BHJIC:

n
¥, eciu Zylz <r?;
-1

n

22

, e Y\ y; >t
i=1

3.4.5. Memoo npoexuyuu zpaouenma npu JUHEHHBIX 0ZPAHUYEHUAX

Bynem nosaraTth, 4TO OrpaHUYHUBAIOLIME YPAaBHEHHs JIMHEHHBI, T.€.
HUMEIOT BUJL:

Ax—b <0,

rae A —marpuua (mxn); b — M-MEpHBIN BEKTOP.

HazoBem rpanbpto MHOrorpanHuka X (ZOIMyCTHMMOH 00iacTu) moA-
MPOCTPAHCTBO, ONpeeNsIeMoe 000 COBOKYITHOCThIO aKTUBHBIX Orpa-
HUYECHU.

IIpeanonoxuM, 4To Npu 3aJaHHOM X € X TIpaHb, CcOAEp)Kalas X,
omnpesensieTcs ypaBHEHUEM

g:(x)=0, iel,

rae [={i1,i2,...,ip}, p<m.

[IpeamonoxuMm, 9To Mr00ast MOAMATPHUIIA PAa3MEPHOCTH (p X n) MaT-
punsl A UMeeT paHr p, U MycTb A; — NOAMaTpuIla, COCTABICHHAs U3
P CTPOK MaTpuilbl A, COOTBETCTBYIOIIUX AKTHBHBIM OTPaHHYCHHUSIM.

Toraa MOXHO TPEUIOKHUTH CIEIYIOMINI aJrOPUTM TOMCKa MHHUMYMa
¢byskun f(X) Ipu TMHEHHBIX OrpaHUYEHUIX.

AJroputM (0AMH 1IAr, IIOCJIE TOr0 KAK Hal/ieHa TOYKa X, € X ).
1. BeluucanuTh MpOEKLMIO TPaJieHTa Ha TpaHb, COACPIKAILYIO X; MO
dhopmyie

_ —1 _
Ax{ln —A,T(A,A,T) A,}Vf(xk),
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-1
rae [, — eaunuuHas Matpuna (nxn). Marpuna (A [A[T) CYLIECTBY-
€T, TaK KakK 10 YCJIOBHUIO 3aJaull PaHI MAaTPULbl A; paBEeH YUCIY CTPOK

B HEH.

Ecmn X, nexwur BHyTpu X , TO MHOXECTBO / IyCTO, B KBaJpaTHBIX
CKOOKax ocTaeTcs onHa exuHMYHas marpuma [, nu Ax =Vf(x,). B
9TOM Cllydae JaHHBIA METOJ OKa3bIBAETCS OOBIYHBIM I'DATUCHTHBIM Me-
TOJIOM.

2.Ecmm Ax # 0, TOo Haiitm A TaKoe, 4to A . AX ompenenser

JI011 °
MaKCHMAaJIbHOE TEepPEMENICHHE B HAMpPaBICHUH — AX , KOTOPOE MOXKET

OBITH CIeNIaHO, HE BBIXOM 3a mpeaensl X 7‘;{0 MOeET OBITh HaWJIEHO

11

IIyTEM PELUEHUS 3aa4H:

A ron =max{7u (X, —MAX, € X},

pi

v * v
ITocne 3TOro HAWTH A Kak pelieHHe 3a7a4d OJHOMEPHON OMTUMHU-
T:18070% 8

A =ar min X, —M\X
g, mir S (X, k

JI01T

— — *
U BBIYHMCIIUTD X, | = X; —A AX .

*
Ecmn A <A ., TO COBOKYNHOCTh AKTHBHBIX OTPaHHUMBAIOIIMX
ypaBHEHHUH ocTaeTcs 6e3 N3MEHEHHA.
*
Ecmm A =X o, , TO Tpannna obnactu X OyJIeT JOCTHIHYTa M HOBOE

OrPaHMYMBAMOIICEe YpaBHEHHE CTaHET AaKTUBHBIM. Torma, eciu
8 (X41)=0, j &I, 10 Hano BKIIOUMTL B [ ITO j, ONPENETUTH HOBYIO

MaTpuly A; W BEpHYThCS K mary 1.
Ecim Ax =0, TO He06X0IMMO BBIYMCINUTH BEKTOpP [ (pa3MepHOCTH
P ), ICXO15 U3 COOTHOLICHHS

— -1 —
=44, 4,V (3.
Ecmu Bce kommoHeHthl L; <0, i= G , TO X, ONTHMAaJbHO

—_ %
(X, =X ), ¥ mIpolecC BHIYNCICHUS IPEKPALIAETCS.
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B npotuBHOM cily4ae HCKITIOUHUTE U3 A; CTPOKY, COOTBETCTBYIOIIYIO
HauOOJbIIEH MOJOKHUTEIILHOH KOMIIOHEHTE BEKTOpa [L, U BEPHYThCA K

mary 1.
Jleno B TOM, 94TO KOMIIOHEHTBI BEKTOpa [I 3KBHBAJICHTHBI MHOXKHTE-

nsM Jlarpamka U TOYKa X; SBISETCS ONTUMAJILHOM TOYKOW B TOM CIy-
qae, korja sce W; <0.

OpnHako, eciy HEeKOTOphle KOMIIOHCHTHI BEKTOPA |L MOJIOKHTEIIBHBI,
TO GyHKIMA f(X) MOXKET yMEHBILIATHCS, €CIIN MEePEeMEaThess OT X, B
HaIlpaBJIeHUU yMeHblIeHus g;(X), T.e. B HanpaBieHuu, rae g;(x) <0.
ITpu 3TOM OrpanuyeHue g,;(X) CTaHOBHUTCS HEAKTUBHBIM, [ HCKIIOYa-

ercaus 1.
3TO MOKHO IPOWLTIOCTPUPOBATH CIEAYIOMUM 00pazoM:

V(%)

AnroputMm paboTaeT Tak, YTO MPOCKIMH TPaTUCHTOB, PACIIOIOXKECH-
HBIX CHMMETPHUYHO OTHOCUTENBHO TPaHU, OJTUHAKOBEI:
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CnenoBarensHo, ectn Vf(X)# 0, 1o curyamms, korna Ax =0,

MOJKET BO3HHKHYTbH B JIByX CIIy4asx:

B cilydae 1 Touka X SIBJISETCS TOYKOM ONTHMyMa, CJIEJOBATENBHO,
BBIYHMCIICHUS! HEOOXOANMO MPEKPATUTD;

B CiIy4ae 2, KaKk BHJHO W3 PHCYHKAa, AHTUTPAIVEHT HalpaBjcH
BHYTpb o6nacTu X , ClIeZJOBaTENIbHO, €r0 MPOEKTUPOBaTh Ha I'paHb HE
HYKHO.

Korna, cornacuo anroputmy, u3 A; Oyzaer yOpaHa cTpoka, COOTBET-

CTByIOLIass orpanuyeHuio g;(x) =0, B GopMmyne il NPOEKUUH OCTa-
Hercss [, u momyuutcs, 4to AX = Vf(X), T.e. HalpaBJCHUE NOHUCKA
OyZeT HampaBJIeHO BHYTPh 00JacT X B CTOPOHY yOBIBaHUS (PyHKINH.

3.4.6. Memoo ycnoenozo zpaduenma

Wnest meToa ycoBHOTO TpaJieHTa COCTOUT B BEIOOPE HATPaBICHUS
CIIyCKa Ha OCHOBE JIMHeapu3anuu QyHKIuH f(X) OTHOCHUTEIHHO TEKY-

med TOYKH X, . B pe3ynprare NHHEapH3alMM IOJNyYaeM JIMHEHHYIO

¢yukmuo f; (X) Buna:
Jr() =3+ M) =X) .

Ilycts y;, — Touka, obecnieunBaroniass MUHUMYM QyHKIMU f; (X) Ha
MmHOxecTBe X . Torna HampasiaeHue §; MOHMCKA SKCTPEMyMa MUCXOAHOH
¢byaknun  f(X) Ha MHOXeCTBe X MOXKHO OIPEACITUTEH CIICTYIOIINM
o0pazoM:

Sk =Yk =Xk
P 3TOM OCHOBHAsI HTEPALMOHHAs (HOPMYJia UMEET CTaHIAPTHBIN BUJI;:

)_Ck+l z.fk +7\‘kSk‘

Takum oOpa3zoM, Ui ONpeneNeHus] HamnpaBieHHs S; HE00XOIUMO
PeLNTh 3aJadyy MUHUMH3ALUUKM JUHEHHOH QyHKumu f; (X) Ha MHOXe-

ctBe X . B o0miem cirydae 3Ta 3aja4a TOro e MOPSIKa CIIOKHOCTH, YTO
n ucxoaHas. [loaToMy MeTox yCIOBHOTO TpaJieHTa MPUMEHSIOT JIUIIh
TOrjaa, KOrja BCIIOMOTaTelbHas 3ajada perraercss npocto. Hampumep,
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€CIIi MHOXKECTBO X TpeAcTaBisieT coOoi map, Wik mapasuiesieuIIe.
B aToM ciiyuae pelieHue 3aj1auu JIerKo HAalTH B SBHOM BUJIE.

Ecnu orpannuenwus, oOpa3syronire MHOKECTBO X JIMHEWHBI, TO pac-
cMaTpuBaeMasl 3ajJlada MpeBpalaercsa B 3a/1a4y JUHEHHOTo MporpaMMu-
POBaHMsI, KOTOPAasi JIETKO MOKET OBITh PELICHA CUMILIEKC-METOIOM.

IIpuuem ecnau B 3afade TUHEWHOTO MPOrPaMMHUPOBAHUS BCIIOMOra-
TenbHas QyHKIMA f; (X) HeorpaHUYeHa A TEKyLIero X, (Takoe BO3-

MOJXHO, HECCMOTpPA Ha TO, YTO HCXOJHAA 3aJjladya MMCECT pCH_IeHI/IC), TO
MOXXHO JJId IMOJIYYCHUSA TOYKU )_/k OrpaHUYUTHECA HECKOJIBKMMU IIaraMun

CHUMILIEKC-METO/Ia B CTOPOHY yObIBaHUsA QyHKUUU f; (X).
CymecTByIOT pa3iudHble cliocoObl BbIOOpA IIara A; B METOAE yC-

JIOBHOTO I'PaJIueHTa. PaccMOTPUM HEKOTOpPBIE U3 HUX.
1. BennunHa mara A, MOKET BHIOMPAThCs U3 yCIOBUIA:

0<X; <1
(P(M)=mxinf(fk +ASy).

OdeBuAHO, TaKas 3a7a9a MOXKET OBITh pelieHa KaKUM-JTHO0 METOI0OM
OJTHOMEPHOM MUHUMH3AIUH.
2. MoxHO 3amaBaTh A, =1 M HPOBEPATH YCIOBHE MOHOTOHHOTO

yObIBaHus (QyHKIMK f(X) IpU Hepexofe OT TOUKH X; K TOUKE X, a
uMeHHo, f(X;,;) < f(X;). Ecnu 310 ycnoBue He BBINONHSCTCS, TO He-
00X0MMO IPOOHTH MAr A, /0 TeX MOp, IOKA HE BHINOJIHUTCS yCIOBHUE
MOHOTOHHOCTH.

3. Bennunua miara OnpeieiseTcs U3 ycuoBus A, =o', rae iy —

MUHHUMAJIBHBIA HOMEp CpeAn HOMepoB i > 0, yJIOBIETBOPSIOIUX YCIIO-
BUIO:

fGE) - (X +a'Sy) = a'e[n(x,)|.

3nech o, € — napamerpsl MeToaa, 0 <o <1;0<e<1. Bennuuna n(xy)

ABJSICTCS MUHUMYMOM JIMHEeWHOU ¢yHKuuun f; (X), T.€.

N(E) = min £, (F) = min < Vf (7). (- %) >.
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Heobxomumo oTMeTHTh, YTO BenW4MHA 1M(X,) B YCIOBHU BbIOOpa
napamerpa mara Oepercst o MoayJIo, Tak Kak mM(X; ) < 0. Oto cienyer
U3 TOro, 4TO0 IpPU X =X, BCIOMOraTelbHAas JUHEHHAs QYHKIMSA

fL()_C)L? - =0, crueoBarenbHO, 3HAYCHUE Nn(x;), obecneunBaromiee
=Xk

MHHHUMAaJbHOE 3HaueHue f; (X) MEHbIe, WM PaBHO HYJIIO.

CylIecTBYIOT TEOPEMBI, TO0Ka3bIBAIOIINE CXOJUMOCTh METOAa yC-
JIOBHOTO TPaJIMEHTA MpH JIFOOOM M3 TEPEUHCICHHBIX CIOCO00B BhIOOpa
mara.

I[pouecc BbIUMCIEHHUN 3aKaHUYUBAETCA B TOUKE X, ecnu M(x;) =0.
OTO MOXKET CIy4UThCs, Hanpumep, eciu Vf (X, ) = 0. U3 storo ycnosus
CIIEy€eT, 9TO €CIH

min < Vf()_fk),)_C_)_Ck >= O,
xeX

TO I BceX X € X OyIEeT BHITOTHATHCS:
<Vf(x;),x—=Xx, >20. *)

[TocnenHee, OYEBHAHO, SBISETCS HEOOXOIMMBIM U JIOCTATOYHBIM
(m7st BRITYKIION (DYHKITHH JOCTATOYHBIM) yYCIIOBUEM TOTO, YTOOBI TOYKA
X, SBIsUIaCb MUHUMyMOM (yHKuuu f(X) Ha MHOxkecTBe X (TOXke
BBIITYKJIOM).

OTO ycioBue ABISETCS 000OLIEHMEM YCIOBUS CTALMOHAPHOCTH
Vf(x,) =0 ans 3agaun MUHUMU3ALUH QYHKIHMH Ha MHOXKECTBAX.

[Mpoumumoctpupyem ycnosue < Vf(x;), X —X; >=0 rpaduuecku
(puc. 3.32).

Puc. 3.32. I'paduueckas uHTEpIIpETALNs CKATSIPHOTO IPOU3BEACHHS
<Vf(xp), X—Xx;, >=20
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OHO 03HauaeT, YTO Yroj MEXAY I'PaJUEHTOM B TOUYKE X; H JIOOBIM
BEKTOPOM X — X;, UL BCEX TOUEK X € X JOJDKEH ObITh ocTpbiM. OnHa-
KO, €CIM TOYKa X, JEXHUT BHYTpH oOsacTé X, TO 3TOr0 HE MOXKET
ObITh. Cliezi0BaTENIBHO, yCIIOBHUE (¥) CrpaBeJIuBO, TOJILKO B ClIydae:

Vf (%) =0.

Ecnau Touka X, N€XUT Ha rpaHHuLe 00JIACTH, TO MHHUMYM B 3TOI

TOYKE JOCTHTacTCsl JHUIIb TOT/A, KOTJa aHTUTPAJUCHT MEpIeHINKYIs-
PEH TrpaHuIle 1 HanpaBieH u3 obmactu X (puc. 3.33).

VI (xg)

a) 0)

Puc. 3.33. Onpeznenenue onTUMaIbHOTO HANPaBICHUS B CIydae,

KOIJla X; JIEKMT HA FPaHULE 00IacTu

B sToMmM ciyudae yriel MeXOy TpaaHCHTOM H JIIOOBIM BEKTOPOM
(¥ =X} ) 6ynyt octpsimu (puc. 3.33, a).

Ecau aHTUTpagnueHT OTKIOHSAETCS OT AaHHOTO HANpaBJICHUsS, TO Hal-
JYTCSl TOUYKH X , AJISl KOTOPBIX 3TH YIIIBl OyAyT TymbeiMu (puc. 3.33, 0).

['eoMeTpUYeCKHid CMBICT METOJa YCJIOBHOTO TI'DAJMCHTA IMOSCHSET
puc. 3.34.

PaccMmoTpuM mpriMep HCIONb30BaHUs METOJa YCIOBHOTO TPaJIUeHTa,
KOTOPBIiA pelraeTcs B IBHOM BHJE.
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Jlvrmu yposust Qyrkimm  f, =< Vf(x,),x -X, >

oprorosansHet V1 (X, )

~ /
N JIMHMH YPOBHS 77 (%: ), X — X, >= const
Puc. 3.34. ['eomeTprudeckuii CMBICI METOIa YCIIOBHOTO T'PaINCHTA

Hpumep. Halit min f(X) npu orpanndeHnn
c ~ 22
dD(x; =% ) <r
i=1

Kak BuanMm, momyctumasi o0macTs IpeAcTaBisieT coboil map paanyca

¥ B N-MEPHOM INPOCTPAHCTBE C LIEHTPOM B TOUKE X.

BcenomorarenbHas 3amava A1 METoJa YCJIOBHOTO rpaaueHta ¢op-
MYJIMPYETCs CIEAYIOIINUM 00pa3am.

OmnpenenuTs TOUKY )} , ABIAIOLLYIOCSA PELICHUEM 331a4u:

HalTH
mxin{fL (%) =<Vf(x;), x =X >}

IIpY OrPAHUYEHUN
n

i=1
Pemenne oka3bIBaeTCs CIIEIyIONTIM:

VG
IV/ GO

=1

Yk =Xx—r
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3.4.7. Memoo nuneapusayuu

[Tycts TpeOyeTcs:
HaTH min f(X) mpu orpaHUICHUSIX

gi(x)<0, i=Lm.
3ameHuM B Touke X; (GyHKuuio f(X) u Bce orpaHuueHus g;(x) Ha

HI/IHefIHLIe HYTCM HI/IHeapI/ISaHI/II/IZ
S () =<Vf(x}),x =X} >
g/ (X)+<Vg(x, ), x—%; ><0, i=lm.

B pesynbrare nomyuum 3aady JMHEHHOTO MTPOTPaMMHUPOBAHUS:
HaWTH

min {f; (¥) =< V(% ), % - X; >}
IIpHA OTPaHUYEHUIX
g/ (X )+<Vg(x,), X —X, ><0, i=Lm.

MokHo ObUTO OBI pelieHNe JTHHEeAPU30BaHHOW 3a7auu B3SATh B Kade-
CTBE CIIEIYIOIIETro MpUOMIKEHHS, KaK 3To JAeiaercss B merone HproToHa
JUIsL pelleHus CUCTEM HENMHEWHbIX ypaBHeHHH. K cokaneHuio, Kak
MpaBUiIo, 3TOT MyTh HE MPUBOIAUT K PELICHUIO HUCXOAHOW 3a7aud, Tak
KaK, BCIIOMOTaTeNbHAsl 3a7ja4a JJUHEHHOr0 IpOrpaMMHUPOBAHUS 4acToO He
uMeer pemieHus. [103ToMy HEOOXOIUMO HAIOXKUTh HEKOTOPBIE OTPaHU-
YEeHUS Ha MPHUpPAILCHUE BEKTOPa X B TOUKE X , YTOOBI pellleHHE JIHHea-
PHU30BaHHOM 3aJ1a4M B TOYKE X, HE YyXOJWJIO CIMIIKOM JAJIEKO OT X,
OCTaBasiCb B TAKOM OKPECTHOCTU X;, B KOTOPOW JIMHEApU3aLUsA CLIC
CIpaBeUIiBa. DTO OCYIIECTBISIETCS IyTeM J00aBICHHS KBaJPaTHOTO
4JIeHa K JINHeapU30BaHHON (yHKITHH.

Takum 00pa3oM, HOClIE TOro Kak MOJTy4eHa TOYKa X, B KauecTBE
TOUYKHU X, Oepercs peleHne ciuenyonei 3a1adyd MUHUIMHU3aIHH:

HalTH

min (pk(x):l”f—xk”z +By < VI(F )X —X; >
2
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IIPU OrPAHUYECHUSX:

g, (X )+<Vg(x), x—x, ><0, i=l,m,

rae napametp f3;, > 0.

JlanHas 3amgada TpeaCcTaBIsSeT cOOOM 3amady KBaJIpaTHIHOTO TIPO-
IrpaMMUPOBaHHS M MOXXET OBITH pellleHa METOJaMH, NpeAHa3HaueHHbI-
MU Ul PEelIeHHs] TaKuX 3afad (METoJaMH yCIOBHOTO TPaJueHTa, WU
METOJIOM MPOEKITUH TPATUCHTA).

3.4.8. /lpycue memoovl munumuzayuu GYHKYUil ¢ 02panudeHusImu

KBaapaTtuuHoe mnporpamMmMupoBaHue. 3amaueii KBaJgpaTUIHOTO
MpOrpaMMHUPOBaHUsl Ha3bIBAETCS 3a/Jada, B KOTOPOM KBaJpaTUYHAas
(GYHKIHS MUHAMH3UPYETCS HAa MHOTOTPAHHOM MHOYECTBE:!

HalTH

: — = 1 _q
m1n{f(x)=a+bTx+5xTQx},
(Q — moNOXUTENHHO OIpE/IeIeHHAs MaTPHIIA) IPH OTPAHUICHUSAX !

Ax < G.

Takue 3a1a4i BO3HUKAIOT B HEKOTOPBIX NPUIIOKEHUAX U, KPOME TO-
ro, 4aCTO BO3HUKAIOT KaK BCIIOMOT'aTCIIBHBIC MIPHU OIMMMCAaHNUU Pa3JINYHBIX
METOJ0B MUHUMHU3AllUU, B TOM YUCJIC, MCTO/la JIMHCApU3alluH.

OkaspiBaeTcs, A7 3a1a4d KBaJIPaTUUYHOI'O MPOrpaMMUPOBAHMUS, KaK
U JJs 337a4d JIMHEWHOI'O NpOrpaMMUpPOBAaHUS, CYIIECTBYIOT KOHEYHO-
LIArOBbIE€ METOMBI UX PEIICHUS.

Meton HbroToHa. DTOT METOJ MOKHO IPUMEHSTH AJIS 3a1a4 C Or-
PaHUYECHUSMH; TPU STOM HaIlpaBJICHHE MMOMCKAa HAaXOAUTCS HE SBHO, a
Mojy4yaercsi B pe3ylibTaTe pelIeHHs BCIoMorareinbHOM 3anaudu. Ilpum
3TOM (OpMYyJia UTEPALIIOHHOTO MPOIecca UMEET CTaHAAPTHBIN B

X1 =X + A Sy,

rlie BEKTOp S, =y, —X; U OIpelesieTcs U3 PelIeHUs 3ajadd MUHU-

MU3AIMU Ha MHOXKECTBE X KBaJIpaTUYHOW QYHKIUH
— -y = — 1 _ _ - = =
Wi (%) =<Vf(x;),x —x; > +E(x = %) O (X — %)
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B nocnenneit opmyne Q(x;) — marpuna ['ecce.

[lar A, MoxeT OBITh BBIOpPAH Pa3INYHBIMH CIOCOOAMH, B YACTHO-
CTH MOXKHO HCIIOJIB30BaTh CII0CO0, ONMCaHHbIH B II. 3.3.3.3.

Meron HbloTOHA, Kak IpaBWIO, NIPUMEHSIOT B TE€X Cllydasx, KOorja
BBIYHMCIICHUE TIEPBBIX M BTOPBIX MPOU3BOAHBIX HE MPEACTABISET OCOOBIX
TPYAHOCTEH U BCIIOMOTaTeNbHAs 3a7a4a PelIaeTcst JOCTATOYHO MPOCTO.

MeTtoa mokoopauHATHOrO cmycka. ONUCaHHBIA paHee METO[ TO-
KOOPIMHATHOI'O CIIyCKa HE TPYAHO MOIMGHUIHPOBATH IPUMEHHUTEIIBHO K
3ajaye MUHUMU3AUK GYHKLIUH Ha NapajulesienuIese:

HaTH min { f ()_c)} IIPHU OTPAHUYECHUAX

a;<x; <b;,, i=1n.

1°

3.4.9. Cnocoowvl onpedenenua Ha4aIbHON MOYKU

B paccMmoTpeHHBIX paHee METoJaX MUHUMHU3ALNUN TPpeOOBaIOChH B Ka-
YEeCTBE HAYaIbHOW TOYKH X, BbIOPAaTh HEKOTOPYIO AOIYCTHMYIO TOUKY
XgeX . ma X, TakuxX, Kak, HAlpUMep, Napajjielenue], map, I1-

MEPIUIOCKOCTh, YKA3aTh TaKyI0 TOUKY HeTpyaHo. OgHaKo HEPeaKo 3a/a-
4a ONPEJEIICHUs X, ABIIETCS BECbMa HETPOCTOM.

Harpumep, ecnu

X={%: ¢,®=0, i=Lm|, (3.18)

TO IJIsI ONPEAETICHUS! TOUKH Xy € X HYXHO pelaTb CUCTEMY YypaBHe-

Hull (B 00IIeM ciTy4ae HEeHHEHHBIX).
UT0OBI HAWTH KAKYIO-IMOO TOUKY MHOMXECTBA

X={%¥: ¢,®<0, i=Lm]| (3.19)

MPUJIETCS PeliaTh CUCTEMY HEPaBEHCTB, UTO MPEICTABIACT cOO0M BeCh-
Ma cepbe3HyIo 3anady. Ecnu orpanndenus ¢;(x) <0 nuHeiiHsl, TO 114

ONpeleeHNs] HaJYalbHOW TOYKM MOXHO HCIIOJIB30BAaTh TOT K€ MPUEM,
KOTOPBII UCIIOJIB3YETCS B INHEMHOM NpPOrpaMMHUPOBaHUH.
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3agauy HaxOXIOCHUS TOYKH X, HpUHAUIeKaIled MHOXECTBaM

(3.18) mmm (3.19) MoxHO TIepedhOpMYITHPOBATH B BUIE 3a1aYl MUHUMU-
3aluu.
B ciyuyae muoxectBa (3.18) BBegeM (yHKIHIO

m
F(X)=Y4}(x), XeE",
i=1
a B ciyuae MHOkecTBa (3.19) — pyHKIHIO
< 2
F(X)= Z(max{q,. (X),0)?, XekE", p=>1,
i=1
U PacCMOTPHM 3aj1a4y MHHUMH3ALHH:
Haiith min F(x), xeE".

Orta 3amava pemaercs JOObIM U3 METOAO0B 0€3yCIIOBHOW MUHHMH3A-
11U.
Ecnu mHo)xectBo X He mycTo, TO yciioBUe X € X pPaBHOCHIIBHO YcC-

noBuio F(Xy) =min F(X)=0=F .

%
Ecmm F >0, 10 X — mycroe MHOXECTBO.
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IF'nasa 4

HEJIMHEHHOE NPOT'PAMMUPOBAHUE
B IPUKJIATHBIX 3ATAYAX OIITUMU3ALIUU

4.1. IlpuMeHeHHe HeJIMHEHHOT0 MPOrPAMMHUPOBaHNS
B T€OPETHKO-HIPOBBIX METOIaX UCCIeJOBAHUS CJIOKHBIX CUCTEM

4.1.1. Teopemuueckue npeoOnOCHUIKY PeUieHUA MAMPULHBIX UZD

MatpuuHoii urpoil OyaemM HasbIBaTh aHTAarOHHUCTHYECKYIO WIpY, B
KOTOPOM KaXIblil HTPOK UMEET KOHEUHOE MHOKECTBO CTPATErHH.

Antaronucruueckoit urpoit I' =< J,{S;},.;,{H,};c; > Ha3piBaeTcs
urpa, B KOTOpOH 4HCIIO UTPOKOB PaBHO ABYM, a 3Ha4E€HUE (YHKIMU BbI-

HIrpbilia 3TUX UT'POKOB B Ka)KZ[Oﬁ CUTyalluX paBHbI 10 BEJIMYMUHE U IIPO-
THUBOIIOJIOKHBI 110 3HAKY:

J={1,2}, H,(s)=-H(s), seS§.

Takas urpa 3amaercs MpAMOYToJbHON MaTpuItiet (cM. pasm. 2.1):

A= 5 l=1, 9 J= s N,

ajj

IJe a; — 3HAYCHHC BBIMIPbINA UIPOKA 1, eciu OH BIOpAN CBOKO i -10

CTpaTeryio, a UTPoK 2 BeIOpaAJ CBOIO j -I0 cTpareruro. JlaHHas urpa Ha-
3BIBAETCSI UTPOI pa3MEpHOCTH (mXn), a MaTpuna A — HiamedlcHol
mampuyeu.

Ecim urpox 1 BeIOMpaeT HOMEp CTPOKH i, a BTOPOH — j, TO B pe-
3yJbTaTre BbIOOpa UTPOKaMHU HE3aBHCHUMBIX CTPATETWd UTPOK 2 ILIATUT
urpoky 1 Bemurpeinr a; . CiefoBaTenbHO, HTPOK | MOXKET rapaHTHpO-

BaTh cede BBIMI'PBIIT HE MCHEC 3HAYCHUA: V| = maxmina; — HUMNCHAA

i
yeHa uepwvi, a BTOPOH TapaHTHPOBATh ceOe MPOUTPHIII He Ooyiee BemH-
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YMHBl V, =minmaxa,; — 6epxHaa yexa ucpvl. B obmem ciyuae

i
v Sv<v,.

Ecin minmaxa j = max mina
J i i J

+=ax+=v. To B TaKOW UIPE MH-

.* .*
HUMAKCHBIC CTPATEru 1 W ] SABJIAKOTCA ONTHMAJIbHBIMH, TaK KaK pe-

IMEHUA O IPHUHATBIX CTPATEruAxX HUIPOKOB IIOJYYCHBI HE3aBUCHMO. B
9TOM ClIy4dac pCIICHUC UTPEI SABIACTCA CUTYyallUsIMU PABHOBECH:A, a CTpa-

.* .*
TCrMMU ¢ W ] HA3BIBAKOTCA YUCTBIMU CTPATCTUAMU.

Ecim minmaxa; > maxmina; TO B UIPe HET CHTYalHH PaBHOBE-
Jooi i

CHSI B YHCTBIX cTparerusx. Jys pasperieHust JaHHOH CHUTyaluu BBOIAT-
sl CMEIIaHHbBIe CTPATETHH UTPOKOB.
Cmewannoti  cmpameueti  WTpoka 1  Ha3pIBaeTCA  BEKTOP

X =(x],sX,;) ", YIOBICTBOPSIOIIHI YCIOBHSM:

IJIe YUCIO X; — BEPOATHOCTb, C KOTOPOM UrpoK 1 BbIOMpaeT CBOIO i -10

YUCTYIO CTPATETHIO.
Bennunna

m n
H(X,Y)=Y Y ayx;y; =X"AY (4.1)
i=1 j=1

MIPE/ICTABIISIET COOOM MaTeMaTHYECKOE OXKHIAHWE BBIUTPHIIIA 1-TO HT-
poxa B cutyanuu (X,Y).

* * .
Cutryaums (X ,Y ) Ha3pIBaeTcsl cumyayueli pasHogecusi B CMe-

LIaHHOM PACIIMPEHUH MaTPUYHOMN UTPbI, €cau Ui TIoObIX X U Y BHI-
HOJIHSIOTCS] HEPABEHCTBA

HX,Y)<HX ,Y)<H(X.Y). (4.2)

B marpudHOIf UTpe MOKET OBITh HECKOJBKO CUTYAIIH PAaBHOBECHS.
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Mo>kHO J0Ka3aTh CIEIYIONIEe CBOMCTBO:
* * o
nycte X €S,,,Y €8,,v — AeHCTBUTENBHOE YUCIIO, TOTAA, U1 TO-

* % o
ro 4to0bl X ,Y OBLIH ONTHMAaIbHBIMU CTpaTerusiMu, a v -LICHOU HUI-
PBbIL, H606XOHI/IMO n 10CTaTO4YHO, YTOOBI BBHIMOIHSAINCH COOTHOIICHHUSI:

L *
H@Y)=a;y j<v, 1<i<m;
7 (4.3)
mn £
H(X,j))=2a;xi>v, 1<j<n.
i=1

[Toxg pemieHneM MaTpUYHON WIPHI OyJleM IMOHUMATh HAXOXICHHE
BEKTOpoB X W Y , a TakKe 3HaU€HHUS LIEHBI UTPHI V .

4.1.2. Ocnoevlt memooa pon Heitmana

JlaHHBINM METOJ MPEACTaBIACT COO0M MUTEPAaTUBHBIN METOH MPHOIH-
KEHHOTO PENICHUS MAaTPUYHBIX WTP pasMepHOCTH (mXxn), oOiamaro-
LU TO0CTaTOYHO XOPOIIEH CKOPOCTBIO CXOAMMOCTH.

[TycTp mana miaTtexxHas MaTpuia

[Tonoxum, 4TO penIeHus B YACTBIX CTPATETUSX HET.
Bynem mckatp pemienue uUrpsl (mxn) B CMEUNIAHHBIX CTPATETHIX B

BHUJIE

X=X, X)X

.20, i=1m,

T (4.4)
Y=(y1,e0ym)'s »;20, j=ln,

Ipu OrpaHUvYCHUAX
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* & o
Torpa, eciim X ,Y — onTuMasnbHbIe CMEIIAHHBIE CTPATETUU IEPBOM

U BTOPOH CTOpPOHBI, TO, B COOTBETCTBUU C COOTHOIIEHUSMH (4.3), BBI-
HOJIHSAIOTCS] HEPABEHCTBA!

A (4.5)

rJie v — IeHa UTPHL

Cytp MeTona Gon HeiliMaHa cOCTOMT B YHCIICHHOM PEIICHUH CHCTe-
MBI JTUHEHHBIX HEpaBeHCTB (4.5) myTeM CBEJCHUS 3TOM 3a1aun K 3a7a4e
MUHUMU3AIHA QYHKIUH:

F(X,Y,v) = i[z S +f[u,. Y.V, (4.6)
=

i=1

rae

m
0 mpu v-> a;x; <0;
z. = =l 4.7)
m m
i=l i=l

n
0 mpu Y a;x;—v<0;
i=1

n n /
2.4;y;—v mpu Y a;y;—v >0.
i=l1 i=1
Oyuknus (4.6) npeacrasiseT coboi CyMMy KBaJpaToOB HEBS30K Ipa-
BBIX 4acTeil HepaBeHCTB (4.5).
TouHoe pemieHne MaTPUYHON MIPHI COOTBETCTBYET TAaKUM 3HAUCHHU-

SM apryMEHTOB, IPU KOTOPBIX JOCTUTAETCS MHUHUMYM (yHKUIUH
f(X,Y,v), Te.

F(X7,Y7,v)=min f(X,Y,v)=0.
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3agaua MuHMMU3aUUH QYHKUUHU (4.6) OTHOCHTCS K 001acTH HENu-
HEHHOTO TPOrpaMMHpPOBaHMs (CM. TJ1. 3) U MpeACTaBiIsIeT COOOH 3agauy
MHUHMMHU3AIMKA QYHKIMM MHOTHX IEPEMEHHBIX C orpaHudeHusiMu. Or-
paHUYEHUs] HaJIOXKEHBI Ha KOMIIOHEHTHI BEKTOpoB X M Y B COOTBETCT-
BUU C OIIPECIICHUEM CMEIIAHHOM CTpaTEerHH.

JIx. don Heiimanom npezsioskeHa CBOS MPOLEAypa pElIeHUs JaHHOM
3aJaud HEJIMHEHHOTO MpOrpaMMHPOBaHUs, ONMHM3Kas MO0 CyTH K Ipaau-
EHTHBIM METOJIaM, HO YUHUTHIBAIOIIast 0COOYI0 CTPYKTYPY OIpaHHYECHUH.

4.1.3. Anzopumm ¢pon Heiimana

ANTOPUTM 3aKITH0YAETCS B CAEAYIOLIEM.
1. HauanbHbIe OLIEHKH BEKTOPOB X W Y M LIEHBI UTPBI V 3aJal0TCA

B BHJIC
1 R
xi(o)——, i=1,m;
m
o 1 . —
y O ==, j=Ln (4.9)
: n
O _ max(a;; ) + min(a;; ) -
2

2. Ha (/+1)-it urepanuy HOBbIC 3HAYCHHUS OIICHOK ONPEACISIOTCS Ha

OCHOBaHHWH COOTHOIIIEHHI:

x£+] :xlg _el+1 (xll _-'fll+1 )’ l:1, ;
1+1 l I+, 1 ~I+] .

Y=y =0T =Y, =L (4.10)

vl+1 :vl _el+1(vl _"71+1)’

rac

NE S
f(Xl,Yl,vl)+ f()?l+l’)7l+1,;l+l)
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3HaueHus )~ci1+1,)7jl-+l (i=1,m; j=1,n) npencrapisiroT co00il OLEHKY

* &
BEIMYMH X;,y; Ha ware (/+1). DTu 3Ha4CHHUsS PACCUUTBIBAKOTCS, C

y4eroM cooTHomeHwi (4.7) u (4.8), mo popmynam:

l m
mpu s’ =0, s :Zuf;

i
=4l 5 (4.11)
xf mpu s’ =0;
Z[ n
J / l l
~ —mpu t #0, t =) z;;
=y ,Zzl / (4.12)
y_i- npu t' =o.

OueHku 1eHs! Urpsl Ha (/ + 1 )-1mare BEIMUCISIOTCS 110 GopMmyIe:

~T1+1

;l+1 =XI+IAY ,
KOTOpas B CKaIApHOH (opMe UMEeT BUJ
Il _ v I+1~141
v = > Y (4.13)
i=1 j=1

3. UtepauuoHHbBIN Mpoliecc 3aKaH4YMBaeTCs, KOraa 3HadeHue (DyHK-
1uu (4.6) CTaHOBUTCSI AOCTaTOYHO MAJIBIM, T.€. KOTZIA BBIIOJIHSECTCS CO-
OTHOILEHUE:!

fl<e, (4.14)

I € — 33JaHHasi TOYHOCTh BBIYMCIICHUSI.
CrpykrypHass cxema anroputMa ¢(on HeiliMmana mnpuBelneHa Ha
puc. 4.1.
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Havano
NOENON WO _maxay +mind;; !
,yj e 5 T _E
Yj ]
L t
/ n / na
u; = jzlaijyj -
5”1 yl
) ;| m i j
z:=v — Z a;;x; / /
J R/
v i l+1 nomo J+1_0+1
; ; Zl Zlaljx[ Vi
u; = max(0,u; ) J=l
I+ I1+1  _[+1
/ / v
z; = max(0,z ;) Ui Z aUy] v
PR o 2 L2 I+1 _ l+l 41
S =X w) + Z(z;) Z. Z
= A g =
~[+1 I1+1 2 1+1.2
f Z( ) Z ;)
/ m o HeT Aa =
s = _Xlul ‘ /
= [+1 '
gt
fl + fl +1
I v
gt L 141 141 I+1
X, =— + + +
! Sl x; o=x 00 (x; —X )
[+1 I+ _I+1
4 A Yj 0 =)
1+1 I+1 I+
I+l / I g / v =v +60 (v -V )
i =X t = j:1 Zj
MeyaTb onNTUManbHbIX Her
CMeLLaHHbIX cTpaTerni u
LieHbl urpbl. KoHel,
na

Puc. 4.1. CtpykrypHas cxema anroput™a ¢on Heiimana
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4.1.4. Mamemamuueckoe npozpammuposanue
6 meopuu OUMAMPUUHBIX UZD

4.1.4.1. Bumampuunsie uepovl. OcHoHble meopemuieckue cee0eHUs.

MarpudHas urpa sBISICTCS aHTAarOHUCTHYECKOW urpoi [23], T.e. ur-
poii IBYX JHII ¢ HyJlEeBOHl cyMMoi. OJHAKO Ha MPAaKTHKE YacTO BCTpe-
YaroTCsA TaKUE CUTyalllH, KOTJa HHTEPEChl CTOPOH HE ABIAIOTCS MPSAMO
IIPOTUBOIIOJIOKHEIMH. B 3TOM cilydae Wrpa UMeeT IPOU3BOJIBHYIO CyM-
My, OTJIMYHYIO OT HYJIS, U SIBJISIETCS HEAHTarOHUCTUYECKOM.

Koneunyto urpy nAByX HIPOKOB C TPOU3BOJIBHON CYMMOW MOYKHO
onucarh Hapol MaTpHULl — IIO3TOMY OHa Ha3bIBACTCSA OUMAMPUYHOU.

Bumarpuynas urpa omnpenensiercs cieayoumm obpazom. JBa urpo-
ka o0o3HavyeHsl OykBaMu A u B. Urpok A mMeeT B cBOeM pacrhopsi-
KEHWH m 4YHUCTBIX CTpaTeruil, a B — n umcThiX crparteruii. Ecimu 4
BBEIOMPACT CBOIO [ -I0 YHUCTYIO CTPATerwio, a B — j-10 YUCTYIO CTpare-

THIO, TO BBIUTPBIII UTPOKA A €CThb a;; , @ BBIUIPBIII UTPOKA B eCTb by, .

ij >
Onpenenum matpunbl 4, U B Kak Matpuisl pasmepom mxn, (i, )

SJICMCHTBI KOTOPLIX CCTh al-l- u bij . I/Irpa MOJIHOCTBIO ONPCACI/ICHA, KO-

ra 3aJjaHbl MaTPULbl BEIMTPHIIIEH A1 u B .

CwmemanHasi CTpaTterus urpoka A ecTh ctojbdenm X W3 HEOTpHIA-
TCJIIbHBIX 3JICMCHTOB Xis KOTOpbIC MNPCACTABJISAIOT CO6OI\/'I OTHOCHTCIIb-

HYIO 9acTOTy, ¢ KOTOpoil A OyaeT BEIOMpATH CBOIO i -F0 YHCTYIO CTpa-
teruto. Takum o0pazom,

X +xy +..+x, =1. (4.15)
AHaNOrM4HO CMEIIaHHas CTpaTerus urpoka B ects cronbder Y , He-
OTPHUATEIBHBIE JIEMEHTHI Y ; KOTOPOro B cymme pasHsl 1. Ecnu 4 n

B Bcerna BBIOMPAIOT YHCTYIO CTPATETHIO CIIy4aHBIM 00pa3oM B COOT-
BETCTBHUU C paCOpCACICHUCM BGpOﬂTHOCTeﬁ, 3aJaHHbIM BCEKTOpaMHu X
u Y, TO O)XHJaeMble BBIUTPHIIIN UTPOKOB A U B COOTBETCTBEHHO

m n m n
Viy=2 > xa;y; = (X,4,Y), Vg => > xb;y; =(X,B,Y). (2.16)
i=1j=1 i=l j=1
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B 3THX COOTHOLIEHUSX BHIpAKEHHE B CKOOKaX O03HAYaeT CKaJSIpHOE
IIPOMU3BEICHUE COOTBETCTBYIOIIUX BEKTOPOB.

B otnuume oT MaTpUYHBIX UIp, € CYLIECTBYET €INHCTBEHHBII Kpu-
TEpUH ONTUMANbHOCTH TOBEIEHHS HIPOKOB, B HEAHTArOHUCTUYECKUX
urpax BooOIle U B OMMATPUYHBIX B YaCTHOCTH, TAaKUX KPUTEPUEB He-
CKoJbKO. Pasnuuaror cumyayuu pasnosecus no Howy, cunvno pasho-
gecHble cumyayuu U cumyayuu, onmumansvHule no Iapemo. Kaxuplii u3
9THUX IMOIXOAOB K OLIEHKE ONTHMAJIBLHOCTH HOBEACHHUS UTPOKOB MMEET
CBOM JIOCTOWHCTBA M CBOM HegocTaTku [13].

[lanee moier peub TOJIBKO O CUTyalusax paBHoBecHs o Hamry.

Cutyanus paBHOBECHS B WUIPE €CTh Iapa CMEIIaHHBIX CTpaTeruit

(X Oy 0) Takas, 4To JUli JIIOOBIX JAPYTMX CMENIAHHBIX CTpaTerui
(X,Y) BBIMONHAETCS COOTHOIIEHUE

X%, 47>, 47%, X°.BYH2x",BY). (17

WupMu cioBaMu, CUTyaIisl paBHOBECHS — TaKas CHUTYyalWs, OTKIIO-
HEHHUE OT KOTOPOH OJHOT'O M3 UTPOKOB HE MOXKET YBEJIUYUTH €0 BBIWI-
pHIIIL.

Crnemyer OTMETHTD, YTO CUTYaIldil paBHOBECHS B OMMAaTPUYHON UTpe
MOJKET OBITh HECKOJNBKO. [IpudeM B pa3iaudHBIX CHTYallUsAX PAaBHOBECHS
BBIMTPBIIIA HEOJMHAKOBBI, & MHOXKECTBO CUTYAI[Mil PABHOBECHS MPSIMO-
YTOJBHO.

Teopema Hbaiia rapaHTupyeT CylieCTBOBAaHHE CUTYallMil paBHOBECHS
B OMMAaTpUYHBIX Urpax [28], HO HE MaeT HUKAKUX CPENICTB JJISl UX HAXO-
JKICHUS.

Haubonee 3¢ (hekTHBHBIM U3 BCEX M3BECTHBIX AlTOPUTMOB IS TIPAK-
TUYECKMX BBIYMCICHUIA CHUTYyalldd PaBHOBECHS SBISCTCS aJTOPUTM,
npeanoxxeHHblil Jlemke u Xoyconom B 1963 1. [67], [44]. I1o cBoeit cy-
TH 3TOT aJITOPUTM TECHO CBSI3aH C METOJaMH HEJIMHEWHOTO MPOTPaMMH-
pOBaHWs, M3JOXKEHHBIMH B pasfiene 3 Hacrosmero miganus. Cremyer
0Cc000 MOAYEPKHYTh TO OOCTOSTEILCTBO, YTO JAHHBIA AITOPUTM MOMKET
OBITH O€3 0COOBIX 3aTpyJHEHUI peann3oBaH Ha DBM.

Jlokaxkem, TIpexIe BCEro JIBE TEOpEeMBbl, HAa OCHOBAaHMH KOTOPBIX
MOHO c(hOpMYJIMPOBAThH IOCTAHOBKY 3ajauu.
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Teopema 4.1. Cutyamus (X Oy 0) SIBJISIETCS. CUTyallMeil paBHOBE-
cusi B OMMaTpuyHOM UIpe ¢ MaTpULAMU BBIUTPBILEH 4, U B B ToOM H

TOJIBKO B TOM CJIy4dac, Koraga
(X%, 4Y%L, >A4Y°,
(4.18)
x°,BY")L,>Bl X",

rae L, u L, — BEKTOpBI pa3MEpPHOCTH # W N COOTBETCTBEHHO, CO-

CTaBJICHHBIC U3 €IWHUI] (3HAKU HEPAaBEHCTB UCIIONB3YIOTCA TSI TIOKOOP-
JMIMHATHOTO CPABHEHUSI BEKTOPOB).

Joxka3zareasctBo. [Iycts (X 0 Y 0) — CHUTYyallysl paBHOBECHS, T.€.
(X%, 4Y%)>(X,4,Y°) npuscex X >0, (X,L,)=1,

(x°,B,Y")>(X",B,Y) npuncex Y >0, (Y,L,)=1. (4.19)

Bo3bmem B kagectBe X M Y BEKTOpPBI, Y KOTOPBIX OJHA U3 KOMIIOHEHT
paBHa €IUHMUIIE, @ OCTANbHBIE — HYJIIO0. [lodyunm m + 1 cOOTHOLIEHHMH

(X%, 4Y%L, >A4Y°,

(4.20)
x°,BY"L,>B'X",
Ha06op0T, ITYCTb BBINNOJIHAKOTCA YKA3aHHBIC YCJIOBHS.
Bekrop
X =(x1,%5,0,%,), (X,L,)=1 (4.21)

SIBIISICTCS. TTPOU3BOJIBHBIM BekTOpoM. IIpencraBum ero B Oasuce e/u-
HUYHBIX BEKTOPOB [, f5,..., f;, CACOYIOIINM 00pa3oM:

szlfi +fo2 +...+xmfm. (422)
Torna

(X, 4Y%) = 5, ([, 4Y ")+ .+ x,(f,, 4Y) <
<x (X0, 47+ +x, (X%, 47%) =
=X+ 4x,) (X0, 47" =(x°, 477, (4.23)

9TO W TPeOOBAJIOCH TOKA3ATh.
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HpI/IMeHCHI/Ie METOJ0B MATCMATUYCCKOr'0 MNpOorpaMMHpPOBaHHA BO3-
MOJKHO, €CJIH CYIIECTBYET HEKOTOpOE AOMyCTHMOE MHOXKECTBO, COOT-
BETCTBYIOIIIEE OIPAaHMYCHUSM Ha apTyMEHTHI LIEIeBOM (YHKIUH, B Ka-
YECTBE KOTOPBIX PACCMATPUBAIOTCS KOMIIOHEHTHI CMEIIAHHBIX CTpaTe-
ruif urpokoB. Ilpu pereHnn OMMaTPUYHBIX UTP TaKOE MHOXKECTBO 3Ha-
YeHWH apryMEHTOB CTPOHUTCS C TIOMOIIBIO MTPOCTON OIEpanuu: Mepexo-
Ja K IJIaTC)KHBIM MaTpulam A n B, QJIEMCHTBI KOTOPBIX — IIOJIOXKH-
TEJbHBIE YUCIIA.

PaccmoTpum mMaTpuiis

A=dE-A,, B=dE-B,, (4.24)
rac d — JOCTAaTOYHO OOobIIasT MOMOKUATEIbHAS KOHCTaHTa, TakKas, 4TO

A>0u B>0, £ — marpuua pa3MepHOCTH (7 X 1), COCTaBJICHHAS U3

eauHull. Benencrue nponenypsl (4.24) uzMensitores u yciosus (4.20).
Teopema 4.2. Cutyanus

*

x0 . S
(X YLm) (4.25)

Yo =——

Y.L,

SABIIACTCA CHTyaHHeﬁ paBHOBECHUA B UI'pC€ C MaTpUllaMU BI:II/II‘pBIH.Ieﬁ Al

* *
U B, B TOM U TOJBKO B TOM ciryuae, eciau napa (X ,Y OBJICTBO-
1 y 5 5 Yy

pﬂIOT COOTHOUIICHUSM
B'X'>L,, X >0, (Y ,B"X -L,)=0, (4.26)

AY >L,, Y 20, (X ,4Y —L,)=0. (4.27)

Joka3zaTeabcTBo. CHavyana mokaxeM, 4To
1

Vy=(X°,4y%)=d————.
(Y ’Lﬂ)

(4.28)

Nmeem
1

- —— (X", (dE-4)Y" -L,)=0, (429
(X", L,)(Y",L,)
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T.C.
1
*

——(X%,L,)=0. (430
Y .L,)

(XO,dEYO)—(XO,AlYOJ—

Yuuresast, uto EY° = L, a (XO,Lm) =1, monyuum

1

X%, 4y =d —————.
¥ ,L,)

4.31)

OTO COOTHOILIEHHE MOKHO HCIIOJIL30BaTh IIpyu BBIYUCIICHUU LCHBI
WTPBI [T yYaCTHHKA C TUIATEKHOM MaTpuLen 4 .

[Mockombky Y >0 , T.€. (Y*,Ln ) >0, HEpaBEHCTBO

(dE—A)Y" >L, (4.32)
MOJKHO IIPe00pazoBaTh K BHILY
L
(dE — 4,)Y° >—"m (4.33)
Y.L,
NIn
1 0
d—————|L, > 4Y°. (4.34)
Y.L,

Hcnonp3ys momy4eHHBI B Ha4aje TOKa3aTelbCTBA Pe3yNbTaT, MIPH-
JIeM K HepaBEHCTBY

(X%, 4YL,, >4,Y°. (4.35)
I1o ananoruun JOKa3bIBACTCA CIIPABCAJIMBOCTE COOTHOLICHU A
x°,BY" L, >B X", (4.36)

CornacHo Teopeme 4.1 BBINONIHEHHE 3THX YCJIOBUH SBIIsiETCS HEOO-
XOJMMBIM M JIOCTATOYHBIM, 4TOOBI yTBepXkaTh, uto mapa (X°,Y%) —

CUTyallust paBHOBCCHUH.
Teopema nokazaHa.
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CooTHOILIEHHS
(fi, X ((a;,Y)-1)=0 misn i=1..,m, (4.37)
(e;, Y )((b;, X )-1)=0 ama j=1l..,n. (4.38)

I/ie BEKTOp @; — I -5l CTpOKa MaTpuubl A, a Bekrop b; — j-it cronben

MaTpUIEl B, eCTh KBUBAJICHTHAs (opMa 3alHiCH yCIOBHIA TEOPEMBI.
4.1.4.2. Haxoxcoenue cumyayuu pagnogecus 6 OUMampuyHblx uzpax

Joxa3zaB Teopems! 4.1 u 4.2, MOTy4YnIM KpUTEpUH, C TIOMOIIBIO KO-
TOPOTO YIOOHO OMpeAensiTh, sBisAeTcs U mapa (X O,Y 0) CUTyalueun

paBHOBECHH.
HCﬁCTBHTCJ’IBHO, CCJIM UCXOAUTH TOJIBKO M3 ONPCACIICHUA CUTYyallun

paBHOBeECHs, TO JJs MPOBEpKU Tapbl (X Oy 0) HEOOXOAMMO Tepedu-

path Bce BeKTOpbl X W Y W3 MHOXECTBa CMeIIaHHbIX cTpaTteruil. Cre-
JaTh 3TO HEBO3MOXKHO. BOT mouemy morpeboBanioch HaWTH HEOOXO/IH-
MO€ M JOCTaTOYHOE YCIIOBHE, B 3alUCH KOTOPOTo (GUTYPUPYIOT TOIBKO

BEKTOpBbl X O y?.
IlocraHoBKa 32124 HAXO0XKACHHUHA CHTYallMH paBHOBecus. ITycts
Au B>0.

3agaua COCTOMT B TOM, YTOOBI HalTH mapy (X *,Y*) , JUISL KOTOPOii
BBITIOJIHAKOTCA CJIICAYIOIINC YCIIOBUS.

1. X >0,Y >0. (4.39)

2. (f, X)) ((a;,Y)=-1)=0, (a;,Y )1 qnsa i =1,..m. (4.40)

3. (e, Y )b, , X )-1)=0, (b;, X )21 ana j=l.,n. (441

Bynem HazpBaTh M00y10 mMapy (X Y *) CUTyaIMeH paBHOBECHSI.

JlonycTrMOe MHOXECTBO JUIsl IIOMCKAa CMEIIAHHBIX CTPAaTeruil Urpo-
ka | ompenensiercss B COOTBETCTBUU ¢ cooTHOIIeHusAMu (4.40) u (4.41)
CIICAYIOIINM 00pa3oM:

X={x|x>0,8"X-1,>0], (4.42)
T.e. X COCTOUT U3 BCKTOPOB X , AJIS1 KOTOPBIX
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(f;,X)20 ma i=1,...,m, (4.43)
(b;, X)21 . j=1..n. (4.44)
Konern BekTopa X JEKUT Ha TpaHUIIE MHOXKECTBA X , €CITH XOTs ObI

OJTHO M3 3TUX COOTHOIICHNH SBISIETCS PABEHCTBOM.
AHaJIOrMYHO MOYKHO pacCMOTPETh MHOXKECTBO

Y={Y|Y=>0,4Y-L, >0}. (4.45)

I'panuiia MHOXECTBA Y COCTOUT U3 TOYCK, YAOBICTBOPSIONINX XOTS
OBl OTHOMY U3 M + 11 ypaBHEHUH

(a;,Y)=1 mna i=1..m, (4.46)

(e;,Y)=0 mmn j=L..,n, (4.47)
a JUTsl BHYTPEHHUX TOYCK BBIMOJTHSIIOTCS HEPABEHCTBA

(a;,Y)>1 mna i=1..,m, (4.48)

(e;,Y)>0 mun j=1L..n. (4.49)

Jlerko yoemuthes, uto X u Y — MHOTOTPAHHHKH, Y KOTOPBIX COOT-
BETCTBEHHO UMEIOTCS M W 1 OCCKOHEUHBIX pedep.

* ok 3k

IIpumep 4.1. PaccMoTpuM Urpy ¢ MaTpuiiaMu BbIMTPhITIEH
75 1,5 LS5 1,8
Al = N Bl = .
1,66 18 1,67 1
Bribepem d =2, momyduM MaTpHIIbI
0,25 0,5 0,5 0,2
A= , B= .
0,34 0,2 0,33 1
MHuoxectBo Y , MOKa3aHHOE Ha puc. 4.2, onpeaensercs cierlyonu-
MU COOTHOIIEHUSMH:
0,25y, +0,5y, —1=0;

0,34)/1 + O,2y2 -1> O,
»120,y, 20,
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a MHOXecTBO X , TOKa3zaHHOE Ha pHc. 4.3, — COOTHOILIEHUSIMHU:

0,5x; +0,33x, —120;
0,2x; +y, —120;

x120,x, 20.

Y2

6,

4,,

YBH
Yrp
2,
0 2 4 6 Vi

Puc. 4.2. MuoxectBo Y : Y, — BHYTPEHHSS TOUKa; Y, —Touka Ha TpaHuIe

3amMeTuM, 4TO 3/1eCh M B JAITBHEHUIIIEM HCIIONB3YETCS] BAXXHOE TPEI-
MIOJIOKEHUE, CAEIAHHOE IIPU TOCTAaHOBKE 3aa4u:

A>0 u B>0.

HMeHHO 3TO yClIOBHE rapaHTHPYeT CYNIECTBOBAHHE BBIMYKIBIX OT-
KPBITBIX MHOTOTPAaHHUKOB X U Y .
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X2

Puc. 4.3. Muoxectso X : X" , X ! , X 2 KpallHHe TOUKH; /,7 — OTKpBITbIe pedpa

[Myctes ans mroboro X wepe3 p(X) 0003HAUEHO MHOMKECTBO TEX U3

BEKTOPOB f; WK b, JUIsl KOTOPBIX
(f;»X)=0 nm (b;,X)=1. (4.50)

MHuoxectBo p(X) MoOXeT ObITh €JMHCTBEHHBIM 00pa3oM 3arucaHo

B BUJIC MATPHUIIBI
p(X):(plvPZ""’pr)9 (451)
rae p; (/=1,...,r) —3TO0 COOTBETCTBYIOILUI ONPENEICHUIO BEKTOpP f;

1501051 bj.
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[Ipeanonoxkum, 4yTo MaTpuua B yIOBIETBOPSET YCIOBUIO HEBbIPO-
JrcoenHocmuy: MycTh cToilupl Matpuisl C  SBIAIOTCS CTONOHAMU W3
Matpuilsl (/, B), rae I — eguamyHas Matpuina, Toraa ecim C = p(X)

it Hekotoporo X € X, to panr marpuusl C paBeH 4yHcIy ee CTojO0-
1IOB.

PaccMoTpuM cieacTBusl, BBITEKAIOIIUE U3 MPEAIION0KEHHS O HEBbI-
POKAEHHOCTH.

CaencrBue 1. Ecu g HexkoToporo X € X mHOXkecTtBo p(X) co-
JIEPKUT 7 BEKTOPOB, TO X IOJHOCTBIO ONpPENENseTCS CBOUMH BEKTO-
pamu f; u b;. B otom ciydae X HasbBaCTCA Kpatineu MOUKOU MHO-

J)XecTBa X.

Caencrue 2. Ilycts qmss X 0eX Matpuna p(X 0) HMEET paHr r,

Mmarpuna p(X 0) €CThb MaTpulla pa3MepoM (mxr) (» Moxer ObITh U
PaBHBIM HYJIIO):

P(X")=(p1. Py D)) - (4.52)

BBuny Toro, 4ro py, p,,..., p, — JIUHEHHO HE3aBUCHMBIE BEKTODBI,
MOXHO IIPUCOCAUHUTb K HUM BEKTOPBL D1, Py12se» P, TAK, YTOOBI

MaTpuIa
D=(p1,p3ses Pi) (4.53)

ObL1a HEBBIPOXKICHHO.
CymiecTByet oOpaTHas MaTpHIla

(O =" p* ™). (4.54)
DTO 03HAYaET, YTO

i . 1 mpu i=j,
(p apj)—5g,‘ = . (4.55)
0 mpu i#j.

Teopema 4.3. Ilycts X%eX n p(XO) =(p1, P2, P, ) - Cymect-
BYET Takas oCTosHHast K , 4To mpu

YA <K, (4.56)
i=l
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rae A; 20 mig 1<i<r,Touka X , ompenensieMas COOTHOLLICHUEM
0 m .
X=X +Zkip’ , (4.57)
i=1

IIPUHAJIEKUT MHOXKECTBY X .
Joka3aTeancTBo. [Iycth p — 0001 cTONMOCIT MATPHUITHI (] ,B). To-
raa

(p.X)=(p. X")+ 30, (p.p"). (4.58)

i=1
PaccmoTtpuM jiBa citydast.
1. Ecmm pep(XO),T.e. p=p;, 1<i<r.

Ha ocnoBanuu crnienctBus 2 umeeM (p, X)=(p, X 0) +A; . [Ipu sTom

1, eciiu p — cronben u3 B,

(p. X% ={ (4.59)

0, ecmu p — cronben us /.

ITo ycnoBuro Teopemel A; >0, 1<i<r, cnenosarensHo, (p,X)=
2(p, X O) n X SBISETCS NOJAMHOXECTBOM X .

2.Ecmm pg p(XO), T.. p — MOOOH ApyToil crondern u3 (I,B). B
3TOM ciIy4ae

1, ecmu p — cronben u3 B,

X0 > 4.60
(» ) {0, eciu p — cronoern u3 /. (4.60)

[lycte p — cronbeu u3z B, Torna (p,X0)=1+0L, rae o > 0. Ber-

OpaB A;, 1 <i<m,10CTATOYHO MaJBIMH, TAKUMHU, YTOOBI

fj%(p,p")

i=1

<a, (4.61)

nonyuum (p, X)=1.
[To aHamoruu MOKHO paccMOTpeTh crosioer] Marpullbl / . Takum 00-
pas3oM, IpU COOTBETCTBYIOLIEM BbIOOpe A;, 1<i<m , 3 COOTHOIIEHUS
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(p,XO) >0 cnenyert, uto (p,X)=0, a U3 coOTHOIIECHUS (p,XO) >1
caenyet, uro (p, X)>1. CnemoBarensHo, X € X.

Teopema nokaszaHa.

Taxkum oOpa3om, HoKa3aHa BO3MOXHOCTH IEPEMELICHUS BAOJb Ipa-
HULbI MHOTOrpaHHuKa X Wi Y OT OAHOW KpalHEH TOYKHU K APYTOH.
NMeHHO B TakoM IEpEMELIEHUU U MPOBEPKE B KAXKIOM KpailHel Touke
ycnoBwuid (4.37) u (4.38) u 3axmodaercs cyTh anroputma Jlemke — Xo-
yCOHa TIOMCKa CUTYaI[H PaBHOBECHSI.

O6parumcst BHOBB Kk puc. 4.3. Touka X 0 gBnsercs KpaitHel Toukon
MHOkecTBa X . IIOCKOIBKY BBINOIHSIOTCS yCIIOBUS

0.5x) +033x3 =1 u 02x) +x) =1, (4.62)

Matpuna p(X O) HEBBIPOXKCHA:

(X =(p1.p2)s (4.63)

0,5 0,2 (4.64)
= , a = . .
D1 033 P2 1

CornacHo cooTHoOIIEHUIo (4.57) Touku

TIe

X=x+x,p" +0,p? (4.65)
IIPpU MAJIBIX IMMOJIOKUTCIIbHBIX 7“1’ IIpUuHaAAJIC)KaT X.
ITycts A, =0. na
X=x"+x,p", A,>0 (4.66)

Matpuna p(X) momydaercs uz p(X O) BBIYEPKUBAHUEM TOJIBKO OJHO-

ro CTONOIa, a UMEHHO p;. Takue TOUKU 00pa3yloT omkpuvlmoe pedpo

MHOTOTpaHHHKa X C KOHIIOM X  Ha puc. 4.3 oHO 0003HAYCHO OYKBOM
r.

Juis X' e X marpuna p(X')=( p1) . lpu nocrarouno manom A,

TOYKHU
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X=x"+n,p? (4.67)

MpUHAIIC)KAT MHOXKECTBY X W g HuxX p(X)= p(X 1). Takue Touku
00pa3yroT oTKphIToe pedpo 1, comepxkamee X ' B o6mem ciy4ae mart-
puua p(X), rae X OpUHALIEKHUT OTKPBHITOMY pebpy X, UMEET paHr,
paBHEIH (m—1).

Ha puc. 4.3 nokazaHsl iBa Heo2paHuyeHHbIX pebpa, KaX0€ U3 KOTO-
pBIX OONajaeT JIMIIb OJHOW KOHIIEBOW TOUKoM X =kf; c coorBerct-

ByromuM k . TakuMm 00pa3oM, y MHOTOTPaHHHKA X HMMEETCS POBHO 71
HEOTPaHWYCHHBIX pedep, a ocTaNnbHbIe pedpa UMEIOT MO JIBE KOHIICBHIC
TOYKH, KOTOPBIE HA3BIBAIOTCS CMENCHLIMU KpauHumu mouxamu. Jns

CMEXHBIX KpallHUX TOYeK, Hampumep X ‘u X 0, OTJIMYAKOTCS JIAIIb
OJTHUM CTONOIOM. B Hamem npumepe

oty 05 oy 0502 wss)
= , a = . .
P 033 0 p 033 1

AHanornyHele paccy>kKAeHUsI MOKHO IIPOBECTH IJIs1 MHOKECTBA Y .
ITyctes q(Y) — MaTpuua, nmonoOHas paccMaTpuBaBILEHcs Asl die-

MeHTOB X MHOxectBa X Mmarpune p(X). [Ipeamonoxum Taxxe, 9To

Matpula A yJIOBIETBOPSAET YCIOBUIO HEBBIPOXKJIECHHOCTH, aHAJIOTHYHO
TOMY, KOTOpO€ OBLIO HAJIOXKEHO Ha B.
Paccmorpum Z =X xY . Touka Z = (X Y ) u3 7 Ha3bIBacTCs Kpai-

Hel mna Z , ecnu X — KpalHsig TOUKa MHOTOTpaHHUKa X, a Y — kpai-
Hss Touka Y . O4eBUIHO, TaKas TOYKA JIOJKHA YIAOBIETBOPSTH (m + 1)

YCIIOBUSAM U3 CUCTCMbIL
(fi,X)ZO, i=1,...,
(bj,X)—IZO, jzl,...
(e_jay):(): j:L"', 5
(a;,Y)-1=0, i=1,...,m.

b

(4.69)

m
1,
n

Bynem rosoputs, uto Z = (X Y ) JISKUT HA OTKPBITOM pedpe MHOTO-
IpaHHUKA Z , €CIIM OJHA U3 €€ KOOPJAUHAT SIBISETCS KpaiiHel Toukoi X
win Y, a Apyras JIeXUT Ha OTKPBITOM peOpe. s Todek, mpuHaze-
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JKaAIIUX OTKPBITOMY pPeOpy, BBITIONHSAIOTCS (m +n—1) W3 yKa3zaHHBIX

BEBIIIIE COOTHOIIECHHUI.
Teopema 4.4. Jlto0ass curyarusi paBHOBECHS JJISI HEBBIPOXKICHHOU
3a/1a4i SIBJISIETCS KpailHEN TOUYKOM MHOXECTBA Z .

% * *
Joka3zareabctBo. Ecmu Z =(X ,Y ) ynoBneTBopsieT yCIOBHUSIM
. *
HNOCTAaHOBKM 3a7aud, TO0 ana i=L...m wm (f;,X )=0, wm
* . *
(@;,Y )-1=0, w g j=L.,n wm (e;,Y )=0, wm

(b;, X *) —1=0. V3 ycnoBus HEBBIPOXKACHHOCTH CiiemyeT, uTo X € X

MOXeET yJIOBJIETBOPATH HE 00Jiee, 4eM 7 COOTHOLICHUSIM BHJA:
* *
(/i X )=0 wm (b;,X )-1=0, (4.70)
a Y € Y MOXET yIOBJIETBOPATH HE OoJiee, YeM 7 COOTHOIICHUSM BUAA:

(e;,Y)=0 wm (a;,¥)-1=0. (4.71)

Ho (X Y *) JIOJDKHBI YAOBJIETBOPSITH MO MeHbIEeH mepe (m + n)
TaKUM COOTHOIIEHUsIM. Takum 00pa3oMm, yJIOBIETBOPSIOTCS B TOUHOCTH
(m + n) COOTHOWICHMIL, T.e. /15l X BBIIOIHCHBI POBHO /M W3 COOTHO-
HICHUI

(f;»X)=0, i=1,..,m,

4.72
(b, X)=1=0, j=1,.,n. (472)

* (V3 * (V3
CnenoBarenbHo, X — KpaiiHasg Touka X . AHanmormdHo Y — kpaii-

* * * o
Hisg Touka Y, a Z =(X ,Y ) — kpalinsas Touka Z, 4yTo M TpeOOBa-

JIOCh J0Ka3aTh.
OnHOBpEMEHHO MOJy4eH (1114501115051 KpUTEPHUIl: €CcJIu

Z" = (X : ,Y *) — cHTyamus paBHOBECHS, TO s Jo0oro s,
I<s<m+n, nmm s-i cronden MaTpHUIbI (I ,B ) IIPUHAIEKUT
p(X *) , wd s -it cronGen matpunsl (A", 1) npunagnexur q(Y *) , HO

HE TOT W JPYyrod oAHOBpeMEHHO. [loguepkHeM, UTO 3TO yTBEPKICHUE
HMMEET CUIIy TOJIBKO JJI CUTYyalllii paBHOBECHSL.
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4.1.4.3. Memoo Jlemxe — Xoycona. Teopemuuecxue 0cHO8bI

MexanusMm anroputma Jlemke — X0oyCoHa 3aKJIIOYaeTCsl B TOM, YTO-
Obl, MOCIICOBATEILHO JIBUrasIiCh OT OJHOW KpalHEeW TOYKHM MHOMKECTBA
Z x npyroit kpaHel TOYKe, 32 KOHEYHOE YMCIIO IIaroB HaWTU OJHY U3
cutyauuii paBHoBecus. HeoOxommmo moka3aTh HECKOJIBKO TEOpEM, Ha
OCHOBaHHMH KOTOPBIX CTPOUTCS CXeMa JIBWKeHHA. [Ipexae Bcero HyXHO
MOJIyYUTh CaMO MHOJICECE0 nymeli IBUXEHH. /|11 3TOro paccMoTpuM
toukn Z =(X,Y)eZ, ynoBnerBopsirouiie xotsi 061 (m+n—1) u3 yc-

JIOBUI

(fi, XY ((a;,Y)-1)=0, i=1,.,m,
(e; .Y )((b;, X )-1)=0, j=l..n. (4.73)

ITycts uepe3 H 0003HAUEHO MHOXECTBO TOUCK Z € Z, ylOBIe-

TBOPSIIOIIUX BCEM 3TUM YPABHEHUSIM, KPOME, BO3MOXKHO, YPaBHEHHUSI
(e, Y ") (b, X*) = 1) =0. (4.74)

Mpumep 4.2. [loctpouts H; s OMMaTpUYHONW UIPBI, PACCMOTPEH-
HoH B npumepe 4.1. Jlna Z = (X ,Y ) € H; OgHOBPEMEHHO JOJKHBI BbI-
HOJHATHCS] COOTHOIICHUSL:

Y, =0 umm 0,2x; +x, —1=0 (npsimast 4),

x; =0 uwmm 0,25y, +0,5y, —1=0 (mpsimast 1),

Xy =0 nm 0,34y, +0,2y, —1=0 (npsimas 2),
a COOTHOIICHHUE

y; =0 umm 0,5x; +0,33x, —1=0 (mpsimast 3)

MOKET HE BBITOITHATHCS.
Ha puc. 4.4 u 4.5 nokaszansl TOYKU (X,Y) (X eX,Ye Y), MpUHAI-

JeKalye MHOXKECTBY /| . MHOXecTBO [ COCTOWT U3:
OTKPHITOTO pedpa C KOHIIOM B KpaiHel Touke (X Oy O) , obpaso-

BaHHOro Toukamu (X,YV 0) , roe X YHIOBJETBOPSAET YCJIOBUIO
O,2X1 + Xy _120;
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Y2

MHororpaHHuk Y

Y,=0
6 Y

Puc. 4.4. [Ipoexuus s -1yTH Ha TIOCKOCTh Y

Xz
6,,
MHororpaHHuk X

X4=0

X=0, X

Puc. 4.5. [Ipoekuus s -IyTH Ha INIOCKOCTb X
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OTKPBITOTO pedpa ¢ KOHIIOM B KpaiiHeh Touke (X Ly 1) , 0bpazoBaH-

HOTO TOuKamm (X l,Y ), Tme Y  yIOBIETBOPSIET  YCIOBHUIO
0,25_)/1 + 0,5y2 —-1=0 )

HEorpaHW4YeHHoro pedpa (X,Y 1) ¢ KoHIIOM (X Ly 1) .

[Nony4yeHHbIH pe3yabTaT MOKHO O0OOLINTE, TOKa3aB TeopeMbl 4.5 u
4.6.

Teopema 4.5. JI1o6as Touka n3 H wim aBngeTcs Kpainei nna Z,
WJTH JISXKHUT HAa OTKPBITOM pedpe Z .
JoxkazarenbcTBo. Ecmn Z € H | ynoOBIETBOPSET BCEM (m+n) co-

OTHOIIIEHUSIM, TO OHa sIBjsieTcs KpaiiHel. Ecnu ke oHa yJ0oBIETBOPSET
(m +n- 1) 13 yPaBHEHUH

(£, X) ((a;,Y)-1)=0, i=1..m,
(€, V) (b;, X)~1)=0, j=l..n, (4.75)

TO B CUIIY YCHOBI/Iﬁ HEBBIPOXKJICHHOCTU BBIMIOJIHCHBI TAKXKE (m +n —1)

U3 COOTHOIICHUMN

b b

(b-,X)_IIO, =1,
/ / (4.76)

(ej,Y)ZO, jzl,..,
(a;,Y)-1=0, i=1...,m.

n
n,

(ﬁ,X)ZO, i=l,...,m,

CrnieioBaTeNibHO, 3Ta TOYKA JIGKUT Ha pedpe.
Teopema 4.6. Touka MHOXecTBa /{; 00pa3yeT €MHCTBEHHOE HEOTI-
paHUYeHHOE PeOpPO MHOTOTpaHHUKA Z .

Joxka3areabcTBo. PaccMorpum MHO)ecTBO . Ilycts YV T= ke, .
IlIpu coorBercTByMOIEM k[ TOuka Y ! Oymer kpaiHedt mma Y (cm.
puc. 4.4). Tak kax (e;,Y 1) =0 npu j#1 u 3TUX COOTHOIIEHHUH Bcerna
(n —1) , TO TaK KaK Y - KpaliHsg Touka Y , clelyeT, YTO OHa JIOJKHA
ObITh  OmpeJelicHa  elle  OJHUM  COOTHOIICHHEM,  HarlpuMmep
(ar,Y])—1=0. Urax,
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q¥H=(ey,...e,,a,). (4.77)
Hns ciyyasi, paccmotrpenHoro B nipumepe 4.2, » =1. Ilpu pocratou-
HO Oonmpmvx k Touku X = kf, mpunagnexar X. [lycte k; TakoBo,

aro X' = ki f, aBnsercs kpaiiHeil Toukoil X. ITockoabKy cOOTHOIE-
HUS

(e;.,Y)((b;, X)-1)=0, j=2,..n,

(i, X) ((a;, Y =1)=0, i=1,..m, (4.78)
rne X =kf,., (k=k;), BBIIONHSAIOTCS, TO MOXKHO yTBEP>KAaTh, YTO Ma-
pol (X,Y 1) COCTAaBIISIIOT OTKPHITOE PEOpO MHOTOTpaHHUKa Z , Jexaliee

B H,.Touka (X ' Y") sBasiercs konmom sroro peGpa.

JlokaxkeM eIMHCTBEHHOCTh 3TOTO pebpa. PaccmoTpuM nroboe apyroe
HeorpaHndeHHoe peOpo MHororpanHuka Z , Hampumep (X,Y 0), rae
X=kK;, (I#r),a Y 0 _ KpaiiHsas Toyka MHOkectBa Y . Takoe pedpo

HC NPUHAJICI)KUT Hl B CUJIy TOrO, 4TO mmbo ycJioBue

(f1,X) ((a;, ") =1)=0. (4.79)
00 OHO U3 YCJ'IOBI/Iﬁ
(e;.Y)((b;,X)-)=0, j=2,..n, (4.80)

HE BBIMOJIHACTCS.

Teopema nokasaHa.

JlBa OTKpBITHIX peOpa MHOTOIPaHHUKA Z Ha3bIBAIOTCS CMEICHbIMU,
€CIIA OHM HMEIOT oOImii koHel. IlociaemnoBaTeIbHOCTE CMEKHBIX OT-
KpBITBIX pebep U3 H BMecTe ¢ UX KOHLEBBIMH TOYKAMU HA3bIBACTCS
S -ITyTEM.

[Ipu pemennu 3agauu, paccMOTpeHHOH B ipumepe 4.2 (cM. puc. 4.4
n 4.5), MOKHO IBUTAThCS 1O CIEAYIOIIEMY S -ITyTH C HA4aJOM B TOYKE

x2,rh:
JBUTAeMCsl BIOJIb HEorpaHW4YeHHoro pedpa (X,Y 1) JI0 TOYKH
(X' rh;
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n3 Touku (X l,Yl) MIPOAOIDKAeM JBM)KEHHE BIONbL pedpa (X l,Y),
TO €CTh Mo MpsAMoil 1 B MHOXecTBe Y , MOMaJaeM B KPaWHIOI TOUYKY
(Xhr%);

(X l,Y) SIBIIIETCSl KOHIIOM pebpa (X,Y 0), rae Touku X € X npu-

HaJUIeXkaT MpsiMoit 4, mo 3toMy pedpy MOXHO momnacte B (X O,Yo) -
KOHEYHYIO TOUKY pacCMaTpUBAEMOr0 § -IIyTH.

Teopema 4.7. Ilycts Z — kpaiinss Touka Z u Z € H . Halinyres
WY OJIHO, WM JIBa OTKPBITHIX pedpa, nexamux B H 1 uMeromux Z

CBOEH KpalHEeW TOUKOW; Z SBIJISIETCS CUTyallMed paBHOBECHS B TOM U
TOJIBKO B TOM CJIy4ae, KOrja Takoe pedpo eANHCTBEHHOE.
Hoxka3areabcTBo. Ilonoxum, yto Z —Kpannssitouka Z u Z € H .

Bo3MmokHBI J1Ba ciayyast.
1. IIycts (e,,Y) ((by, X)—1)=0. IlockonpKy crpaBeIUBEI (m + n)

COOTHOIIEHUN
(ﬁ,X)((ai,Y)—l)ZO, i=1,...,m,
(ej,Y)((bj,X)—l)zo, j=1...,n, (4.81)

Touka Z =(X,Y) — curyamus paBHOBecusa. Kak ObUTO MOKa3aHo, MpU
sroM win (ey,Y)=0, mm (b;,X)—1=0, HO HE 00a COMHOKHTES
paBHBI HYJIIO Cpa3y.

HonyctuMm, uro (b,,X)—1=0 ((e,,Y)=0 paccmarpuBaercs aHa-
noruyHo). Tak kak Z =(X,Y) — KkpaiiHig Touka Z , BBIIOJHEHO M W3

COOTHOIIECHUN

(f;,X):O, i=1,...,m,

4.82
(b;, X)=1=0, j=1,..n, (482)

U 1 U3 COOTHOIIECHUN

(ej,Y)ZO, j=l,...,n,

4.83
(a;,Y)-1=0, i=1L...,m. (4.83)
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CrnenoBaTenbHO, CYLIECTBYET (m+n) pebep MHororpaHHuka Z,

MMEIOIMUX Z CBOWUM KOHIIOM, ITpHYEM, KaK OBLIO TTOKa3aHO, BIOIH KaXK-
JIOTO W3 HUX HAPYIIAETCS B TOYHOCTH OJHO cooTHomieHue. [loatomy B
H, Oyzmer nexaTh TOJIBKO TO €JMHCTBEHHOE PEeOpPO, BIAOIb KOTOPOTO

Hapywaercs ycinosue (b, X)—-1=0.
2. Ilycts (e,,Y) ((by,X)—1)>0. Tak xak Z=(X,Y) — xpaiinsas
Touka Z , X ompeaensercss m BEKTOpaMHu W3 MHOXKECTBA

{fiseeos fonsbrsby § s (4.84)
a Y ompenensieTcs n BEKTOpaMU MHOXKECTBa
{el,...,en,al,...,am}. (4.85)

B namewm cnyuae (e,,Y)>0 u (b,,X)—1>0. Ho Z € H,, nostomy
HaliieTcs Takoil MHAEKC ¢, A KOTOPOIrO BBIIOJIHEHBI Cpa3y miu 06a

COOTHOIICHUS

(f,,X)=0 u (a,,¥)-1=0, (4.86)

WK 00a COOTHOIICHUS

(e, Y)=0 u (b,,X)-1=0. (4.87)

PaccmoTtpuM mepBblii Bapuant. B A nexar nsa pebpa — omHO,

BIIOJIb KOTOpOro Hapymaercst ycnosue (f,,X)=0, n gpyroe, Bronb
KoToporo Hapymwaercs ycinosue (a,,Y)—1=0. Ilpu stom Z He sBis-

eTcs cuTyanmed paBHoBecHs. Ha mmoGom apyrom pebpe Z, umeroniem
Z KOHIIEBOM TOYKOM, HE BBIINOJHEHO KaKOE-IHMOO M3 COOTHOIICHUH,
onpeaensomux H .

Teopema nokazaHa.

JloKka3aHHBIE BBILIE TEOPEMBI TAPAHTUPYIOT CYLECTBOBAHUE KpaillHEN
TOYKH Z , nexamed B H . HauaB ¢ Takoi TOUKH Z;, MOXHO JBUTaThCS
no pebpy, nexamemy B H: WiM 3T0 peOpo 3aKOHYHTCA B APYrou
KpaiiHell Touke Z,, WIM 3TO €IWHCTBEHHOE HEOrpaHn4eHHoe pedpo,
nexamiee B . B mepBoM ciydae wnn Z, — CHTyalns paBHOBECUS U

MPOIIECC HE MOYKET OBITH MPOJIOIKEH, HIIH CYIIECTBYET Apyroe pedpo c
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KOHIIOM B Zz , JICXKAIICC B Hs , 10 KOTOPOMY MOXXHO IPOAOJI’KATh ABU-

ratecs. [Iporecc mpekpamaeTcs B CISTYIONINX CIydasx, Koraa:
MOIa[aeM Ha HEOrpaHUUYEHHOE PeOpo;
JIOCTUTaeM CUTyallud PaBHOBECHS, OTJIMYHON OT TOUKH Z;

MPUXOJIUM B TOUKY, B KOTOPOH yKe ObLTH.

BepHYTI)CH MOXHO TOJIbKO B HAYaJIbHYIO TOYKY IIYTHU, TaK KaK B IIPO-
TUBHOM CJIy4ae UMeJiach Obl TOUKA, K KOTOPOH MPUMBIKAIOT TpU peldpa.
Taxum oOpa3oM, HadaB ¢ Z;, BO3BpallaeMcs B Z|, Win HeT. B nepBom

ciydae IyTh Ha3bIBaeTCs 3aMKHYTHIM (puc. 4.6, @). Ecau myTh He 3aMK-
HYT, TO OH 3aKaHYMBaeTCs IuO0 B cUTyammu paBHOBecus (puc. 4.6, 6),
100 Ha HEOTrpaHUYEHHOM pedpe (puc. 4.6, 8).

Zy*
Z, Z,

Z*

Z,

Puc. 4.6. Bo3amoxHbIe s-ITyTH

Teopema 4.8. Ilycte P — s -myTh, cOmepKalnii HEOTPaHUYEHHOE
pebpo F . Torga Ha P NEXUT B TOYHOCTH OJIHA CHTYallusl PaBHOBECHSL.
Ee MO>XHO BBIYMCIIHTB, IIOCIEOBATENBHO NPOXOAA MyTh P, HAUMHAs C
pedpa F . OOliee YUCIIO CUTYyalUii paBHOBECHSI KOHEYHO M HEUYETHO.

Hoka3zareabcTBO. ENUHCTBEHHBIN § -yTh P, HauMHaromuiics ¢ F,
JIOJKEH 3aKOHUYUTBHCS B HEKOTOPOUM KpaillHEll Touke, SBISIOIIECHCS CH-
Tyarueit paBHoBecus (cM. puc. 4.6, ¢). OTIu4YHBIA 0T P He3aMKHYTHIN
MyTh OJDKEH MMETh JIBE KOHEUHBIE TOUKU (CM. puc. 4.6, 0), Kaxnas u3
KOTOPBIX SIBJIIETCSl CUTyalMeld paBHOBecus. OTCroma cienyeT yTBep-
KJICHUE TEOPEMBI.
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4.1.4.4. Ancopumm Jlemxe — Xoycona peuterust OUMampuyHIx uep

Hana OumMaTpuuHas urpa ¢ marpuuamu 4; U A, pa3MEpPHOCTBHIO

mxn.
1. [Tonoxum N=0 — HOMep  urepauuu.  BriOupaem
d =max{‘ a}j R al% ‘ }+1. Omnpenensem wMarpuusl A=dE—- A4, n
¥, i i
B=dE—-4,.

qO(Y):{ela"'aen} 44

po (X)={f1, [} - CocTaBnseM CHMIUICKC-TaOJIHIIBL.

2. BeiOupaem  HavanbHble ~ 0a3MCHI

YO

——
S§-s1 MO3UI U

0,0,..,0, 11, 0,..

Ta6nuua A
bazuc a a a,, e e e,
€ a4 Al (Y 0
€ ajp A4 Am2 0 1 0
€y ay, Ay Amn 0 0 1
Tabnuma B
Bazuc b by b, N S Sm
fi by b by 10 0
f2 by by by, 0 1 0
f m b ml b m2 b mn 0 0 1
3. Beibupaem MmHOkecTBO H, B KOTOPOM OylIeT NPOU3BOIUTHCS
IIOUCK CUTyallun paBHOBECHA. Onpez[enﬂeM HCXOOHYIO TOYKY
0 0
(X7,Y7):

rae [ =ax =min(a,,dyg,...,d,,) , T.6. MUHUMYM B S -l CTPOKE TabIu-
s 0y, d, :

el A;
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x°=0,0,..,0, 1/k, 0,..,0],

*
i -s MO3ULIUS

rne k=bxx = min(b_*l,b,* yeees D ), T.6. MUHIMYM B CTPOKE C HOME-
ij i i in

J 2
poM i TabIuLE! B.

Takum obpazom, (X oY% BbIOpaHa Tak, 4ToObI OHA ObLa KpaitHei
Toukoit MHOKecTBa Z . CormacHo Teopeme 4.6, (X°,Y")e H s.Tne H

COCTOUT U3 TOUYEK MHOXKECTBA X X Y, yIOBIETBOPSAIOIIHUX YPABHEHUAM
(fi»X(a;,Y)-1)=0, i=1..m,
(e;, Y)((b;,X)-1)=0, j=Ll..n, j#s,

1, BO3MOXHO, ypaBHEHUIO (e, Y’ )((by, X*) -1)=0.

0 0
4. Ecnu mocnieiHee ypaBHEHHE BBITIOTHEHO Uit Touku (X ,Y "), TO

3TO cuTyanus paBHoBecus. [lepexonaum k mary 13. B npoTuBHOM city-
9ae MepexouM K CIIeAYIOIeMy Iary.

5. N3mensiem 6a3ucel pO u qO , JUT 3TOTO Hal/IeM MHOXXECTBa
PX)={fib; 1, X°)=0,(b;, X ) =15,
q(¥*)={e;,a;|(e;.¥")=0,(a;,Y*)=1}.

6. BoiriceiBaem taGmiusl AV u BY (N — HOMep uTeparuu) I
HOBBIX 0a3MCOB TaK e, Kak B cUMIUIEKc-MeTojie (pa3z. 1). YtoOw! mo-

N

JTy4uTh TabmauLy A , Halo UCKIIOYNUThH U3 0azuca BEKTOP e, U BBECTH

BEKTOp d ». JlJIsl ATOrO BBIUTEM M3 BCEX CTPOK TAOJIUIBI HEOOXOAUMO
1

BBIYECTh § -0 CTPOKY, YMHOK€HHYI0O Ha MHOXXHTENH, MOJ0OpaHHbIE

v 0* v
TakuM 00pa3oM, 4TOOBI BO BCEX CTpPOKaX, KpoMe s§ -d, i -H DIEMEHT
oOpatuJcs B HyJb. 3aTEM pa3euTh S -I0 CTPOKY Ha a x .

s
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Tabmuia AN

basuc ap ap .. ay e ey .. e, A
App Gpp - Oy 911 4912 - 4in Ay
a o . o q q . q A
N 12 22 m2 21 422 2n 2
q(¥"™)
Oy Oy o Oy dn1 49n2 - 49pn 7"/1
E-1 &=l o &1 | BN N N

B tabnumy AN nobasnsiercs CHHU3Y CTPOKa W CIpaBa OJUH CTOJIOEII.

3navenus §; =(aq;, Yo) , IpudeM a; OGepercst u3 TabIMILIbL, 10JYyYEHHON
Ha TIPEebIAYyIIeM IIare BbIYMCICHUI; y? — j -1 KOMIIOHEHTa BEKTOpa

YO; 3aMeTuM, 4ro &; 21, i=1,..,m, Tak Kak Y% € Y. 3nauenue kj

Ul j -W CTPOKH MOJIy4aeTcs CIAeLyIOIUM 00pa3oM:

BBIYHCIISIOTCS
N
* ) €, —1
A = min —k—,—yL >0,
ak]i)’qj’io ak] q/r
k=l,m,r=1,n
N
sk . (g —1
A = min —k—,—yL <0;
o >0.q >0 Qg qr

k=1,m,r=1,n

o *
TaK Kak (X 0, Y 0) — KpaiiHsisi TOUKa, MOKHO TI0Ka3aTh, 4YTO JIHOO A ,

sk
mbo A pasHO Hymo. B cronGen A B kauecTBe A ; 100aBIseTCS TO U3

* sk
gucen A W A, KOTOPOE OTJIMYHO OT HyJs. Eciii oHM 00a paBHBI HY-
10, 100aBysieTcs HyJIb.

AHanornIHO (OpMHUPYETCS TadJIHUIA BY . U3 Gasuca ucknrouaercs
f+ W Ha ero mMecTo BBOMUTCS b ». B HWKHEH cTpoke TabIHIbI MOMe-
i J
_ N N
LWIAIOTCS YUCHa 1) ; = (b j,X ) 6e3 eAMHUILIBI U KOMIIOHEHTH! X; . Yuc-

Ja |l; PaCCUMTHIBAIOTCS aHAJIIOTHYHO A Iz
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Tabmuma B N

Basuc by by .. b, N o fu il
Bii Biz - B P11 P12 -+ Pim M
Bar B - B D21 P2 - Pam | M2
p(XN) es s ee e es
Bml BmZ an Pmt Pm2 - Pmm Km
n-1 np-1 .. n,-1 xlN xév x,],:]

0 .
7. YrBepxkaaeM, uto Y =Y" + A ;q;, rae g; — j-5 CIpOKa BXOMs-

e B TabIUIly MaTpHUIThI q;| > ABAACTCA KpailHel TOYKON MHOXKECTBa

Y . IlokaxkeM, npexnae Bcero, uto ¥ € Y , T.e. 4To

(a;, 7" +2,q,)>1.

ABJsieTCsl 0OpaTHOM MaTpHIle, CTOIOHaMU KOTOPOH City-

Martpuua |g;

XKaT BEKTOPBI 63.3PIC3, IIO3TOMY CIIPpaBEAJIMBBI COOTHOIICHUA

(ar,q;) =0y, k=12,...m, j=12,..n.
Taxum o6pazom,
(ap, Y") +hp(ag,q;) =8 +h 0y,

MIPUYEM MPaABYIO YaCTh PABEHCTBA IPeoOpa3yeM CICIyOIIUM 00pa3oM:

& —1
Cr =D+ oy =—0y) - o —A
ki
-1 %
Ecm &, >0, 1o - Sk —X; 20 mo onpexeneHnto st A , ¥ NOTO-
Rt

My mpu oy; < 0 umeeM

(e —1)+2 0y >0,
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T.C.
(a;. Y")+ 0y (ag,q;) 1.

Ecimoxe A ; >0 u oy >0,10 A ;0 >0, 103TOMY BHOBB

(a;,Y") + 2y (ag.,q;)21,
T.C. JOKa3anu, 910 Y € Y .
Hpu A ; <0 — aprymenranus asanornysa. Takum obpasom, Y e Y .

Touka Y onpeneneHa Tak, 4TO OHa SIBJISIETCS KpalHEH TOUKON MHOMXKeE-
ctBa Y . BBuay toro, uto Y — koHer pedpa, JpyruM KOHIIOM KOTOPOTO

O sk sk
sBIseTcst Y, 9ncna A M A HE MOTYT OJJHOBPEMEHHO OTIMYATHCS OT
HYJIS, TAaK KaK B IIPOTHBHOM CIlydae

Y +1g)eY, ¥°+1"gHeY, A >0, A7 <0,

BOIIPEKU TOMY, 4TO Y 0_ KpaiHss TOYKa.
Takum 00pa3oMm, Ha JaHHOM IAre aJropuTMa pacCUUTHIBAEM Kpaii-
HEE TOYKH

X' =x"+pw,p;, i=12,.,m,

Y/ =Y"+h,q;, j=12...n.
Toukn (X 0 y/ ) 1 (X i,YO) SIBJIIFOTCSL CMEKHBIMM C  TOYKOH
x°,v%.

8. Haxomum ¢(Y Y u p(X ") B COOTBETCTBHH C ompezaeneHreM Oa-
3uca (I1. 5 HaCTOSAIIETO aJTOPUTMA).

9. st kaxxmoit mapel (X 0 y/ Yu (XY 0) hopmupyeM MHOKECTBO
M :
e, €M, ecnu e, eq(Y-i),b, ep(Xi),

M(Xi,Yj): erafk . .
feeM, ecm f, € p(X'),a; €q(¥)).
10. Ecint tst HexoTopoii mapst (X', Y7)

MX', Y )Y ={e|,ep,seys f1ser for} s
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TO TIPOLIECC BBIYHMCICHHWH 3akaHuuBaerca. B atom cmydae (X Ly’ ) —
CUTYyaIlis paBHOBECHUS, T.C.
(XY =x"y7).
[lepexoaum k mary 13.
Ecnu Takoii mapbl He HaiIeTCs, TO IEPEXOUM K CIEAYIOLIeMY Iary.
11. Beibupaem touky Z =(X,Y), ana koropoii B M(X,Y) Hemoc-
TaeT Bektopa e,. Torma (X,Y)e H,. Ilo Teopeme 4.7 naiizercst mapa

TakuxX TO4eK Z;,Z,, SBISIOIIMXCA KOHLAMH pebep, KOTophle Iepece-

KaroTcs B (X Oy O). Ecmu x touke (X O,Yo) TIPUMBIKAET HEOTPaHU-
JeHHOE pedpo, Takas Touka OymeT omHa.
12. BeibupaeMm Ty U3 HalJeHHBIX Touek Z;,Z,, KOTOpas He ObLIa

BKIJIIOYCHA B § -IIyTh Ha MNPEABLAYIIAX HTEpaIMsIX, W3MEHsAeM O0a3uc
p(X) wmn ¢(Y) u BosBpamaemcs Ha mar 6. (IIpu sTom Ha mrare 6

MeEHSeTCS JIUIIb OJHa U3 Tabmul, 4 win B.)
CornacHo Teopeme 4.8, yepe3 KOHEUHOE YMCIIO LIAroB MPOIECC 3a-
KOHYUTCA HWJIKW B CUTyallUd PpaBHOBECUA, HWIIM B HCXOZ[HOﬁ TOYKE

(X O,Y 0), €CIM TIPOU30MET 3allMKIMBaHue. B mocieaHeM ciydae BbI-
OmpaeM HOBOE § W HAYMHAEM ITOWCK CHaYaja.

13. Hopmupyem mapy (X Y *) :

* *

__ X Y():Y—
(X ,L,) Y.L,

BeramcisieM BRIMTPHIIIH UTPOKOB!
IUIs urpoka 1

XO

Y .L,)

JUISl UTpoKa 2
1

V2 Zd—*—.
(X ,L,)

(ITocnemHue COOTHOIICHUS BBIBOAATCS TPU JOKA3aTEIbCTBE TEOPE-
MEI 4.2.)
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4.2. OnTHMAaJILHOE pacnpe/ieleHne HATPY3KH
B CHCTeMe SIIePHBIX PeaKTOPOB

4.2.1. Onmumanvnoe pacnpedenenue 3anaco8 peaKmueHocmu
6 cucmeme 0Gyx peaKkmopos ¢ TUHEIHOI 3a86UCUMOCHbIO
603MOMNCHOIL CIENEHU CHUNCCHUA MOUHOCIU
om 3anaca peakmugHocmu

B paza. 2.3 paccMoTpeHa onTUMHU3AIIMOHHAs 3aj/laya ¢ JUHEWHON 3a-
BHCHUMOCTBIO 3allaca peaKTUBHOCTU OT CTENEHH CHHKEHMSI MOITHOCTH.
OTa cuTyalusl XapakTepHa AJI1 HU3KONOTOUHBIX peakTopoB. OgHAKO, B
OOJBIIMHCTBE IHEPTETHUECKUX PEAKTOPOB YPOBEHD INIOTHOCTH TIOTOKOB
NE HEUTp.

em? ¢
KaK BHJIHO M3 pHUC. 2.2, HOCUT HEIMHEWHBIA xapakrep. s momyyeHus
KayeCTBEHHBIX PE3YyJbTaTOB PACCMOTPUM CHCTEMY M3 JIBYX PEaKkTOPOB.
3aBucuMocTh &(Ap) OyaeM anmpoOKCUMHUPOBATh MOJIMHOMOM BTOPOM

HEHTPOHOB Oouble, yeM 1 -1 IIPHU 3TOM 3aBHCHUMOCTb &(Ap),

CTEICHU.
Maremaruiecku 3ajgada B 3TOM ciy4ae (OpMYJIUPYETCS CIEIYIo-
M 006pa3om:

HaWTH
N Ap.
min zi
Ap;..Apy i=1 a
[IPH OTPAHUYCHHSIX:

N A Ap. )
8 |- 2P | 2P0 =q;
i=1 Apim Apim
0<Ap; <Apy,; (4.88)
0<Apy <Apy,.

BBens HOBBIE IEpEeMEHHBIE TAK K€, KaK B pasa. 2.3, T.c.

Ap; _ Ap,

Zy=———, Z, = s
: Apyy, ? Apyy,
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3anunieM 3agady (4.88) B Buze:

HalTH
. z z
a2\ a/Q; a3/,

IIPU OFPAHUUYEHUSIX

+
1/3, 1/3,
0<z <1, (4.89)

0< V) <1.

Pemenne 3amauu. Pemenue 3agaun MOKHO HOJyYUTh OOHUM U3 Me-
TOJIOB, U3JIOXKEHHBIX B paz. 3.4. OqHAaKO B JaHHOM KOHKPETHOM CITydae
JIETKO pelMTh 3ajady rIpaduyecku. Munumusupyemas (QyHKIUS
Zl 22 o
§ =| —— +——— | mpencTaBisieT cOOOH NPSAMYIO, YpaBHEHUE CBSI3U

ay/@r  ay/e,

MEXIY NEPEMEHHBIMHU — JTM00 3JmuIc mpu O, # 8, (cM. puc. 4.7), mubo

OKPYXKHOCTb IIpU & = J, , 00JIaCTh U3MEHEHHS NIEPEMEHHBIX — KBapar
ODEL.

2,04

=

=

[S]

o

I

a _

: N B

T o

[SeY

Qo \

g & :

§ g K /

= = i o

323 !

53 |

@ E — -

E o

3 1 5

g o ; S L

5 0,0 T |
0,0 Z, 05 1,0 1,5 2,0

OTHOCUTESbHbIN 3anac PeakTUBHOCTM
BO BTOPOM peaktope, Z,

Puc. 4.7. Perienre onTuMU3aiMOHHON 3a71auu 111 CHCTEMBI JIBYX PEaKTOPOB
C HEJTMHEHHO 3aBUCMOCTBIO CTETIEH! CHUKEHHS MOIIIHOCTH OT 3araca peakTUBHOCTH
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Hepr,Z[HO BUACTDb, YTO OINTUMAJIBHBIM PCIICHUCM ABJISIFOTCA KOOP-
* % o
JAWUHATBhI TOYKHU M(Zl ,22) KaCcaHHus IPSAMOU U JJUIMIICA, €CJIM TOYKa Ka-

CaHMs TPUHAIUISKUT OONACTH W3MEHEHHs MEePEeMEHHBIX — KBaJpaTry
ODEL. Haitnem KkoOpIHHATHI TOYKW KaCAHHUS.

VYpaBHeHUE KacaTeIbHOM K AJUIUAICY B TOUKE (zf , zz) MPUMET BU
* *
aG -0 2D
1/61 1/82

VcaoBue COBMAICHHS YIIIOBOrO KO3 HIMEHTa KacaTeIbHOU ¢ yT-
JIOBBIM K03 (DUIIEHTOM 11eTIeBOi (pYyHKIMU eCTh:

=a.

ZT -1 /z -1 _ 1 / 1
1/51 1/52 al/(Pl az/(Pz
OTKyJa

*

2 -1 8yay [81ay _ 1

Zz—l P ¢ F

(4.90)

Hcronp3ys moryvuenHoe cooTHomeHue (4.90) u yCclIoBHEe CBSI3U MEX-
Jly IEPEMEHHBIMHU

(z, -D* (2, -1’
+
/8, 1/8,

=

MOJIYy4YruM ONTHUMAJIbHOC PpaCHpeACICHUE OTHOCHUTCIIbHBIX 3aIllaCOB pCaK-
THUBHOCTHU

(4.91)

OmnpenenuM WHTEpBaJl M3MEHEHHUS O, TP KOTOPOM TOYKa KacaHWUs

* *
M(z,,z,) IpUHAATIECKUT O0JIACTH U3MEHEHUSI IEPEMEHHBIX
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0<z <[
0<z,<I.

Ucrionb3ys (4.91), moaydum, 9To
2,20 mpu oy =< F?8, +8;;
2
2,20 mpm o, =a<d, +61/F .

[lonatno, 4yro z;20 wu 2z, >0  OJHOBpPEMEHHO  IpHU
o =min (o, 0;).
Onpenennum COOTHOIIEHHE MEXKIY O M O, B 3aBHCUMOCTH OT 3Ha-
YEHHUA MMapaMeTpa CUCTEMBI F.
F28,+8, (F*=1)(F?*8,+38))

0 — 0y = Ao = F28, +8, — P e (4.92)

W3 Beipaxenus (4.92) BungHo, uto npu F'>1, a; > o, . Orpanuue-

HHEM B 3TOM CJIy4ae IBJISIETCS YCIOBHE OL = Ol,, T.€. O < 8, + O / F%:
npu F<1, o;>0a, U OrpaHHYEHHEM SBICTICS YCJIOBHE
o <O, F 24 013
npu F=1, «o;=0a, OrpaHMYEHHEM SBIACTCS  YCIOBUE
o <98, +0, =1, KoTOpoe BbImoNHsAETCA Beerna. CienoBaTeNlbHO, MPH

F =1 Touka KacaHMs NpHU JIOOOM O IPHHAUICKUT 00JIACTH U3MEHECHUS
MEPEMEHHBIX U HAaXOAUTCS BHYTPH HeEe.
Ha puc. 4.7 mokazan ciyd4ai, Korja mapameTp cucteMsl F > 1 (mist
o L) 5y
OTpeIeIEHHOCTH M300pakeHa cutyanus, korqga — / —=1,—=2).
¢/ P2 8y
o * *
IIpn o <36, +9, / F? Todka KacaHms PSAMOM 1 syumrca M (z1,25)
MIPUHAIICKUT 00JIaCTH WM3MEHEHMs TepeMeHHbIX — kBaapaTy ODEL.
IIpu o > 06, +9, / F? rouxa kacamus M | BBIXOIHT 3a 00JacTh H3Me-
HEHUs TepeMeHHbIX. biwkaiimeil k Touke M| sBisercss Touka M —
TOYKa TIepeceveHusl IUTUICA C OChbio z;. KoopauHatel Touku M, u Oyayt
SIBIIITHCSI PEIICHUEM 3a/1aUM.
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Takum 00pas3om, pelieHreM 3aJauyd Npu HapaMmerpe cucTteMsl F > 1
SBIIETCS:

N D B L R
: F\8,+8,/F*
* o 2
A=l |—% o 0<a<8,+8,/F

8, +8,/F? (4.93)
Zl*=1— /agESz;

1

2, =0

Pemennem 3anaun npu nmapameTpe cucteMsl F < 1 OyayT:

npu 5, +81/F2 <a<l,

z*—l—l ¢
: F\68,+8,/F?
zzzl— Lz npu 0<oc£62F2+61;
8, +8,/F (4.94)
zsz;
zzzl— as_sl mpu 8,F% +8; <a<l,
2

Ecnu napamMeTp CUCTEMbI paB€H €AWHUIIC, TO ONITUMAJIbHBIM SABJISACT-
Cs pacCIipeJCJICHUC!

zfzzZzl—\/a npu O<a<l. (4.95)
W3 Beipakenwii (4.93), (4.94) nerko BUIETH, UTO
zf >z; npu F>1;
zl* <z; mpu <1,
T.e. OONBIIMI 3anac PeaKTUBHOCTH PE3EPBUPYETCS B PEAKTOPE ¢ OOJIb-

da
[IMM 3HAYeHUEM KOMILIEKCa — .
¢
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Ha puc. 4.8 nokazans! ¢azoB
JIeTICHHS 3aI1aCOB PEaKTUBHOCTH.

bIC IUarpaMMbl OIITUMAJIBHOTO pacIipe-

1,5+

=

=

(6]

o

5 D

- E

EN 1,0

© O

O Q

e

8 & F=2

C o

i

’% 5 0,5+

T o

£0 =1

S F=0.5

s

3

I

5 00 ‘ L .
Q,0 0,5 1,0 1,5

OTHOCUTENbHI 3anac peakTMBHOCTU

Puc. 4.8. TpaexTopuu onTuMaibH

BO BTOPOM peaktope, Z,

BIX pacIpeaesICHHH 3a11acoB PEaKTHBHOCTH

B CHCTEME JIBYX PEaKTOPOB C HENMHEHHON 3aBUCUMOCTBIO €(Ap)

Hcnonb3ys BeIpakeHUs IS

ONTHMAJTBHBIX paclpeelIeHnd 3aracoB

PCAKTUBHOCTH, MOXXHO INOJYYHUTH ONTHUMAJILHOC PACIIPEACICHUEC CTCIIC-
HEU CHIDKCHUS MOII.IHOCTCI71 PEAKTOpPOB, C Y4ETOM TOI'0, YTO

g =(z; - 1)°

u 8; =(z; —-1?.

OnTumManbsHOE pacrpeacieHue CTETICHCH CHIDKCHUS MOLHHOCTCﬁ pe-

AKTOPOB €CTh!
1) mapameTtp cuctemsl F > 1

*_i o )
T F o, 40, /FY
* o
2, 16,/ F
e =222

1
8;21

npu 0<a <9, +81/F2;

npu  J, +81/F2 <a<l;
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2) mapametp cuctemsl F < 1

8*_ 1 (04 .

1~ "5 - T 5>

F25,+8,/F?

8;2% npu O<oc£62F2+81;
8, +8,/F

srzl;

* O(.—Sl 2

82=8— npu O, F° +8; <a<l;

2

3) mapameTp cucteMsl F = 1

* *
€ =&, =a npu O<a<l.

Ha puc. 4.9 nmoka3ansl (ha30Bbie qUArpaMMbl ONITUMAIBHBIX CTEIICHEH
CHW)KEHUST MOIITHOCTEH PEaKTOPOB.

OnTnmanbHasa CTENEHb CHMKEHUSI MOLLLHOCTH

1,5+
- D E
<10
(0]
o
(o]
g |
(4]
(0]
o
3 054
m
o
(0]
cC
m -
0,0 , , , L , ,
Q.0 0,5 1,0 1,5

OnTumarbHas cTeneHb CHIWKEHUS MOLLHOCTM
BO BTOPOM peakTope, &,

Puc. 4.9. TpaekTopuy ONTUMATIBHBIX CTETICHEH CHIDKEHUST MOIITHOCTH
B CHCTEME JIBYX PEaKTOPOB C HEIMHEHHON 3aBUCUMOCTBIO €(Ap)
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Tabnwuma 4.1

OnTuMajibHbIe PesKMMbI IKCIUIYaTALMH CHCTEMBI IBYX PeaKTOPOB
¢ HeJIMHEiTHOi 3aBHCUMOCTBIO £(Ap) NPHU Pa3INYHBIX 3HAYEHHAX
napaMerpa CHCTEMBbI

[apa- OnrumansHbIe OntumansHbIe
MeTp TPaeKTOPHA PEXHMBI
cuc- CremneHb CHIKEHHS N
TeMBbI momHocTH ADC 3alnacos CTeleHen TepBHIit BTOpOit
F pEaKTHB- | CHIDKEHUSI
HOCTH MOIIHOCTH PeaKTop peaxTop
2 TTOJTY TTUKO- Oazmc-
8, +8,/F><a<l 0G EG - o
F=1 MOJIYTIHKO oy
0<a<d,+d,/F? GE GO Y KO-
BBIi M
BBIi
TIOTYTIEKO oy
F=1 0<a<l OE EO i THKO-
BBI M
BBIN
omy-
8,F2+8; <a<l oT ET 6a3uCHBIH THKO-
F<l BBII
MOy TIHKO oy
0<a<8,F?+8, TE TO Yy KO-
BBIH N
BBIi

B 1abn. 4.1 nokazaH XxapakTep ONTHUMAJIBHBIX PEKUMOB IKCILTyaTa-
UM PEaKTOPOB B 3aBHCUMOCTH OT BEJIMYMHBI I1apaMeTpa CUCTEMBI F.
s ompeneneHHOCTH paccMoTpensl cinydau F =2, F=1, F=0,5. Kak
BUAHO W3 TaOJIMIBI, ONTUMAJBHBIA PEXHUM O3KCIUTyaTalldl PEeaKkTOpPOB
MOJKET OBITh JIBYX THIIOB 1ipu F # 1 u onHoro tumna npu F = 1. Ecin na-
pameTp CHCTEMBI HE PaBE€H €IWHUIIE, TO CYIIECTBYET MHTEPBAI CHIKE-
Hus MomHocTH ADC, B mpejenax KOTOPOro OAWH W3 PEakTopoB (a

da
UMEHHO TOT, Y KOTOPOIO BEJIMUMHA KOMILIEKCA — MEHbIIE) paboTaer

B 0a3UCHOM pEXHME, B TO BpeMs KaK JPYyroil oTpadaThIBACT 3alaHHYIO
crenenb cHkeHust MontHocTu ADC. Ilpu napamerpe CUCTEMBI, pABHOM
enunaMIe, camkeHne MorrHoctd ADC oTpabaThIBacTCsl OJHOBPEMEHHO
IBYMsI peaKTOpaMH BO BceM Auamna3oHe m3MeHeHus o (0 < o< 1), mpu-
YeM CTENEHU CHUKEHMSI MOIIHOCTEN peakTopoB paBHBI. B cucreme pe-
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aKTOPOB C HEJTMHEHHOW 3aBHCHMOCTHIO &(Ap) HU B OJHOM M3 HUX HE

pe3epBUPYETCS 3arac PeakTUBHOCTH Ha MOJIHYIO OCTaHOBKY (3a MCKIIIO-
YeHUEM CITydasi, Korjga Tpedyemas CTeleHb CHIKEeHUs MolnHocTH ADC
paBHa HyJII0). DTO OOBSICHSETCS TEM, UTO 3arac PeakTUBHOCTHU, odecrie-
YUBAIOIIMK 33JJaHHYIO CTENEHb CHIDKEHHS MOILHOCTH PEaKTopa, Pe3Ko
yBenuuuBaercs npu € — 0, 4To, B CBOIO OuYepeib, NPUBOIUT K YBEIU-
YECHUIO MIOTEPH YHEPTOBBIPAOOTKH.

4.2.2. MaxcumanoHo 803MOMNCHBLI Ihhekm onmumuzayuu

Benmurnna MakcrManbHO BO3MOXKHOTO 3¢ ¢eKTa ONTHMU3ANNN OIle-
HUBAaJIaCh TaK ke, KaK B pa3n. 2.3. Pe3ynbTarhl pacdeToB Ui KOHKPET-
HOTO Ciyd4asi, KOTJia JIOJIM MOIIHOCTH PEaKTOPOB OJMHAKOBEI, IIPHUBEIE-
HEI Ha puc. 4.10.

& 60

<

= ]

s | | |

g B0 e i ) U I F=1

S ] | | | — F=2,F=0.5

S s\ ——F=9)

c H d N H H

o] ] o |

'h_ﬁ 30 : ,’/ : Y

() N PO - S S W

'8' ‘/// \\

'8' 1 4 H \\‘ H

o //‘ : N i

’§ 20_ Y // R T U \\ N

n 2 O it N

T / .- . AN i

n 11 // "'» N N

8 104 /0 | RN BN

S [ ; i L N

g -//, ~~~~~~ \\\\\\

g 0+ T T T T T T T | ....... ey
0,0 0,2 0,4 0,6 0,8 1,0

CTteneHb CHMXeHUs MOLLHOCTWN CUCTEMBbI, o

Puc. 4.10. 3aBUCHUMOCTh BEJIMYNHBI MAKCUMATIBHO BO3MOXKHOTO 3G (HeKTa ONTUMHU3AINN
OT CTENEHU CHIDKEHHS MOIIHOCTH CHUCTEMBI PEaKTOPOB C HETMHEHHOH 3aBUCHMOCTBIO
&(p) TpH pa3NMYHBIX BEIMYMHAX Mapamerpa F

Kak BUIHO U3 PUCYHKOB, ONITUMH3ALUS JaeT TeM OONbIINN P eKT,
4yeM OOoJIbllle apamMeTp CUCTEMBl F OTIMYaeTCs OT eAWHHUNbl. ONnTHMU-
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3allusl CUCTEMbI HauboJiee CYIIECTBEHHA B O0JIACTU CHIDKEHHSI MOIIHO-
ctit ADC co 100 no 20 % HOMHUHAIIEHOM.

[TonydenHsie pe3ynbTaThl AJi PEAKTOPOB C HEIMHEWHON 3aBUCHMO-
CTBIO CBOJATCS K CJIEAYIOIINM:

Xapaktep ONTUMAJIBHBIX PaclpeiesieHu 3amacoB PEakTUBHOCTH U
ONTUMAJIBHBIX CTENEHEH CHIKEHHS MOIUHOCTH OIPEAESETCS BEIUYU-
814y /8yay

P )
OnTuManbHBIA PEKUM IKCIUTyaTallid PEaKTOPOB MOXKET OBITH JIBYX

TUNOB 1pH F' # 1 u ogHoro tuna npu F = 1.
Bosnbmmmii OTHOCHTENBHBIN 3an1ac PeaKTUBHOCTH CIIEAYET CO3/1aBaTh B

HOM IapaMeTpa CUCTEeMbI [ =

. . da
peakTope ¢ 6OJIbIIeH BETHUYNHON KOMITJIEKCA — . DTOT peakTop B mep-
)

BYIO O4€pe/ib BOBJICKACTCS B IEPEMEHHBIA PEXUM PaOOTHI.

Dddexr ontumuzalu HanboJiee CYIIECTBCHEH B IMANa30HE CHUXKE-
aust MomHocTH ADC ot 100 1o 30 % u Tem Oosblile, yeM OOJIbIIE Ia-
paMeTp cucteMsl F oTnudaercst oT eauHunbl. Ho naxke B cimydae oauHa-
KOBBIX peakTopoB ( F =1) a(deKT MoKeT OBITh CYIIECTBEHHBIM.

Hanpumep, u3 pemieHusi oNTHMU3ALMOHHON 3aaul sl JBYX peak-
topoB Tuna PBMK, cneayer 4To onTHUManbHbBIM SIBJISIETCS pPABHOMEPHOE
CHIKEHHE MOIIHOCTH, & «aHTHONTUMAJIbHBIM» — OTpabOTKa IepeMeH-
HOro Tpaduka oJHUM OJIOKOM.

IIpu 50 % ypoBHe cHmkeHus: MomHOCTH ADC MaKCHMalbHO BO3-
MOXHBIH 3QQeKT 3a KOMIIAHHIO TOIUTUBA COCTABISAET OKoJo ~3% ot

SHEPTOBBIPAOOTKHU CHUCTEMBI, 9YTO COOTBETCTBYET ~ 10° MBr- CyT

B nenom, perieHne 3a1add 10 ONTHMH3ALNN PACIpENCICHHs 3ama-
COB PEAaKTHBHOCTHU B CHUCTEME PEAKTOPOB IO3BOJISIET CHENATH CIELYIO-
1€ BBIBOJBI.

1. XapakTep ONTHMAalIBHOTO pAclpeNeicHHs 3araca peakTUBHOCTH
ompesensieTcs BEIMYMHONW TapameTpa CHCTeMBl F (A7l CHCTEMBI ABYX

01a; [06,a,
peakTopoB F =—— / —=-=) U 3aBUCHUT OT CTCICHU CHIDKCHHS MOIII-
(] ®;

HOCTU CHCTEMEI. B HepeMCHHLIﬁ PEKUM pa6OTBI, KaK ImpaBujo, B IICP-
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BYIO OUY€pEe/(b BOBJIEKACTCS PEAKTOp C OOJBIICH BEIUYMHON KOMILICKCA

da , AIHA4€ TOBOPA, C Xy AIINM HCIOJIb30BaHUEM TOILIHBA.
¢

2. BO3MOXXHBI TPOUTPHIIT OT MPEeHEOPEKEHUsT ONTHUMU3aNuel Hau-
Oonee CyLIECTBEHEH B INPEIIOIAaraéMOM PETyJIUPOBOYHOM JHAla3oHe
pabotel ADC. BenuuuHa sdQekra ONTUMHU3AIMH TeM OOJBIIE, YeM
OoplIe mapamMeTp CUCTEMBI OTJINYAETCS OT €TUHHIIBL.

3. Pemenne paccMOTpPEHHON 3a/1adMl SIBISICTCS TAK)KE PEIICHHEM 00-
patHoli 3aaui — 00 ONTHUMAJIBHOM PACHpE/ICICHUH 3allacoB PEaKTHB-
HOCTU C IENbI0 YBEJIWYEHUS MaHEBPEHHBIX CBOICTB CHUCTEMBI (T.e.
YMEHBILIEHUS Ol) TIPY 33JJaHHOI CyMMapHO MoTepe SHEPTroBBIPA0OTKH.

4.3. ®opmMupoBaHre 0AHKOBCKOI0 NOpPT(es
MaKCHMAJIbHOM 10X0AHOCTH

4.3.1. OcHnoenble xapakmepucmuku yeHHvIX Oymaz

OnHMM W3 BRXXHBIX MPHKIAIHBIX aCIEKTOB METOJOB MaTeMaThde-
CKOTO MPOrPaMMHUPOBAHHS W, B YACTHOCTH, HETMHEHHOTrO MpPOTrpaMMHU-
pOBaHUS SBJSACTCS ONTUMHU3ANMS OAHKOBCKOW AesTenbHOCTH. Ocoboe
BHUMAaHHUE YyJENSICeTCS ONTHMU3AIUU PaOOTHl ¢ IICHHBIMH Oymaramu. B
STOW CBS3M BO3HUKACT aKTyalibHas 3ajada (OPMHUPOBAHHS COCTaBa
IIEHHBIX OyMar 0aHKOBCKOTO TOPTQeIIst, 00eCIeYNBAIONTIX MaKCHMAaITb-
HYI0 JOXOJHOCTh OAHKOBCKUX OIEpalnii MpH paboTe ¢ 3TUMU I[CHHBIMU
OyMaramu Tpu COXPAHCHUU 3aJlaHHOW BEJIMYMHBLI prucka. Takum oOpa-
30M, OCHOBHBIMH TIOHSITHSMH MPH PEHICHUU TAHHOM 337a4uH SIBISIFOTCS:

JIOXOIHOCTH OAaHKOBCKOTO TTOPTdEIIs;

pUCK OaHKOBCKHX OIEpallii C IEHHBIMU Oymaramu, BXOISIIUMHU B
OpTQEb.

He BmaBasich B moapoOHOCTH OaHKOBCKHX OIECpaIlfii, pacCMOTPHUM
OCHOBHBIC XapaKTEPUCTUKH IICHHBIX OyMar.

BankoBckuii mopTdens npeacraBisieT coboilt Habop akTHBOB (TaccH-
BOB), SBJISIOIIUXCA THTYJIaMU COOCTBEHHOCTH WJIM MHBIX Ojar (akiuw,
BEKCeJIsl, BaJIFOTa, Bay4epbl, aKKPESIUTUBHI U T.11.).

Oskujaemast JIOXOJIHOCTh OaHKOBCKOI'O MOPTQes, eCTh B3BCIICHHAS
CPEHSAS OXKHUAAEMON JOXOMHOCTH KAKIAOTO M3 aKTHBOB, BXOJSIIUX B
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nopTdeb, TIe BECaMH CIIY>KaT JI0JIA UHBECTUIIMN B KXKIBIH U3 aKTUBOB
OT BCEH CYMMBEI, BIIOKEHHOU B TOPT(hEIH:

Ry (xpx,) =Y RpWys =L, (4.96)

i=l1

rae R,r — JOXOIHOCTb BCEr0 MHBECTUIMOHHOIO MOPT(es 3a HepHOJ
BpeMeHUu T; R;y — IOXOJIHOCTb €IMHUIIBI -TO aKTuBa; W; — nons uHBe-
CTUIIMIA B i-i aKTHB, OT OOIIEH CYMMbl MHBECTHPOBAaHUS B MOPTdEb,

n
MpUYEM Z W, =1, x; — KOTUYECTBO €IUHUII i-} LIEHHOH Oymaru.
i=1
JIoXOTHOCTh €WHUIIBI i-TO aKTHBA 3a BPEMEHHOW MPOMEXYTOK T
OTPEACISCTCS CIACIYIOIIUM 00pa3oM:

Ry =In(F,(0)/P(t=T)). (4.97)

Kak crmemyer u3 ¢opmynsl (4.96), m0OXOAHOCTH WHBECTHUIIMOHHOTO
noptdens OyAeT 3aBUCETh OT JABYX MapaMeTPOB: JTOXOAHOCTH OTHEIb-
HOT'O aKTHBA, BXOAALICTO B MOPTQeTb U JOIM MHBECTHLUUH B KaXKAbIH
AKTHB.

OOBbeM MHBECTHIIWI, BIIOXKEHHBIX B MopTdenb, OyaeT paBeH cymme
NPOM3BEICHUH CTOMMOCTH CAMHUIIBI aKTHBa Ha €ro KOJWYEeCTBO B
nopTderne:

n
V:ZK 'Xl .
i=1

OObeM WHBECTUIMM, BJIOKCHHBIX B OTHENBHBIA akTHB MOPTdes,
OyJeT paBeH MPOM3BEICHUIO CTOMMOCTH STUHUIIBI AKTHBA HA KOJIUYECT-
BO CIMHMII aKTHBA B TIOpTdere:

Vix;))=Vx;, (4.98)

rae V(x;) — 00beM WHBECTHIINH, BIOXKEHHBIX B i-10 IIEHHYIO Oymary; V; —
IIeHa SAVHMIIBI i-i IICHHON OyMarmu.

Jlor0 MHBECTUIUI B KX/l aKTHB MOXHO BBIPA3UTh CIICAYIONIMM
obpazom:

Vix.: X
AN (4.99)
Vport Vport



Teneps dopmyny moxoanoctu noprdens (4.96) MoxxHO Hepenucarb
B CJIEIYIOIIEM BUJIE:

¢ Vixi
RPT(XI...xn) = ZRiT . v . (4100)
i=1

port

Kak yxe oTmeuanoch BbIlIe, BXKHOH XapaKTepHUCTUKON O0aHKOBCKO-
ro noptdens ABIseTCS BeIUYMHA pUCKa. Puck motepu kanuTana, B CBs-
3W C HEOJAroNMpuATHOW CUTYaITHeH, CKIIaAbIBAIONICHCS Ha PBIHKE — OJTUH
u3 HanboJjee akTyalbHBIX, B HACTOSIIEE BpeMs, MapaMeTpoB, XapakKTe-
pU3yoIMX (pUHAHCOBBIN HHCTPYMEHT.

OnHUM M3 BaXHEHIIMX BUIOB PHCKOB, SIBISETCS PHIHOYHBIA PHUCK.
PoiHOYHBIH pHCK MpencTaBisieT co00H BO3MOXKHOCTH OTPHIIATEIILHOTO
M3MEHEHUS] CTOMMOCTH aKTUBOB B Pe3yJbTaTe KOJeOaHUs MPOLIEHTHBIX
CTaBOK, KyPCOB BaJIIOT, LICH aKIUi, OOJHUIaliii 1 TOBApHBIX KOHTPAKTOB.

B coBpeMeHHOI1 Teopun pUCK-MEHEIKMEHTa Haubosee pacripocTpa-
HEHa MOJIETb pUCKa MOJ Ha3BaHHeM value at risk Wiy puckosas cmou-
Mmocmb — VaR.

Konnermus value at risk (VaR) npu3Bana naTh 9eTKUH W OTHO3HAY-
HBIII OTBET Ha BONPOC, BO3HUKAIOLIUN IPHU MNPOBEACHUH ONEPALUNA Ha
(MHAHCOBBIX PBIHKAX: KAKOW MaKCHMAaJIbHBIH YOBITOK MBI PHCKYEM MO-
HECTH 3a OIPENEIECHHBIM NMEPHUOA BPEMEHHU C 33JaHHON BEPOSITHOCTHIO
JUISL TaHHOTO TIopTdhens?

U3 storo cnenmyer, uto BenwywHa VaR mns noptdens 3amaHHON
CTPYKTYPBl Onpedeisiemcsi Kax Hauboavuil oxcuoaemvili YObimoxK u
paccuumsi8aemcs Ha onpeoesieHHblil nepuood epemeHu 8 Oyoywem (epe-
MEHHOU 20pU30HM) € 3A0AHHOU 8EPOSIMHOCMbIO HENPEeGbIUECHUS HEKO-
mopoeo 3navenuss VaR (0ogepumenvHblil UuHmMepean) npu 0aHHOM npeo-
NOJI0JHCEHUU O Xapakmepe N08eoeHUs. PbIHKA (Memoo pacyema,.

JloBepUTENBHBIN MHTEPBAI U BPEMEHHOM T'OPU30HT SIBISIIOTCS KIIO-
YEBBIMU [1IAPAMETPAMHU [IPU PACUETE BENUYUHBI VaR.

Tak, Hanpumep, 3HadyeHue puckoBoii ctommoctu (VaR) B 10 muH
JIOJI. AJI1 BPEMEHHOTO TOPU30HTA B OJWH JEHb U JOBEPUTEIBHOIO HH-
tepBasia B 99 % OyJieT 03HA4aTh CIICAYIOIICE:

BEPOATHOCTh TOTO, YTO B TEUEHHUE CIEAYIOIMUX 24 4 MBI IOTEpsSIEM
MeHbIe 10 MaH 70i1., coctaBiseT 99 %;

BEPOATHOCTH TOTO, YTO HAIIX YOBITKH TpeBbicaT 10 MIH 10I. B Te-
YyeHue OJmKalIuX CyToK, paBHa 1 %;
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yOBITKH, TipeBbliatonme 10 MIH 7071., OXKHUAAIOTCA B CPSIHEM OIHMH
pa3 B 100 gHeit Topros.

Taxkum 06pa30M, PUCKOBasA CTOUMOCTD ABJIACTCA ACHCKHBIM IOKa3a-
TEJEeM, OTPaXKAIOLUM OXHUAAeMble MOTEPH C 3aJaHHOU CTETEHBIO OC-
TOBCPHOCTH. O'—ICBI/I)Z[HO, PUCKOBasA CTOUMOCTDL IJIA i-FO aKTHBa SABJISICT-
CSl Pa3HOCTBIO MEXAy TEKYIIUM 3HaueHHEM ILIeHBl akTtuBa V;(f) u eé

NPOTHO3HBIM 3HAYCHUEM V; (_o)(f+T), HONYHYCHHBIM JUII MOMEHTa

(t+1) c¢ nosepurenpHOUM BeposTHOCTHIO (1—o). Takum o6pazom,

MOXHO 3aItucaTh:

VaR; ;o (t+1) =V () =V (o)t + 7). (4.101)

B HacTosiiiee Bpemsi HanOosIblliee PacpOCTPAHCHUE TIOTYYIII KOBa-
pHUAMOHHBIN MeTOJ (variance-covariance) pacdera BenW4yuHbl VaR . B
€r0 OCHOBE JICKHT AOIYIICHHE O HOPMaJIhbHOM 3aKOHE pacIpemecHMs
M3MCHECHHM 1IEH aKTHBOB, BXOJISIIIUX B TIOPTGhEb.

[Ipu HOpManbHO pacmpelneiIeHHOM CIydyalHOM BENIUYUHE, IOBEPH-
TeJIbHBII uHTepBal (1 — o) Bceraa xapakrepusyercs KBaHTUibo (kj_, ),
KOTOpas TIOKa3bIBacT IOJIOKEHWE WCKOMOTO 3HAYCHUs CITyJdalHON Be-
JUYUHBI OTHOCUTEIIEHO CPEIHETO, BRIPAXKEHHOTO B KOJIMYECTBE CPEIAHE-
KBaJIPATUYHBIX OTKIIOHEHUH 3TOW CIly4alilHOW BEJIMYMHBI G; OT CpPElIHeE-
ro 3Ha4YeHus.

Jlist Hanbomee 9acTo MCTIOIB3YEMbIX 3HAUCHHM JOBEPUTEIHHOTO MH-
TepBasia B 95 u 99 % COOTBETCTBYIOIIME KBAHTIIN OyIyT paBHbI 1,65 1
2,33 cTaHIapTHBIX OTKJIOHEHU.

B ciyuyae mpuHSATHS THIIOTE3H O HOPMAJIBHOM 3aKOHE pacipenene-
HUSI CTOMMOCTH I -TO aKTHBa MPOTHO3WPYEMOE 3HAYCHHE IIEHBI IS OJI-
HOJTHEBHOTO BPEMEHHOTO cpe3a (T =1) U JOBEpUTEIHHON BEPOSTHOCTH

(1- o) ompenensercs mo Gpopmyie:
Viaeoyt+1) =V () exp(=k_0,(1)) . (4.102)

[locnennsas dbopmyna 3amicaHa B MPEANIONIOKEHHH, YTO MaTeMaTH-
YECKOE OXKHUTAHUE 00HOOHEBHBIX 00X0OHOCHEl PABHO HYIIIO.

CrangapTHOE OTKIOHEHHE C;(f) MOXeET ObITh OLICHEHO MO OrpaHu-
YEHHOH BBIOOpKE IIEH (MCTOPUYSCKOMY IMEPHUOJY HAOJIIOJCHUI) I -T0
aKTHBa.

293



NHurepecyromas Hac BenuuuHa VaR; s BpEMEHHOIO Cpe3a B OIUH
JICHb U JIOBEpUTEIBbHOM BeposTHOCTH (1 —a) MOXeT OBITH ompereseHa

ciemyromuM 00pazom:

VaR, o (t +1) = V;(t){[exp(=ki_o0; ()] -1} (4.103)

Ilpn Manblx 3Ha4eHMAX BEIMYMHBI —k|_,G;(f) BbIpa)KkeHUE
{[exp(—kl_aci(t))]—l} MOKHO 3aMEHMTh Ha BbIpaxkeHue —k_,o; (7).
Orta IuHelHas annpoKCUMaLus J1s MaJblX 3HaYeHUH G,(f) OCHOBaHa Ha
pasnokeHnn ucxoxaHo (yukmmu B psia Teitmopa. BecbMa wacto 3HaK
«—» OITYCKAIOT M ONEPHUPYIOT A0COTIOTHRIM 3HAUCHUEM BEIMIUHBI VaR.

B pesynbrare mist i -ro aKTHMBA, COCTOSIIErO M3 HECKOJIBKUX HHCT-
PYMEHTOB, BEJIMYMHA PUCKOBOM CTOMMOCTH C BPEMEHHBIM T'OPHU30HTOM
B OJIUH JICHb W JIOBEPUTEIBHBIM UHTEpBasoM (1 — o) MOXkeT OBbITh pac-
CUMTaHa 10 clenyomei popmye:

VaR; =VaR;, o (1 +1) =V;()k_o0; (1),

rae V;(t) — Tekymas CTOMMOCTb IO3UIUM i -T0 aKTHBA (IIPOU3BEACHUE
TEKyIIe! IIeHbl Ha KOJIMYECTBO EANHUI] aKTHBA).

JIns pUCKOBOM CTOMMOCTH C BPEMEHHBIM FOPU30HTOM 1’ HEU U J0-
BepUTeNbHBIM WHTEpBalioM (1 —a) mocienusist GopMmyia TpPUHHMAET
BUJ

VaR; =VaR;,_q (1 +1) = V,(t)ki_o 0, (0WT (4.104)

CoorsercTByromas Gopmyia s pacuera VaR Bcero 0aHKOBCKOTO
nopTdeIns UMeeT CIeTyOIINN BUI:

VaR =\ 1VaR QIVaR , (4.105)

rine [VaR — BEKTOp CTOJOEI MHIAUBHUIYAIBHBIX PUCKOB MO3MIHMA;, () —
KOPpENAINNOHHAS MaTpHIla JOXOAHOCTEH (aKkTOpoB prucka. B pa3sepHy-
ToM Bue ¢popmyna (4.105) mpuHUMAET BU

n n n
VaR = |>VaR? +2Y Y p;VaRVaR, (4.106)
i=1 i=1 j=i+1
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rae VaR; — paccunreiBaercs o popmyie (4.104), a p;; — koadduru-

CHTBI KOppeIAlun AOXOJHOCTU q)HHaHCOBOFO HUHCTPYMCHTA, KOTOPLIC
PaCCUHUTBIBAIOTCS CIEAYIONIAM 00pa3oM:

i=1n, (4.107)

Py = i,j=Ln. (4.108)

(Guox )i (Gnox )j ;

B nocnenneit popmyne Ry, R peaM30BaBIINECs JOXOIHOCTH i-

J
Oro | j-ro (pUHAHCOBBIX MHCTPYMEHTOB B MOMEHTHI HaOmoaeHus k u /,
N — 4uciio HaOIIOACHUIA.

4.3.2. Ilocmanoeka 3ad0auu hopmuposanus nopmeensn
MAKCUMATIbHOU 00X0OHOCIU NPU PUKCUPOBAHHOIL 8eIUYUHE DUCKA

OnuH U3 METO/OB YNpPaBIEHUS PUCKAMU — 3TO HaJIOKEHHE OTpaHH-
YeHUH (JTMMHUTOB) Ha BelMW4MHY pucka VaR. IIpu 3Tom ydacTHHKH (PoH-
JIOBOTO PBIHKA 33Jal0TCsl OMPENeICHHOW BeIuYrMHON VaR u craparoTcs
Tak chOpMUpPOBaATh CBOI MOpT(eNb, YTOOBI €ro JOXOAHOCTh ObliIa MaK-
CHUMAaJIbHOM.

YunteiBast popmyny pacuera noxomnoctu (4.100), 3anumem Kpute-
puii, KOTOPBI HEOOXOAMMO MaKCHMH3HUPOBATh:

Vix

n n .
J(xy.x,) = R, (x1.0x,) = 2 RW; =) R, - ———. (4.109)

i=l1 i=1 port

WuBectop, 0obnanas orpaHUYeHHBIMHA CPEJICTBAMH, B COCTOSIHUN WH-
BECTHUPOBATh B PBIHOK, 00BEM JCHEKHBIX CPEICTB HE IMPEBBIIIAIONIUI

V por - B pesylibTare nomydaem orpaHHuCHHE:

n
SVix; <V oy - (4.110)
i=l
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Bropoe orpanudeHnue mosiBisieTCs, U3 JUMHUTA Ha BEIUYUHY PHCKA,
TIPH MIPEBBIIIIEHUN KOTOPOH, MTO3UIHS MPUHYJUTETHHO 3aKPBIBACTCS:

VaR <VaR._,,. (4.111)

IoncrasuB B (4.111) coorHomienus (4.106), (4.104), (4.98), mony-
YUM PUCKOBYIO CTOMMOCTb JIJIsl BpEMEHHOT0 ropu3onTa 7

VaR:\/Z(mJ_ch» #2353y NTNT (hy Vi by oV x,0,) <

i=1 j=i

<VaR,, . (4.112)

KonuuectBo OTACIBHBIX BHAOB KaXIJOT'0 aKTWBa, HEC MOXCT OBITH

OTpHULATCIBbHBIM U ABJIACTCA BCCrJa LCIBbIM, IIO3TOMY BCPHO CJICAYHO-
€€ HEPABEHCTBO!

x;20, x;€Z; i=Ln.

Takum oOpazom, 3a1ada GOpMUPOBAHUS UHBECTHIIMOHHOTO TTOPTQe-
751 MAKCUMAJIBHON JTOXOJHOCTH, C 3alaHHBIMH 00BEMOM WHBECTHUIHH H
3HaYCHUEM PUCKA BBITJLIIUT CIETYIOIINM 00pa3oM.

Hatitu
1 Vx:
max J(x;..x,) = R, (x..x,) = > R ——
i=1 Vport
Ipu OrpaHUYCHUAX
n
z Vixi < Vport;
i=1
n n n
z(kl oc\/_ xici)z + 22 zﬁﬁpij (kl—aVixiGi)(kl—anijj) < VaRzad;
i=1 i=1 j=i
x; 20,0 =1n
x;€”Z,i :1_

Baenem 0003HauEeHUS:

2 _
¢ =R~ dy =py NTNThL ViV ;6,655 py =1 i, j=Ln. (4.113)

port
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C y4eToM BBeJIEHHBIX 0003HAUYCHHH, JAHHYIO 3a7]aqy MOYKHO 3aIlMCaTh B

BUJIE
HalTH
n
max 4J(X;..x,) = 2. ¢;X; (4.114)
i=1
NPU OTPaHHYEHUSIX
n
Z Vixi < Vport;
i=1
n 2 n n
Ydpxi +2% 3 dyx;x; <VaR. .45 (4.115)
i=1 i=1 j=i
X, €Z,i= I,_n

4.3.3. Pewenue 3a0auu gpopmuposanus OnmumaibHoz2o nopmeens
¢ ucnosnv3osanuem muoxcumenei Jlazpaunca

3anaua ¢opmHupoBaHUs OAHKOBCKOTO TOPT(heENs MakCUMalbHOM JI0-
XOAHOCTH C 3aIaHHOM BEJIMYMHON pucka VaR, ABiseTcs 3agadeu c Jin-
HEIHBIM KPUTEPUEM U CMEIIAHHBIMU OTPAHHYEHHSMH, CPEIU KOTOPBIX
IPUCYTCTBYIOT KaK JIMHEWHbIE, TAK W HEIUHEHOE orpaHuyeHue. Tax
KaK MakcUMM3UpyeMmblil kpurepuii (4.114) u orpannuenus (4.115) (ecmu
npeHeOpeyb YCJIOBHEM ILIEJIOYHCIEHHOCTH apryMEHTOB ONTHMHU3ALUH

X;,1=1,n) ABIAIOTCA BBITYKIBIMUA U epeHtupyeMbIMu QyHKIUAMHY,

TO TIOCTaBJIEHHAs 3a/lada MOJXKET OBITh pelleHa C TIOMOIBbIO (HYHKIIHH
Jlarpamxa [22]. YuuTeiBas, 9TO TaHHBIA METOJI MPEATIOIaracT MUHUMH-
3anui0 (GYHKIUH, 3allUIIeM KPUTEePHH 3a1add (OPMUPOBAHHS UHBECTH-
IIHOHHOTO MOPTQEIS B BUIC

J(Xj.x,) == ¢;x; (4.116)

i=1

IIPY 3TOM OTPaHUUYCHHS NPUMYT CIIeIyFOLINH BUA:
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n
Z port < 0;

Zd X +2ZZdU iX; —VaR 44 <0; (4.117)
i=1 i=l j=i

>< g_”

;1 20,i=1Ln.

[Tockompky MeTom MHOXWTenew Jlarpamka He OBLT pacCMOTpPEH B
1. 3, OCTAHOBUMCS Ha 3TOM METojie OoJiee moapoOHO.

O6o3Ha4nm JieBble YacTH HepaBeHCTs (4.117) yepes g ;(X), j = Lm,
a kputepuii MuHIMU3auu (4.116) yepe3 pynknuro f(X), Toraa 3amadya

OyJIeT UMETh CIICAYIONIHIA BUI:
HaWTH
min f(X) (4.118)

IIPU OIPAHUYEHUSAX

g,(®<0, j=Lm. (4.119)

BBeneM nonosHUTENbHBIE TIEPEMEHHBIE Z ;, j =1,m , U IepeigemM ot

] b
orpaHH4YeHHH HepaBeHCTB (4.119) k orpaHUYEeHUSAM paBEHCTBAM:

g;(X)+z%, =0, j=Lm. (4.120)
Sanumrem ¢yskmuro Jlarpamka 3amaqn (4.118), (4.120):

Z(;,X,z)=f(f)+§xj[gj(f)+zzj]. (4.121)
j=l

Cucrema ypaBHeHI/Iﬁ AJI €€ CTAallMOHAPHBIX TOYCK UMCCT BUJ

oL _ 9 .

— A =0,i=1n; 4.122

Ox; 6xl~ ]Zl / 6x ( )
oL =2%;z;=0,j=1L.m; (4.123)
0z
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;TL=gj()_c)+22j=O, j=Lm; (4.124)
j

VYenoBus (4.122) — (4.124) sBnsroTcsi HEOOXOAMMBIMU yCIIOBUSIMH
MuHAMYMa 3anadd (4.118), (4.119). OdeBunHO, paBEHCTBA C BEIMYNHA-

MU sz > (0 sKkBHBaJICHTHHI HepaBeHcTBaM (4.119).
HckmounM M3 3TOH CHUCTEMBI BCIIOMOTATENbHbBIE IEPEMEHHBIE Z;.

YMHOXKHB KaxJioe paBeHCTBO u3 (4.123) Ha z;/2, momyuum: A jzz i=0

WJIH, KaK HETPYAHO yOenuThCs u3 cooTHomeHus (4.124),

C y4eroM mocieiHUX COOTHOIICHUH, HEOOXOANMBIE YCIOBHUS MHUHU-
MyMma Juid 3a1adu (4.118) — (4.119) npuHHMalIOT BUA

OLER) _FE) by %20
J

0, i=Ln;  (4.126)

8)61- axi j=l axi
LR _ (5y<0, =i (4.127)
on,
L8, (®)=0, j=Lm. (4.128)

CymiecTByeT cieayromas Teopema.

Teopema. [Tycts X ,A — pemenne cuctemsi (4.126) — (4.128). To-
rja, €CiIv TOYKa X sBsercs pemenuem 3amaun (4.126) — (4.128), To
Ai>0 JaaBcexi=1, ..., n.

C yueToM BBIIIEIPUBEACHHOW TeOpemMbl M BbIpakeHni (4.126) —

(4.128) MOkHO CHOPMYIUPOBATH CIEAYIONICE HEOOXOIUMBIC YCIOBHS
MuHAIMyMa B 3amade (4.118) — (4.119) ¢ momyCTUMBIM MHOYKECTBOM,

YAOBJICTBOPSIIOIINM YCJIOBHIO PETYJIIPHOCTH: €CIIU X sBisercs petiie-
HueM 3anauu (4.118) — (4.119), To s yucen k*j, j=1...,n BbIIOI-

HAIOTCA COOTHOIICHMA .

x>0, j=Lm; (4.129)



ALE) _ ¥ @ . 0g;(X)

+2 0

=0, i=Ln;  (4.130)

Vg, (x)=0, j=1m; (4.131)
g;(x)<0, j=Lm, (4.132)

KOTOpBbIe Ha3biBatoTCs yenousamu Kyna — Takepa [1].

OTH yCIIOBHS SBJISIFOTCS TAKXKE M JOCTATOYHBIMH YCIOBHSIMHU MHUHU-
Myma B 3agaue (4.118) — (4.119).

3ammmem ¢ynknuio Jlarpanka HEIMOCPEACTBEHHO ISl Halleid 3aja-
YH:

L(x,k):_icixi +A (Z port]+

i=1

[\/Zd” X; +222dlj iX; VaRzadJ. (4.133)

i=l j=i
3anumem ycioBus Kyna — Takepa:

g;(¥)<0, X;20, i=12

(z V x port j 0;

(\/zdn X +2zzdy i ] VaRzad\J:();

i=l j=i

(4.134)
2d e xy + 2 dx;
i=1
e + MV, +%x2 il =0; k=1,..,n.
\/Zdu i +2zzdy i j
i=1 j=i
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[Tonyuymnu cucreMy HENMHEWHBIX ypaBHEHUU. B oTiauume oT cuctem
JIMHEWHBIX YPaBHEHUH HE CYIIECTBYET PEIICHUS] HEIMHEHWHBIX CHUCTEM
o01m1ero Buaa U MPSIMBIX METOJOB. JIMITh B OT/IENBHBIX CITydasx CHC-
TEMBI TTIO0OHOTO BU/A YJAETCs pa3pelIuTh HENOCPEACTBEHHO B SBHOM
BUJIE.

Jlns1 pemmeHust cHCTEM HETMHEHHBIX YPaBHEHUN OOBITHO HCIIONB3YIOT
WTepalMoHHble MeToAbl. Hambornee MpOCTBIM € TOYKH 3pEHHS Mpo-
rpaMMHOM peanu3alMd W, KPOME TOro, 00JaJaiolidM ONTHUMAaJIbHOM
CKOPOCTBIO CXOJWMOCTH, SIBJISIETCS METOJ| PELICHUsI CUCTEM HEIHHEH-
HbIX ypaBHeHUI HbroToHA.

B ocHoBe meroma Hprorona nexar pasnokeHuss (QyHKIMHA B psij
Teiinopa, mpuueM wWieHsl, colepkaliue BTopble (1 0ojee BBICOKHX I10-
PSAKOB) IPOM3BOAHBIE, OTOPACKIBAIOTCA.

[Tyctes mpuOnmkeHHBIE 3HAYEHUS HEU3BECTHBIX cUCTeMBbl (4.134)
(HanpuMmep, NOTy4YeHHbIE Ha MpenblaylIeld UTepaluy) paBHBI COOTBET-
CTBEHHO d,...,d,,b|, b, . 3a1a4ua COCTONT B HAXOXKAECHUU IPHPALICHUH

(mompaBoOK) K 3TUM 3Ha4eHHAM Axy,..., Ax,,Al;, Ak,, Gnarogapst xo-
TOPBIM pelieHue cuctemsl (4.134) 3anumercs B BUJE:

X =a +Ax1,...,xn =a, +Axn,7\41 :bl +A}\41,7\42 =b2 +A7\42 (4135)

ITonydenHast B pe3ysibTaTe CUCTEMa JIMHEHHBIX YpaBHEHUHN peraeTcs
MmetoaoM ["aycca oTHOCHTENBHO MONPAaBOK AXy, ..., Ax,, Ay, Ak, .

AnropuTtM™m perieHus 3a1adu (GOpMHUPOBaHUS ONTHMAIBHOTO MOpTde-
JI1 MakKCUMaJbHOM JOXOJHOCTH, C 3aJaHHOM BeJIMYMHOU pucka VaR
MOJKET OBITh MPEACTABICH CJEIyIOIIel MOCIeI0BaTeIbHOCTRIO JAEHCT-
BUI.

1. 3amaem HavanbpHBIC IPHOMIOKEHHS a;, b (i=1,...,n; j=1, 2) ma
CUCTEMBbI TUHEWHBIX ypaBHeHHH (4.134).

2. 3agaeM € — TOYHOCTh, C KOTOPOH HEOOXOIUMO TOTYYHTh PEIICHHE
3aJa4H.

3. Pemraem cucremy nuHelHBIX ypaBHeHu# (4.134) metonom ["aycca
OTHOCHUTENIBHO npupawmennii Ax; (i=1n) u AL ; (j=1,2).

4. Tlocne HAXOXKJEHMS PEIIEHHs 3a7aeM HadaJlbHble NPUONMKEHUS
PaBHBIMU CIICJYIOIIUM BEIHYNHAM: d; =, ; + Ax;, b, ; =b, 1 ; + AL,

3JIeChb { — HOMEP UTECpaIUU.
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5. IlpoBepsieM BBINONHEHHE HepaBeHCTBA Ax; <€ M AL; <g, ecin

ST YCJIOBHSI BHITIOIHSIOTCS, TO TIepexoauM K mmary 6. Eciu Het, To me-
pexoan K mary l, rie HavajgpbHBIE TPUOMKEHUS 33]1aéM PaBHBIMH Be-
JTUYHHAM, TTOJTYICHHBIM B II. 4.

* . -
6. IlpunumaeMm x; =a;, i=1,n, U BBIXOJUM U3 LUKJIA PELICHUS 3a-

Jlauy.
4.3.4. Ilpumep 3a0auu ghopmupoganus onmumaibHo20 nopmeensn

B kauectBe TecTOBOTO mpuMepa ObUIA B3sSITa CUTYAIUs U3 PEaIbHOM
JKU3HU OJHOTO W3 y4JacTHHKOB (hoHmOBoro peiHKa Poccuum B 2003 —
2004 rr. (Tabm. 4.2 — 4.6).

OOBbeM JEeHEXKHBIX CPEICTB, KOTOPbIE TPEHAEp B COCTOSHUHM HHBE-
CTHUPOBaTh B PBHIHOK IIeHHBIX Oymar, paser 60 000 000 py6. Bpemennoit
TOPHU30HT, HA KOTOPBIH JENIaeTCsl pacdeT MHBECTHUIIMOHHOTO mopTders,
paBeH OJHOW Helee Wik CEMU IHSIM. [[oBepUTENbHbBINA UHTEPBAI PaBEeH
95 %. Bennuuna nomycrumoro pucka (VaR) pasaa 1 800 000 py0., T.c.
BEPOSATHOCTh TOTO, 4YTO Hamu yOwiTkH He mpeBbicsaT 1 800 000 pyO. B
TeUeHUE Helenu paBHa 5 %.

C ucnonp30BaHMEM UCTOPUU IIeH Ha akiuu ¢ Havana 2002 r. mo ko-
Her| mepBoro kBaprana 2004 r. ObUTM paccUMTaHBl JOXOMHOCTH (CM.
dbopmyny (4.97)) u MHIUBHIYAIBHBIH pUCK (cM. dopmyny (4.104)) ak-
UM Ka)KI0r0 DMUTEHTA.

[Ipu cocraBieHMM BBIpaXKEHUS IS PUCKA TUBEPCU(DUIIUPOBAHHOTO
noptdens Oblla paccyUTaHa KOBapHAIMOHHAs MaTpUIa JOXOIHOCTEH
akmmii (cMm. hopmyner (4.107), (4.108)), Ha muaroHad KOTOPOW CTOST
JUCTIEPCUH JOXOAHOCTEH OyMmar.

Hwxe npeacraBneHpl pe3ynbTaThl pacueTa, 10 MPUBEICHHON BBIIIE
MeTOoMKe, OaHKOBCKOTO MOPT(QENS 3a pa3InIHbIe TPOMEXKYTKH BpeMe-
HU. B Tabnmiax ykaszaHa JoJisi aKkiMil KaXKJOTO 3MHTEHTa B moptdene

V.x

W; =——, 1onu JOXOAHOCTH, KOTOPBIC BHOCHT KaXkaas M3 Oymar B

port

noptdenp u obmwas T0XOAHOCTh NOpT(dens, BEIYUCICHHAs 10 GopMmyIie
(4.100).
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4.4. Ucnonb30BaHHE METOA0B HEJTUHEHHOr0 MPOrpaMMHUpPOBaAHUS
NpHU OlleHKe napaMeTpoB GopMupymomero puibrpa

BaxHple mpUKIIagHBIE aCMEKTHl MCIOJIB30BAHUS METOIOB HEITWHEH-
HOTO TIPOTPAaMMHUPOBAHUS CBS3aHHBI C 3a/ladaMH HWJeHTH(HUKANUW Tia-
paMEeTPOB CUCTEM PA3TUUHON MPUPOABl U HazHAaYeHUs. OJHOM U3 TaKuX
3a/1a4 ACHTU(UKALMK MOXKET CIIY)KHTh 3a7[ada ONpeesieHus mapameT-
poB dopmupyroero (uiIbTpa, BEIXOJAOM KOTOPOTO SIBISCTCS CITydaii-
HBIA TIPOIECC, KOPpEeISIUOHHAas (PYHKIHS KOTOPOro ONm3Ka KOppems-
[IUOHHOW (YHKIIMH MOJAETHPYEMOro CIy4aiHOTO Tpoliecca. Paccmor-
pHUM, IIpeKie BCEro, OCHOBHBIE CBOMCTBA (POPMUPYIOMNX (PUIBTPOB.

4.4.1. Ocnognvle ceoiicmea hopmupyrowux uibmpos

Kak mu3BectHo [56], popMupytomum GUIBTPOM Ha3bIBacTCs JTHHEH-
Has JUHAMHYecKas cucreMa (B oOIeM ciiydae HecTallloHapHas), Ha
BXOJ KOTOPOH MOAa&Tcs HOPMAaJbHO pPACTpENEICHHBIN «OeNblid LIyM»
€JMHUYHON MHTEHCUBHOCTH, a BBIXOJOM SIBIISIETCS CIIy4alHBbIN ITpoLece,
KOppessiuoHHas GyHKuus KoToporo K. (7,7,).

B ob6mem ciydae ypaBHeHHE (hOopMHpYIOMETo GUIETPA UMEET BH/T

a0 20 a0 nyf)+...+ao<z>y(z>=
d
m m—1
b, (t)d x(t) b 1(t)d x(t)+ by (Dx(1),  (4.136)

rae ay(t),...,a,(t),by(t),...,b,, (1) — ko3bduIHEHTH HOpMUPYIOIIETO
¢unptpa (m<n); y(f) — ciay4ailHBI{ TpOIlECC HA BBIXOAE (PIIBTPA;
x(t) — HOpMalIBHO paclpeleleHHbI «Oenblii IIyM» HHTEHCHBHOCTH
N,.

Ypasuenue (4.136) MoXHO 3amucaTh B orepaTopHOi Gopme:

D,(S,)y(®)=M,,(S,)x(t), (4.137)
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rne D, (S,t) u M, (S,t) — nuHEelHbIE ONepaToOpBI:
D,(S,t)y=a,®)S" +...+ay(t); (4.138)
M, (S,t)=b, (t)S™ +...+by(1). (4.139)

Kak usBectHo, koppersiuuontas gyHkuust K (¢),¢,) IPOU3BOILHO-
ro ciay4yaiiHOro mporecca () OoIpenensercs CICIyIIUM 00pa3oM
[10]:

Ky (1, 8) = M[(y(t;) =my (1)) (¥(t2) —=my ()], (4.140)

rae my(¢;) — MAaTeMaTHYeCKOe OXUIAHUE CEUCHMs CIy4alHON (QyHK-

iy y(f) B MOMEHT ¢; .

UzBectHO, 4TO KOppensuoHHas (YHKIHS 00JafaeT CIeAyONIMH
CBOWCTBaMHU.

1. K (t,t,)=K(t;,t;) — CBOHCTBO CHMMETPHH.

2. K (t,ty) 2 Ky (t,)K (8, 1) . (4.141)
3. K (,t,) — IIOIOKHATEIBHO ONpEICICHHAs (yHKIIHS.

[Ipenmonoxxum, 9TO0 UMIyJIbCHas TiepexoaHast (QyHKIUS JUHAMUYeE-
ckoii cuctemsl (4.136), mpeacrasisiionias coO0H peakUio STOH CHCTe-
MBI Ha OECKOHEYHO OONBLION MMITYJIbC, HOAAHHBIA B MOMEHT BPEMEHH
T, U3BECTHA!

k=M SD s o s
D, (S,1) (4.142)
k(t,1)=0, t<t.

Torna, s J110O60T0 MOMEHTa BPEMEHH ¢ CIIPABEIIMBO BhIpaXKCHUE:
t
y(@) = [x(Ok(t,1)drx. (4.143)

[oncrasnsas (4.143) B hopmyiy (4.140), morydnm:
K, (@, ) =M[y@t)y;)]=
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h 15)
= [ k(t,,v)| [k(ty, 1)K, (t), tp)dr, | dry, (4.144)

—00 —00

rne K (¢,¢,) — KoppemsiumoHHas (YHKIMS CIy4aifHOro Ipomuecca
x(1) .

Ilpu ¢ =¢, =t nomyuyuM aucnepcuro mnpouecca y(f) B MOMEHT
BPEMEHH ¢ :

Gi(t)z Jt'k(t, 7)) jk(t,TZ)Kx(T],Tz)dtzdtl . (4.145)

Haiinem xoppensuuoHHy0 (yHKOMIO cuTHana )(¢) Ha BBIXOJE ITH-

Hamu4eckoil cuctembl (4.136), Ha BXOoX KOTOpO#l mopmaeTcs «Oenblid
mym» x(¢) . Tak Kak crieKTpajbHasi INIOTHOCTh «OEJIOro IIyma» MOoCTO-

SIHHA ¥ PaBHa UHTCHCHBHOCTH, T.C.
S, (@=5,(0)=N,, —o<w<no, (4.146)

TO KOPPEISIMOHHYI0 (DYHKIUIO ClydaliHOTO mporecca x(f) MOXKHO 3a-
MUCATh B BUJIC

K ()= Z; [e’"do=N 5(). (4.147)

Takum 00pazom, KoppensaunoHHast GYHKIUS CTAIIHOHAPHOTO «Oeno-
IO IIyMay IJIsl HHTepBaJla BpEMEHU T =T,—T, OyAeT UMEThb BUJ
Kx(Tl_Tz) ZNXS(Tl_Tz). (4148)
IMoncrasmss (4.148) mpu N, =1 B dpopmyiy (4.144), momyunm:

4
Ky (t;,1)= [k(ty,t)k(ty, t)dyy, 17 <ty;  (4.149)

—00

5]
Ky (t,15) = [k(ty,1)k(ty, ty)dey , 1215, (4.1490)
ITonaras B (4.149a) u (4.1496) t, =t, =¢, HailneM OUCIIEPCUIO BbI-
XOJIHOTO CHUTHAJIA!
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t
o) = [k*(t,v)dr. (4.150)

I[JI;I CTallMOHAaPHBIX JIMHEHMHBIX JUHaAMUYCCKUX CUCTCM UMITYJIbCHAA
nepenarounas QyHKIMA k(¢,T) 3aBHCHT TOJBKO OT MPOMEXKYTKa Bpe-

MEHH, UCTEKIIEro ¢ MOMEHTA I101a4H BO3MYILAIOIIET0 UMITyJIbCa, T.€.
k(t,t)=k(t—1). (4.151)
[Mpumenum k obeum uacTsM paBeHcTBa (4.1490) nuHeiiHbIN onepa-
top D, (S,t), onpenensiemslii BeipaxkenueM (4.138). Torna, ¢ yuerom
BbIpaxxeHus (4.142), momydamnm:

5]
D, (S,0)K(t),t,)= J'k(t2 ,LOM(S,8)0(t, —t)dt; ¢, <t). (4.152)
Tak kak O -QyHKIUSA B mpaBoii gacTw (4.152) He paBHA HYJIIO TOJBKO
IpU T =1, a BEpXHUU npenen ¢, <f;, TO CIPaBeAJIUBO BbIPAXKEHUE!

Dn(Svt)Ky(tlatZ)zov t2<t19 (4153)

WM, TIOACTaBIsAs 3HaueHUe JuHeWHoro omepartopa (4.138), momyuum
JUHEWHOE OJTHOPOTHOE YPaBHEHUE, KOTOPOMY YJIOBJIETBOPSET KOPPEIs-
uuonHast Gyukuus K (¢),¢,) 1pu t, <t;:
n
a (tl) K (t),t))+...+ag (1)K, (t),6,)=0; 1, <t;. (4.154)
dtf
Paccmorpum  BelpaskeHne (4.149a). OdYeBHAHO, 3TO BBIPAKCHHE
MOYKHO TPAaKTOBaTh KaK ypaBHEHHE CBEPTKH [56] TMHEHHON quHaMmUe-
CKOM CHCTEMBI C MMITyJIbCHOM nepexonHoi (pyHkuueil k(#;,t), Ha BXOA

KOTOpO# nojaercst curHain k(¢,,t), a BBIXOJOM SIBIIICTCS KOPPEJIsIu-
oHHas ¢pyHKIUA K (t1 ,T). TakuMm 0Opa3oM, MOKHO 3aITHCATh:

a (f1) Ky(t),t) +...+ag(t)K (1, 1,) =
dt

m

—bm(md Kty 1)+t By 1), 1y 20 (4155)
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Paccyxnast aHamoruyHbIM 00pa3oM, MOTYYHM €Ille J1Ba YPaBHEHHUS:

a (tz):;t K (tl’t2)+ +a0(t2)K (tl,tz) O t1<t2. (4156)
2

d}’l
a, (t2) n
dt?

Ky(tl,tz)+...+a0(t2)Ky(t1,t2)=

dm
=b, (tz)—m k(t,t))+...+by(ty)k(t, 1), t2t,. (4.157)
dty
W3BectHO [57], uTO MMmynbcHas nepexonHas GyHkuus k(f,T) u-
HEWHOM CTaIMOHAPHOW AWMHAMHUYeCKoU cucteMbl mpu M (S,t) =1 coB-
nanaer ¢ QyHkuuei ['puHa u paBHa:

k(t,7) = G(t,7), (4.158)
rIe

D, (1) D,(1) ... D,
R e T

" (1) "I (r) .. oD (7)
A(t) — onpenenutens BpoHckoro:

o) .. D,(7)
Ay =det| DO ®@ ) (4.160)
" V) .. o" V()

D, (7),..., D,(1) — dyHmamMeHTaTBHOE PEIICHHEe OAHOPOAHOrO nudde-
PEHLMAIBHOTO YPABHEHNUSA

d"y(t) d" 1y()

ﬂ (t)

+a, () ———+...+ay()y(t)=0. (4.161)
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4.4.2. Koppenauyuonnan pynkuus popmupyrowezo punvmpa
8mMOp020 NopsaoKa

Hcnonw3ys cBOMCTBa KOPPENALNMOHHON (PYHKIHUU (POPMUPYIOIIETO
¢bunbTpa, NOTyYCHHBIE B IPEABIIYIIEM pa3/elie, HaleM B IBHOM BHUJIC
BBIpOKEHHE JUTS KOPPENSHOHHON (QYHKIMU CITy4aifHOTO Tporiecca Ha
BBIXOJIE CTAIlHOHAPHOTO (POPMHUPYIOIIETO (QHILTPa BTOPOTO MOPSIKA
mpu M(S,t)=1.

B stom ciydae ypaBHeHHE (HOPMUPYIOIIETO GHUIHTPA UMEET BH]

d? d
dt—ZY(f) tay—y(0) +agy(t) = (). (4.162)

Ha ocnoBanum cpoiictBa (4.154), xoppensiuuoHHast (YHKIHS CITy-
YaifHOTO Tporiecca y(f) Ha BbIXoAe Qopmupyromero ¢puibrpa (4.162),

YIOBIIETBOPSIET YPABHEHUIO:

1

ITycts A, Ay — KOPHU XapaKTEPUCTHUUECKOIO YPABHEHUS

M +ah+ag=0; Ay, %(— a, £+ a? —4a0). (4.163)

Torna pyHnameHTabHOE perieHne OyIeT UMETh BUJI:
1) neficTBUTENBHBIE KOPHU XapaKTEPUCTUYECKOTO yPAaBHEHHUS

O,(H)=e"; D, (1)=e; (4.164)
2) KpaTHbIE KOPHU XapaKTEPUCTHUICCKOTO YPaBHEHHUS
Q,(H)=e; O,(1)=te; (4.165)
3) KOMIUJICKCHBIC KOPHH XapaKTCPHUCTUICCKOI'0 YPABHCHUS
@, (¢) = ' (cos jB £sin jp). (4.166)

[MomyunMm 3HAaYCHHWE KOPPEISAIMOHHOW (PYHKIMU JUIsl KaXKIOTO BUAA
KOpHEH XapaKTepUCTHIECKOTO YPaBHEHUSI.
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1. Cnyyaii feiicTBUTeJBHBIX KOpPHell. B 3ToMm ciyuae, corimacHo
cootHomIeHWsIM (4.159) u (4.160), ompenenurens BpoHckoro m nuMm-
MyJIbCHAs nepexonHast GyHKIHs OyIyT UMETh BHL

67»11: ekzr (i 7s)
- — (M)t _ .
A(7) }blekzt 7\,2e7‘11 e Ay =2Ay); (4.167)
_ 7\,11 7\.21 7»1(1‘—‘5) _ 7\.2(1‘—‘5)
G(t, 1) =—— ! R B ¢ —k(t,7).
eM 2)1(7L2 %) le 1T gt A=A,y
(4.168)

[Moncrasnsas B popmyny (4.149a) BelpakeHue UIsi UMITYJIbCHOW Tie-
pexonHoit pynkimu (4.168) 1 yuuThIBas, YTO AJIS CTAI[MIOHAPHOTO CIY-
YaHOTO Ipolecca KOppeIsUOHHAas (QYHKIHS 3aBUCHT TOJIBKO OT pas-
HOCTH MOMEHTOB BpEeMEHHU Af, TIOIy4uM:

[;\.2 exXp (XIAI)—A«I exXp ()\.zAI)]
2ayag(hy — M) '

K, (Ar)= (4.169)

2. Ciyyaii KpaTHBIX KopHeii. [l ciydas KpaTHBIX KOpPHEH orpe-
JenuTtenb BpoHCkoro u uMIyibCHas mepexonHas ¢(yHKius OyayT
HUMETH BUJ
ek‘c T eM

2AT
=e (4.170)
e M (14 k1)

A(T) =

-1 eM l‘eM _ ek(tﬂ-) (t _ ‘c) i)
G(t, T)Zezﬁ e’“ Te)ﬂ =T=(Z—r)e Zk(t, ‘C).
(4.171)
CoOTBeTCTBYIOIIAs KOPPENSAIUOHHAs (GYHKIHS OYIET paBHa:
K, (Af) = exp (MAY) ( L ] . 4.172)
aay  2aja

3. Cayyaii KOMILIeKCHO-CONPSIKEHHBIX KOpHel. OmnpenenuTens
BpoHckoro, ummyibcHasi IepexoaHas (YHKUUS M KOppessIUOHHAas
(YHKIHS, COOTBETCTBEHHO, OYAyT UMETh BUJT

312



A7) = a®* (cosPt + jsinBr) a®" (cosPt — jsinPr) _
a®B(a+ j)(cosPt + jsinBr) a*P(a— j)(cosPt — jsinPr)
=-2jBe’*"; (4.173)
G(t, 1) = -1 e““(cosPt + jsinBr) e* (cosPt — jsinPr) _
, —2jBe* |e** (cosPrt + jsinBr) e (cosPt — jsinPr)

_e*sin (Bt -1) (4.174)
B : .

1 a 1
K, (At) = e )| — cos (BA) — =
Y( ) 2a0a1 (B ) B 2a0a1

sin (BAt)}. (4.175)

HerpynHo mokasaTh, 4TO, BHE 3aBUCUMOCTH OT BUJla KOPHEW Xapak-
TEPUCTUYECKOTO YPAaBHEHMs, NUCIEPCUS] CTALMOHAPHOIO CIIydailHOTO
mporecca y(¢)Ha BbIXOAE (opMmupyromiero ¢GuibTpa OyAeT OJMHAKO-
BOI1:

1

K,(0)=c2 = .
Y( ) Y 2(11(10

(4.176)

4.4.3. 3a0aua uoenmugpuxayuu KoIpPuyuenmos
dopmupyrowezo punompa xax 3adaua
HENUHENIH020 NPOZPAMMUPOEAHUS

Kax npaBuio, 1uist MOJEIUMPOBAaHUS CIIyYalHbIX MPOLECCOB UCIOIb-
3yI0TCA CTallMOHapHbIe (Gopmupylomue GuiabTpsl Buna (4.162). Ilpu
STOM BO3HHUKAaET 3ajaua WACHTU(DUKAUN KOIPPHUIHEHTOB (POPMUPYIO-
miero (puIbTpa, Ha BBIXOJIE KOTOPOrO HAOII0AeTCsl CTALlMOHAPHBIN CITy-
JaiiHbIil mpouece y(f), koppemsiuuonHas gpynkuus K (Ar) xoroporo

Omm3ka koppensaioHHod GyHkmum K (At) MOIeTUpyeMOTo CIIyJaiHO-

o Tpoliecca.

B kadecTBe Mephl OIM30CTH KOPPEIAITHOHHBIX (QYHKIIUNA UCTHHHOTO
U MOJCIHHOTO CIyYalHBIX IMPOIIECCOB BBHIOPAH KBAAPATUIHBIA KpPHUTE-
puit Buga
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J(ag,a,)= T(K(r) - K (ag,a;,7))*dr. (4.177)
0

Ha mnpaktuke xoppensunoHHas (YHKIUS HMCTHHHOTO IIporecca
K(At) 3apaerca B Buie Tabmuy win rpadukoB. B atom ciyuae unTe-

rpanbHbIN KpuTepuid (4.177) yaoOHO 3aMEHUTh CYMMOH KBaJIpaToB He-
BSI30K MEXIy KOPPEISIUOHHBIMU (DyHKIMSMU UCTUHHOTO M MOJICIIBHO-
IO ITPOLIECCOB:

N
J(ao,a1)=Z(K(i)—Ky(ao,al,i))z. (4.178)

i=I
OueBunHo, Bu Kputepus (4.178) 3aBUCUT OT THIAa KOpHEH XapakTe-
PUCTHYECKOTO ypaBHEHHS A; M A,, ONpENeNsieMbIX IO (opMmye

(4.163):
1) nelicTBUTENHHBIC KOPHU

gy bl el

2a1a¢g(hy —Ay)

2

N
J(‘ZOﬂal) = Z Ksau
i=0

(4.179)
2) KpaTHbBIE KOPHH
MT :
y T T 1 N
J(ay,a,) = K., |i—|—exp| Ai— - ; (4.180
o) Z(:) Saﬂ( N) p( Nj 2a1ay  2aya ( )

3) KOMIIJIEKCHO-COTIPSKEHHbBIE KOPHH

N T i 1 T
J(ag,a) =S| K. |i—|-e*)| _—— _cos|Bi— |-
( 0 l) IZ(:)( Saﬂ[ Nj 2(10(]1 B N

2
o 1 . . T
T (Bﬁm , (4.181)
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rne N,T — oOrmiee 4uCIIO TOYEK W TOJHBIM WHTEPBAT BPEMEHHU BBIUHC-
JICHHUSI KOPPENSUOHHOW QYHKINU; O, B — JAelcTBUTENbHAS W MHUMAs

YacTH KOpPHEH XapaKTepUCTHYECKOTO YPABHEHHUSI.

OdeBuaHO, 3aa4a MUHUMU3AMKA Kputepus (4.178) sBisercs 3ama-
4yell HeMMHEHHOTOo MpOorpaMMHUpPOBaHMs 0e3 orpaHu4eHui. MeToabl pe-
IICHNS TaKUX 3319 MOIPOOHO OMKCAHBI BHIIIE.

B xoHKpeTHOM ciiydae JaHHas 3ajlada HEIMHEHHOTO IMpPOrpaMMUpO-
BaHHUS peIIAeTCs IBYMS METOIAMHU:

meroaoM Herotona — I"aycca;

METOJOM MOKOOPAMHATHOTO CITyCKa C OJHOMEPHONH MHUHUMH3AIEH
M0 KaKION KOOpANHATE.

Hwxe npuBeneHbl allrOpuTMBI pEIIeHUs 3a0a49i STUMU METOJaMU.

4.4.3.1. Ancopumm pewenus 3a0auu memoodom Hoviomona — I'aycca

Meron HerotoHa — ["aycca npenHa3HayeH s peLIeHUs 3a/1a4 HEJlU-
HEHHOTO MpOTrpaMMHUPOBAHMS C KBaJIpaTUYHbIM KpHUTEPUEM, BHJIA
(4.178) [63], [4].

B ocHOBe naHHOTO MeTona JIEKUT JIMHEApU3alus HEJIUHEHHON
dynxmmn Ky (ag,a;,i) OTHOCHTEIBHO OLEHOK apaMeTpOB Ha MPE/bl-

OyLUIeM [Iare WTepaluoHHOro mpouecca. OCHOBHas HUTEpalMOHHAs
¢dopmyna UMeeT BUJ

c(N=c(f=D+@ (NN O (Ne()).  (4.182)
SN Clo(j) .
rae c(j)= () — BEKTOp OLIEHMBAEMBIX KOX(Q(ULIUEHTOB HA j-M
1

mare WTeparuoHHOro mporecca; ®(j) — MaTpuia MPOU3BOAHBIX, BHI-

YHUCJICHHAad B TOYKE OICHKHW Ha MNPEABIAYIIEM MHIare MTCPaliMOHHOTO
nporecca:
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_aKy(aozalzl) aKy(a()zalal)_
aao aal
D(j)= ; (4.183)
aI(y(aov alvN) a[<y(aO’ alaN)
L G4 Oa ag=aq (j-1),

“ay=a1(j-)
e(j) — BEeKTOp HEBSA30K MEXILy HCTHHHBIM 3HAYCHUEM KOPPEISHOHHON
¢ynkimn - K(/) wn  xoppemsumonHoi  ¢ynkumerr Ky (ag(j -1,

a,(j—1),7), cooTBercTByIOLIEll Cciay4allHOMYy IIpollecCy Ha BBIXOJE
¢dopmupytomiero ¢puiabTpa Ha (j — 1) -M IIare UTEpaMOHHOTO MpoIIecca:

K1) =Ky (ag(j=1,a;(j =11
e(j)= : (4.184)

K() =K, (ao(j —Doay (j —1)1)

Ha puc. 4.11 nmpuBeaeHa cTpyKTypHasi cCXeMa pEeIIeHUs 3a1a4i METO-
nom Herotona — "aycca.

3aberast Bmepel, MOXKHO OTMETHTh, YTO HCIIOJIB30BAHHUE METOJa
Hriotona — ['aycca obecnieunBaeT oueHb OBICTPYIO CXOJUMOCTH KpHUTeE-
pusl K HymO (3a ABE — TPH UTEpaLUH) NPH 33aJaHUU HAYAIbHBIX HpU-
OnmkeHuid BOJIM3H TOYKH ONTHMyMa. B MPOTHBHOM cilydae, MOXKET Ha-
OJro1aThCsl PacX0IMMOCTh UTEPAIIMOHHOTO Ipoliecca.

VY4uTBIBas 3TO, MOKHO MPEIJIOKHUTH CIEAYIOMMH CHOCO0 3aJaHus
HaYaJIbHBIX MPUOTMKEHHUH.

Bocmone3zyemcst popMyIoil pacdera AMCHEPCHH CIyYaifHOTO MpO-
necca Ha BbIXoae Qopmupytomero ¢uistpa (4.176). Jomyckas, dto
JUCTIEPCUS] MOJIEJIFHOIO M MCTUHHOTO MpOIlecca COBIAAAIOT, BHIPa3HM
HavyajabHOE mnpubmbxeHue kodddurmenra ay(0) kak ¢yHKIMIO Ha-
YaJgbpbHOro nmpubmmwkeHus koadduuuenta a,(0) u 3HaAUYESHUS OUCTIEPCUH
MCXOJHOTO TpoLecca.

1

0 =T 5>
%) 24,(0)c>

(4.185)

rae o2 — 3HaYeHHE JUCIICPCHHM UCXOQHOIO Iporiecca.
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N
KD, j=0, 3¢ e T, N

Jt
M==3()HTDC)
h==3,(/)=-D(Jj)
i=0
i ++
K(i):eal %cos Bi—T - !
Y N[zao(j)alm ( .N)
Y S S Bll]
CB28(HachH ( N)
\
[Ayexp(hiT/N) =k exp(L,iT/N)]
Ky(i): BN N m—
ay(j)ag(jy(hy=ny)
X
[H* Ky(z'):exp(xiT/N)( — AX’T/,{\’
2ai(jray i) 2Za(jray(j)

N
7y =LK (1) =Ky ()

i Z1\1( ]‘)é\o( ]‘)_
peuICHuC

PacueT MATPHI[BI IPOH3BOJHBIX
o dopmyie (4.241)

D)), D(H"

PacueT HeBs3KH ?2)( j) mo
dopmye (4.242)

v

3
¢

G+D=B @ (Ho GO HTH

Puc. 4.11. Anroputm pemenus 3aaauu, meroq Herotona — INaycca
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[TycTh 3HaYCHUS] KOPPENSAIUOHHON (DYHKIIUU UCXOJHOTO MpoIecca u
KOPPENANNOHHON (PYHKIIMM MOJAEIHHOTO TPOIecca TaKXKe COBIAIAr0T
Ha KOHIIC HHTEePBAJIa pacyeTa / ; KOPPEISILMOHHBIX QYHKIHH, T.C.

K(t)=K,(t,). (4.186)

3nece K(f), Ky(ty) — 3amaHHas U MOJEIbHAs KOPPEISIIMOHHbIC

(bYHKIIUH, COOTBETCTBEHHO.
YuutsiBas (4.185), 3anmuimnem 3HaUeHNE KOPHEH XapaKTePUCTUIECKO-
ro ypasHeHus (4.163), kak pyaxuun ogaoro napamerpa a;(0) :

1) neficTBUTENBHBIE KOPHU XapaKTEPUCTUUYECKOTO yPaBHEHUS:

D) 2
—a + ar —
a,K(0)
. D>0: (4.187)

2

Ma(ay) =

2) KpaTHBIE KOPHHU XapaKTEPHUCTUIECKOTO yPaBHEHHUS:

xl(al)zxf%, D=0, (4.188)

3) KOMIIJIEKCHO-COTIPSKEHHBIE KOPHH XapaKTePHUCTHYECKOTO YpaB-

—-a alz— 2
a,K(0) D <0

2 b

HCHUS:

Mo(a)=

2 2

ala)=—2L; Ba))= at. (4.189)

2 a,K(0)

IoncraBnsas (4.187) — (4.189) B Gopmyisl pacuera KOppeIsSIHOH-
HbIX QyHKumi (4.169), (4.172), (4.175) npn At =t, u npuHMMas BO

BHUMaHKE (4.186), ISl pa3TUIHBIX THIIOB KOPHEH XapaKTEepPUCTHICCKO-
r0 ypaBHEHUS IOJIYYHM:
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1) ans nefCTBUTENBHBIX KOPHEW XapaKTEPUCTUUYECKOTO YPaBHEHUS:

[A,(ay)exp (A (a))t) — Ay (ay)exp (A, (a)))] _

K(t;)-K(0) 0;
! (Ao (a)) =2y (ay))
(4.190)
2) IS KpaTHBIX KOpHEH XapaKTepUCTHICCKOTO YPABHECHHUS:
K(t ;) - K(0)exp (May)t ;)1 —A(ay)t ;) =0; (4.191)

3) AN KOMITJIEKCHO-COTIPSDKEHHBIX KOpPHEH XapaKTepHCTUYECKOTO
YPaBHEHUS:

K(t ;) - K(0)e™ ™" {cos (Blay)r s) - ;‘((“1)) sin (B(ay ) s )} ~0. (4.192)
4

Pazpemas ypaBuenus (4.190) — (4.192) ornocurensno a;(0) (ay(0)
ompenensiercs no Gopmyine (4.185)) noxyunm 3Havenus a,(0), ay(0),

KOTOpBIE MOTYT OBITh WCIOJB30BaHBI B Ka4eCTBE HAYAIBHBIX MPUOIH-
JKEHHUH.

4.4.3.2. Aneopumm pewienust 3a0asu Memooom
NOKOOPOUHAMHO20 CHYCKA

Kak ObulO OTMEYEHO B mpeablaylneM paszene, Meroa HproToHa —
l"aycca oka3pIBaeTCs UyBCTBHTENEH K 33/IaHUI0 HaYaJIbHBIX MPHOIIDKE-
HUil. Heynaunoe 3aganve HadalbHBIX TPUOIMKEHUH 9acTO MPUBOAUT K
PacXoKIEHHUIO HTEPALIMOHHOTO MpoLecca.

B sT0it cBsI3M, MeTogOM 00Jiee YCTOWYHUBBEIM K BBIOOPY HadaIbHBIX
MPUOMIKEHUH SBISIETCS METOJ MOKOOPAMHATHOTO CIYCKa, MOAPOOHO
paccMOTpPEHHBIN B TII. 3.

Ha puc. 4.12 npuBeseHa CTpyKTypHasi CXeMa pPeIIeHHs 3aauu Orpe-
neneHus KodhOUIMEeHTOB GopMUpyomero GuiIbTpa ¢ UCIOIL30BaHUEM
3TOTO METO/a.

B kadectBe mMerona OJHOMEPHOH ONTHMU3AIUHU TPH HAXOXKICHUU
TOYKH DKCTPEMYMa IO KKIOW KOOPAMHATE HCIIONB3YETCS METOH «30-
JIOTOTO CEYCHH», TAKKE PACCMOTPEHHBIN B TII. 3.
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[Apexp (A iT/N) = exp(Ayil/N)]
2af( j)al( j) (hy=2))

Ky(i)=

&
€

B K(i):exp(KiT/N)l—*M
Y 24d%ak 245 ak
1% 1% [

= T LY
=)l "(/)ak(;) “f)
I
BZao(j) (]) ]
i<N i++

]

v ) 2
~S(K()-K (1)
i=0

1€

J(a ,a)

OnHoMEpHast MHHHMH3AIHS
10 KOOP/IHHATE / KPHTEPHS

Puc. 4.12. bnok-cxema alroputMa MeTo/ia IOKOOPAUHATHOTO CITyCKa (OUH I[HKJI)
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4.4.4. Ilpumep pacuema KoIhpuyuenmos popmupyrowiezo punompa

B kauectBe mpumepa paccMoTpuM pacueT K03(dunrenTos Gopmu-
pytouiero (uIbTpa, BHIXOAOM KOTOPOTO SIBJSIETCS CIy4YalHBIA IpoLEece
C KOppeSIMMOHHON (PyHKIHEH ONM3KOW K KOPPENAIUOHHON (DyHKITHH,
n300pakeHHol Ha puc. 4.13.

Puc. 4.13. Bun koppensuuoHHON (YHKIIH UCXOIHOTO TpoIiecca

JanHast 3ajaya pemanach AByMsI METOJaMu:

metosioM HetoToHa — I"aycca;

METOJIOM MOKOOPIUHATHOTO CITyCKa.

B mpomecce perieHus mMomydeHBl Pe3yJbTAaThl, MPHUBEIACHHBIC B
Tabm. 4.7.

Kax Buano u3 pesynbraToB pacuera, metoj Heiorona — I'aycca
obecrieunBaeT OBICTPYIO CXOIUMOCThH QJITOPUTMa BOJIM3M TOYKH OIITH-
MyMa (BapHaHThI pacdeToB | u 2), Torna Kak mpu OOJBIINX OTKIOHEHH-
X HadaJbHbIX npudmmwkeHui (ay(0), a;(0)) oT onTUMaNbHBIX HAOIIO-

JTaeTCsa PacxoJUMOCTh METO/1a (BapuaHTHI pacieToB 3 U 4).

MeTo MOKOOPAMHATHOTO CITycKa obecrieunBaceT 0ojiee YCTOHUMBYIO
CXOJMMOCTh TIPH PA3INYHBIX HAYaJIbHBIX TNPHOIMKCHUSIX (BapHaHTHI
pacdetoB 5 — 8).
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CpaBHl/lTe.]'ll)Hble XapaKTePUCTUKU METOA0B ONNITUMU3 AU

Tabnwuma 4.7

XapaKTepUCTHKHU
Merton HauanbHele npuOnuxeHus TOY- Hrepa
JIvEis ay a
HOCTh
Hero- 1. ay(0) = 5,45; a,(0) = 3,87 10e -6 2 4,999 4,0005
TOHAa —
= : = - 5 5,0001 3,998

Taycca 2. ay(0) = 6,00; a,(0) = 6,00 10e -6 , ,

3. a,(0) =8,00; a,(0) = 8,00 10e-6 Meton pacxomurcs

4. ay(0) =15,00; a,(0) =15,00 10e—-6 Meron pacxoaurcs
INoko- 5. a,(0) = 5,45; a,(0) = 3,87 10e—-6 5,01 3,999
iﬁfﬁo 6. a,(0) = 6,00; 4, (0) = 6,00 10e—6 5,000 | 4,000
ro 7. a,(0) = 8,00; a,(0) = 8,00 10e -6 4,998 3,989
CIycka | 8. g,(0) =15,00; a,(0) =15,00 10e -6 11 5,000 4,000

Ha puc. 4.14 uzo6paxeHs! rpadvKu UCXOTHOW W MOJCIBHON KOppe-

JSIIIMOHHOW (DYHKIWH CITy4allHBIX MPOIIECCOB.

Puc. 4.14. Bun koppensuroHHBIX QyHKIUH HCXOIHOTO H MOJEIHPYEMOTO
¢ moMoIkio Gopmupyromero GUILTPa CIy4aifHBIX IPOIECCOB
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4.5. OnTuMu3anus peskuMa padoThl sIEPHOr0 peakTopa
B IIepeMEHHOM CYTOYHOM rpauKe HArpy3Ku
€ Y4€TOM BO3MOKHOCTH YTHIH3AIMHU YHEPTUH

B pasn. 2.2 u 4.2 paccMaTpuBaNIKCh 33/1a4d ONTUMHU3AINH PAOOTHI
CHCTEMBI PEAKTOPOB B IIEPEMEHHOM CYTOYHOM rpaduke Harpysku. [lpu
stoM ADC c peakropamu cepuitHbix Tunos (BBOP, PEMK) no psny
MPUYUH HE B COCTOSHUHM 00ECIEeYNTh MEePEMEHHBIN CyTOYHBIN rpadux
Harpy3kd B IOJIHOM AMamna3oHe 0e3 cepbe3HOro yuepOa At 3KOHOMH-
YECKUX II0KA3aTeJIed U HAJEKHOCTU JHEPrOyCTAHOBKHU. J[OIlyCTHMBII
JMara3oH CyTOYHBIX KoJieOaHUIl MOITHOCTH M CKOPOCTh Habopa Harpy3-
KU VIS 9THX PEaKTOPOB 3HAYMTEIBHO HUXKE, YeM TpeOyeTcs 1Mo yCIOBH-
M pabOTHI SHEPTOCHCTEM C Pa3yIJIOTHEHHBIM IPa(UKOM Harpy3KH.

B kavectBe 01HOTO M3 3(PEKTHBHBIX PEIICHUH Ha3BaHHOW MpooIie-
MBI IIpeanoaraeTcsa cozganue Ha 6aze ADC 3HEpProKOMIIIEKCOB, BKIIIO-
YaIOUIUX YCTaHOBKH, CIIOCOOHBIE BOCIPUHSTH M MOJE3HO HCIONB30BaTh
M30BITOK 3HEpruu, BeipabaTeiBaeMoii ADC B mepros CHIDKEHHUS ee To-
TpeOsieHus B 3HeprocucreMe. B kauecTBe yCTPOWMCTB, MCHOJIB3YIOMINX
M30BITOUYHYIO SHEPTHIO, MOTYT pacCMaTpPUBATHCS YTUIIN3ATOPbI, obecre-
YHBAOIIKE MTPOU3BOACTBO JIPYTOro IMEHHOTo MPOaAyKTa (BOJOPOAa, CHH-
TETHYECKOTO WJIM KHUIKOTO TOIIMBA) WM 3HEprocHadxeHue moTpedu-
Tenel HU3KOMOTEHLMANbHBIM TemioM. He ocTaHaBnmMBasich AeTanbHO Ha
KOHKPETHBIX CXEMax YTHJIM3alM{ SHEPruH, PACCMOTPUM BO3MOXKHOCTH
ONTUMM3ALUHN PadOTHl KOMIUIEKCA «PEAKTOP-yTUIM3aTOP» C TOUYKH 3pe-
HUSI 3G PEKTHBHOCTH MCIIOIB30BaHUS SACPHOTO TOIIIHBa [68].

dusnyeckas NPeAnochUIKa ONTUMHU3ALNH 3aKII0YaETCsl B TOM, YTO, C
OJIHOH CTOPOHBI, €CJIM MEPEMEHHBIH Ipaduk paboTbl IHEPrOCHUCTEMBI
MOJTHOCTBIO OTPabaThIBACTCSl PEAKTOPOM, TO 3TO MOXKET MPHUBECTH K pe-
3epBUPOBAHUIO JOIOJIHUTEIBHOIO 3alaca PEakTUBHOCTH, a CJEJOoBa-
TEJIHO, ¥ YBEJIMYEHHOMY pacxody TorumBa. C Ipyroil cTOpoHsl, eciu
peakTop paboTaeT B 0a30BOM peKUMe, a NepeMeHHBIN rpaduk obecre-
yuBaeTcsl pabOTOH yTHIM3aTOpa, TO MOKHO OXKHJATh, YTO IPU HU3KOM
3¢ PEKTUBHOCTH YTUIIN3AaTOPa TaKKe OyAeT UMETh MECTO yBEJIMUCHHBIH
pacxof siiepHoro TormBa. Takum oO0pa3oM, BO3HHMKAeT 3ajada o0 Orl-
TUMAaJIbHOM PeKUME PaObOThl FHEPrOKOMILIEKCA.
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4.5.1. Ilocmanoexa 3a0auu

Wmeercst sinepHblil 3HEProONOK HOMHMHAJIBHOW TEIUIOBOH MoII-
Hocteio W, [MBr]. M3BecTHO, 4TO 1O yCIOBHSAM PabOTHI SHEProcuc-

TeMBI MOTpeOyeTcs IKCILTyaTals 3TOTO SHEProdIoKa B MEPEeMEHHOM
cyTo4uHOM Tpaduke Harpy3ku. llpum sToM 3amarorcs cremyromniie mapa-
METpHI Tpaduka Harpy3Ku:

1) Bpems pabOTHI Ha MOHMKEHHON MOIIHOCTH T [CYT];

2) ypoBeHb MOHMKEHHON MoIHOCTH oW (0<a<1).

Jlnst moBeIIeHus 3()PEKTUBHOCTH pabOTHI 3HEPTro0I0Ka Mperoa-
raeTcs BO3MOXKHOCTh YTHJIM3AIMM YaCTH SHEPTHH C KO3(PPHUIMSHTOM
noje3Horo aevcteus M= Q,/Qp, rne O, — Noue3Has Heprus, oTaa-
BaeMas YTHIU3aTOpoM; (Jp — MOJIHAsI SHEPrHsl, OTIYIIEHHAs HA YTHIIU-

3anuio. KakoB g0oimkeH ObITh pekuM padOTHI SIIEPHOTO PEaKTOPa, 9TOOBI
pacxoj TOIUIMBA Ha COUHUIY OTIMYLICHHOW MOTPEOUTENI0 SHEPTUU OBLI
MUHUMAaJEeH?

PaccmoTpum cnenytomryto cutyanuio. IlycTh B MOMEHT BpeMEHU
¢t = 0 MOILIHOCTH peaKTopa CHUKAeTcs A0 YpoBHA € Wy, Tne aa<g<l.
[TockonbKy B cucTeMy TpeOyeTcsl IOCTaBUTh SHEPTHIO, COOTBETCTBYIO-
uyto pabore Ha 0ojiee HU3KOM YPOBHE MOILIHOCTU O - Wy , TO U3NHUIIEK
sHepruu B konuuectBe Q) =7 W, -(&— ) nepenaercst yTHIU3ATOPY
(puc. 4.15). U3 stoli sHepruu moTpeduTento OyJeT OTMylleHa YacTh,
paBHas Q, =1-1-Wy -(e—a). Takum oOpa3om, peakTop 3a OAHU CY-
TKH (OIWH IUKJT) BEIPaOATHIBACT SHEPTHIO B KOJIMUESCTRE:

QP ZWH (I_T)+WH 'T'S,
a moTpeOuTeNto OyIeT OTMYIICHA JIUIIb YaCTh YHEPTUH:
E,=Wyg-(1-1)+o-Wg-t+(e—a) n-t-Wy.

Pacxon TomnuBa mpu paboTe peakTopa B TakoM pexume — G. Ota
BEIIMYMHA ONPEJENIACTCS OTHOLICHHEM MOJIHOM SHEpPTUH, MPOU3BEICH-
HOH PeakTOpPOM 3a CYTKH K I'TyOHUHE BBITOPAHUs TOIINBA:

_ Wy -1=-1)+Wy -1
Pt(e)
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W a ymuausayuro

w 0,

aW 0 T 1 t, cym

Puc. 4.15. Pexxum paboThl SHEPrOKOMIIEKCA C YTHIM3ALHEH SJHEPI Ul

Torma pacxoj TOIIMBA HAa EAMHUILY YHEPTHU, OTHYIICHHON MOTpe-
OHUTEIIO, ECTh:

(8)_£_ Wy -A=-0)+Wy g1
g _En_Pt(a)-[(l—r)-WH+(x-r-WH+(£—0c)-n-r-WH]

, (4.193)

rae Pt(e) — riryOuHa BBIrOpaHusl TOIUTMBA MPH pabOTe peakTopa B Iie-
peMeHHOM rpaduKe Harpy3KH € €KECyTOUYHOW pasrpy3Koi JI0 YpOBHS
MmomHocTu €Wy (e<1).

I'myOuna Beiropanus TormBa Pf(g€) 3aBHCHUT OT PE3epPBUPYEMOTO
3araca peakTUBHOCTH, AAIOIIEr0 BO3MOYKHOCTb CHU3UTh MOIIHOCTH pe-
aKTopa 10 BENUYUHEI €W . [ld peakropa ¢ HEMPEPHIBHOW IEperpys-

KOH TOIIMBA M JJIsl KOPITyCHBIX PEaKTOPOB B KOHIIE KaMITAHUU MEXKIY
TIyOWHOM BBITOpaHWS TOIUIMBA W BEIMYMHON 3amaca peakTUBHOCTH
CIIPaBEUIMBO COOTHOILICHHE:

Ap(€)

Pt(e) =Pt — , (4.194)
rae Pt, — rmyOuHa BBITOpaHMs TOIUIMBA NPH paboTe peakropa B 0a3o-

BOM PE&KHUME Ha HOMHUHAIBbHOH MoiHocTH, (MBT - cyT)/TU; 9 — K03 D-
(UIMEHT MPOMOPIMOHATBHOCTH, 3aBUCAIINN OT (PU3NYECKUX CBOWCTB
aKTUBHOM 30HBI peaktopa, TU/(MBT - cyT); Ap(€) — 3amac peakTHBHO-
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CTH Ha MPEOJ0JICHHE HECTAIIMOHAPHOTO KCEHOHOBOTO OTPABIICHUS MPHU
CHIDKEHUH MOIIHOCTH JI0 YPOBHS €Wy, .

K coxanenuto, B SBHOM BUJE 3aBUCUMOCTh Ap(€) HOIXYy4UTh HE yJa-

ercs. OHaKO MOXHO MOKa3aTh, YTO JJAHHAsI 3aBUCUMOCTh C TIOTPEIIHO-
cTbi0 He Oosee 3 % anmpokcumupyercs GyHKUUEH Buaa

1-¢ .'Yy

_ (4.195)
B-e+C vy

Ap(e) =

TAe Y, — BBIXOX MojJa Ha OJHO ACJICHUE, V f — CpelHee YHCII0 BTOPUY-

HBIX HEUTPOHOB Ha akT nenenus; B=0,52, C=0,977 — KOHCTaHTHI
anmpOKCUMAIINH.

[Moncranas 3Ty 3aBUCHUMOCTH B cooTHomieHus (4.193) u (4.194),
MOJTyYUM SIBHBIH BUJI MUHUME3UPYEMOH (yHKITHH:

I-t+e¢-
2(e) = tret . (4.196)
1—
Plb _ e . ’Yy

B-e+C vy-q

lI-1t+a-1+(e—a)m-1)

OHTI/IMI/I3a]_[I/IOHHa$1 3aada CTaBUTCA CJICAYIOIIUM o6pa30M: J0 Ka-

KOI'O0 YPOBHSI OT HOMMHAJIa g clelyeT CHUXXKAaTh MOILIHOCTh PEaKTopa,
9TOOBI TIPH 33JIJaHHBIX MMapameTpax dHeprokominiekca (KIIJ] yrummsaro-
pa ¥ IJIOTHOCTH TIOTOKAa HEUTPOHOB B PEAKTOPE) PacXo]l TOIUIMBA HA
eJMHUILYy OTIYIICHHOIN SHepruu ObLT MUHUMAaJCH?

B maTemaTnueckoM m1aHe JaHHAas 3aJa4a OTHOCUTCS K Kilaccy 3a1ad
HEJIMHEMHOr0 IPOrPpaMMUPOBAHMSL:

HalTH

min g(e) (4.197)

IIpH OrpaHuyYeHnH o < g<1.
4.5.2. Ananuz onmumanvbHo20 perxcuma

Jis moirydeHusl YMCIeHHBIX Pe3yNbTaTOB OBLT PACCMOTPEH 3HEPTro-
0JIOK CO CIIEIYIONTUMH XapaKTepUCTUKaMH (OJM3KUMHU K XapaKTePHUCTH-
kam peakropa PEMK-1000):

HOMMHAJbHAA TEIUIOBAsi MOIIHOCTB peakTopa Wy = 3200 MBT;
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koapdurment ¢ =1,02 - 107 TU/(MBT - cyT);

BpeMs pasrpy3ku T=1/3 cyT.

Koncranter ammpoxcumarmu B u C 0OJHO3HAYHO OIPEACNIAIOTCS
YPOBHEM IUIOTHOCTH IIOTOKa HEUTPOHOB. Huxke paccMmarpuBanuce cie-
IYIOIUE BapUaHTHI:

1) g=5-10" 2
CM -C
2) p=3-101 @
CM -C

Puc. 4.16. 3aBUcUMOCTb ONTUMATBHON CTENIEHN CHU)KEHHSI MOLITHOCTH PEaKTopa OT
KIIJ ytunuzaropa mpu pa3nu4HbIX IIOTHOCTSAX MOTOKAa HEUTPOHOB

0=5-10" =2 (1) g =3.108 = (o)
CM™ -C M -C

Ha puc. 4.16 noka3aHa 3aBUCMMOCTb ONTHMAJIBHOI CTENIEHN CHUXKe-
HuUsl MolTHOCTH 3Heprodnoka ot KIIJ[ yrunusaropa npu o = 0,3 u co-

327



OTBETCTBYIOIIUX . W3 pe3ynpTaToB, NpEACTAaBICHHBIX Ha PHUCYHKE,

cienyert, uyto npu KI1J| yrunmmsaropa menee 60 % — ontumManbsHO BOOO-
e OT Hero OTKa3aThcsd M OTpabaThIBaTh MEPEMEHHBIN CyTOYHBIN Tpa-
(UK Harpy3KH IMyTeM COOTBETCTBYIOLIETO W3MEHEHHUS! MOIIHOCTH Peak-
Topa. Hampotus, ecnn mpenmnonaracTcs HCIOIb30BaTh YTWIA3ATOpP C
KIIJT 6onee 80 %, TO oNTUMAaIBHBIM PEKUMOM SIBISICTCS] OA3MCHBIN pe-
KM palbOoThI peakTopa C mepegayeii Bcero M3NMIIKa BbIpabaThIBaeMOil
sHepruu Ha ytunuzarop. Eciom KIIJ| yTunuzanuu HaxonuTcs B Ipene-
max 60 — 80 %, TO oNTUMaNBHBIM SBISETCS PEXXHM C YaCTUYHOHN pasz-
rpy3KOi 3Hepro0IoKa ¥ YaCTUYHOM yTHIN3alUel SHEPTHH.

v *
Xon kpuBoil € (1) umeer npoctoe puszndeckoe oobsicaenue. C poc-
TOM 1) YBEJIHYUBACTCSI JOJIS MOJIE3HOM dHepruu npu ytwimsauun Q

MO3TOMY BBITOJIHO TepelaBaTh OOIbIle SHEpruu Ha ytuiauzarui. C
YBEIMYEHHEM IIJIOTHOCTH MOTOKA HEHTPOHOB pacTeT 3amac peakTHBHO-
CTH Ha KOMIICHCAIIMI0 KCEHOHOBOTO OTPABIICHUS M CHIXXKATh YPOBCHB

MOIITHOCTH B PEAKTOPE CTAHOBUTCS MEHEE BBHITOIHBIM (& pacrer).
006 3¢ deKTUBHOCTH ONITUMHU3ALUH PEXUMa pabOThl 3HEPTOKOMITICK-
ca «PeaKTop — yTHIIN3AaTOP YHEPIHM» MOXKHO CYAUTh IO BEJIUUIHNHE:

S: gmax _gOHT 100%,

g max

TH€ Zmax — MAKCUMAIIBHBIN yJIEJIbHBII PAcXo TOILIUBA A/ OTPAOOTKH

NEepeMEHHOro Tpaduka Harpy3kd «aHTHONTHMAJIbHBIM» CIOCOOOM;
Zonr — MAHUMAJIBHBIM yAEIBHBIM PacXo[ TOIUIMBA IIPH ONTHMAaIbHOM

YPOBHE CHIDKEHUS MOIITHOCTH.

Benuuuna S 3aBUCHT OT TakuX mapaMeTpOB, KAK HOMUHAIbHAS TUIOT-
HOCTB MTOTOKa HEUTPOHOB B peaktope, K1/l yrunmzanuu, BpeMs paboThl
Ha TIOHIDKCHHOM MOITHOCTH W YPOBHEHb CHIDKCHHSI MOITHOCTH.
Pacuersl mokasbiBaroT, 4TO 3PPEKTUBHOCTh MpU pasinuuHbix KIIJ] u
noTtokax uzMensercs ot 0,2 g0 7 %. Ilpu 3ToM 111 SHEProKOMILIEKCa ¢
napameTpamu, ONMM3KUMU K  pealbHO BO3MOKHBIM (o=
013 Hef;lTp. :

cM” -C

MPOMUCCHBIN PEXUM, TMPU 3TOM 3P(EKT OT ONTUMHU3ALUU COCTABISACT
Benuuuny 0,2 — 0,3 %.

~(5+7)-1 1N =60 +80% ), ONTUMANBHEIM SBJISIETCS KOM-

328



CIIMCOK JIMTEPATYPbBI

1. Aoxu M. Beenenue B metonbl ontumu3anuu. — M.: Hayka, 1977.

2. Awumanos C.A. Jlunerinoe nporpammupoBanue. — M.: Hayka, 1981.

3.  baxsanos H.C. Yucnennsle MeTop! (aHanu3, anredpa, oOBIKHOBEHHBIE AU-
(hepennmansHble ypaBHeHHs1). — M.: Hayka, 1975.

4.  bBopooakuii I0.B., Kpuywina H.A., Kynabuues FO.I1., [Llymunos FO.10. Bepo-
STHOCTHO-CTaTHCTHYECKHE METO/bl 00pabOTKM MaHHBIX B MH(MOPMALMOHHBIX CHCTE-
Max. — M.: Paguo u cBs3p, 2003.

5. Bopooaxuii FO.B., Jloboounckuii FO.I. OCHOBBI TEOPHH CHCTEM YIPABICHUS
(uccnenoBanue u npoektupoBanue). M.: Pagno u cBs3b, 2004.

6. bopooaxui I0.B., Mypasves C.K., Lllymunos FO.IO. HelipoceTeBble METOBI
ONTUMAJIBHOM KacTepU3aIMy BO3AYIIHBIX 00bekToB // Tpyasl XIII MexayHapomaHoro
HAay4YHO-TEXHUYECKOTO0 ceMHuHapa «CoBpeMEHHbIE TEXHOJOTHH B 3aJadax yINpaBIeHHUS,
aBTOMATHKU M 00paboTKN nHpopMarmm». — Amymra, 2004. — Y. II. - C. 216 — 218.

7.  Bacunves @.I1. YucneHHble METOABI PELICHUS AKCTPEMANbHBIX 3aaad. — M.:
Hayxa, 1988.

8. Bacumves @.I1., Hseanuyxuii A.JO. JluneliHoe mporpamMMupoBaHue. — M.:
®dakropuan [Ipecc, 2003.

9. Beumyenv E.C. VccrnenoBanue omnepauuii: 3ajayu, NPUHLHUIBI, METOJ0JIO-
rust. — M.: Beicinast mkoma, 2001.

10. Bemmyens E.C. Teopus BepostHocTeld. — M. Beicmast mkomna, 1999.

11. Baaoumupos B.H. TlpakTudeckue 3aa4u MO SKCIUTyaTalllu SOepHBIX PEaKTo-
poB. — M.: Atomu3nar, 1976.

12. [8030es C.E. MaTeMaTnueckoe MporpaMMHIpOBaHUE (ABOWCTBEHHOCTD, TPAHC-
mopTHeIe 3a1a4un). — HoBocnOupck: HoBOCHOMpPCKHUiT TOCYIapCTBEHHBIH apXUTEKTYPHO-
CTpOUTENbHBIH yHUBepcuTeT, 2001.

13. [robun I''H., Cy30ans B.I". BBeneHue B mpuKIagHyo Teoputo urp. — M.: Hay-
Ka, 1981.

14. [iopan b., Ooenn I1. KnactepHbiit ananus. — M.: Cratuctuka, 1977.

15. Escoe A.A., Llymckuii C.A. HeMpOKOMIIBIOTHHT U €r0 NIPUMEHEHHS B 3KOHO-
MHKe 1 OmsHece. — M.: MU®DU, 1998.

16. 3acpebaes A.M., Haymos B.M. O MUHUMH3ALUU TOTEPH SHEPTOBBIPAOOTKH
CHCTEMBI PEaKTOPOB, pabOTAIOMNX B IIEPEMEHHOM Ipaduke Harpy3kH / ATOMHast SHep-
rust. — 1979. — T. 47. — Bei. 3. — C. 165 — 166.

17. 3awnesunn V.HU. Henuneitnoe nmporpammupoBanue. Enuneiii nogxoa. — M.: Co-
BETCKOE paano,1973.

18. 3umun I'.B., Bypmucmpos C.K., Byxun b.M. CrpaBounuk o¢punepa I1BO. —
M.: Boenmsgart, 1987.

19. 3onomos B.I1. u op. OOmune mpuHLHUNBI UccieaoBaHus dddexTnBHOCTH GOe-
BBIX JICHCTBUI U BOOPYXKEHUS: TEKCTHI JIeKiuid. — M.: BAJI, 1978.

329



20. Heanoe H.M., Jlvicenxo JI.H. bannucTika 1 HaBUralsi KOCMUYECKUX arrapa-
ToB. — M.: JIpoda, 2004.

21. Wusectunuu / Iox pen. B. Kosanesou, B. Heanosoii. — M.: Ilpocniekt, 2004.

22. Humpunueamop M. MaremaTHuecKHe METOAbI ONTHMH3ALUU M 3KOHOMHUYE-
ckas teopust. — M.: [Iporpecc, 1975.

23. Kanumxun H.H. Yucnennsie meronsl. — M.: Hayka, 1978.

24. Kanmoposuu JI.B, I'opcmko A.5. MatemaTudyeckoe ONTUMAIbHOE MPOIrpam-
MHpOBaHHE B 9KOHOMUKE. — M.: 3Hanue, 1968.

25. Kapmanoe B.I'. Matematnueckoe nporpamMuposanue. — M.: Hayka, 1986.

26. Kapmanoe B.I'. MatemaTHdeckoe MpOrpaMMHUpOBaHHUE: ydeOHOE mocodue. —
S5e uzn. — M.: ®usmariur, 2004.

27. Kpsanes A. OcHOBBI (H)MHAHCOBOTO aHAJIM3a U MOPT(HEIHHOrO WHBECTUPOBAHMUS
B PBIHOYHOH 3KoHOMHKE. — M.: MUDU, 2001.

28. Kynabuues FO.I1., Anumosa T.B. TeopeTHKO-UTPOBBIE METOABI UCCIIEIOBAHMS
CIIOKHEIX cucteM. — M.: MU®U, 1994,

29. Kynabuues FO.I1., Kpuyvina H.A. JlabopaTopHblii mpakTHKyM «TeopeTHKo-
UTPOBBIE METOIBI HCCIIEIOBAHMS CIIOKHBIX cucTemM». — M.: MU®DU, 1984.

30. Kynaouues I0.I1., Llnaxoe A.B., [Lymunoe FO.IO. CpaBHUTENBHBIN aHAIH3
MetonoB kiactepusaruu / Tpyasl XIII MexayHapoIHOTO HayYHO-TEXHUYECKOTO Ce-
muHapa «CoBpeMEHHbIC TEXHOJIOTUH B 3a/1auax YIPaBJICHHUs, aBTOMAaTHKH U 00pabOTKH
uHpopmarmmy. Anymra, 2003. — C. 362 — 363.

31. Jlaspog C.C. IlporpamMmmupoBanue. MaTteMaTHUeCKHEe OCHOBBI, CPEICTBa, TEO-
pust. — CII6.: BXB — IetepOypr, 2001.

32. Jlecun B.B., Jlucosey FO.I1. OcHOBBI MeTOOB onrtumu3arn. — M.: MAU, 1988.

33. JluneiiHoe W HenuHelHoe mporpammupoBanue / Ilox pen. M. .H. Jlawenxo. —
M.: Beicmias mikosna, 1975.

34. Jlucuyvin B. OcHOBBI MeTOIOB ontuMu3aiuu. — M.: MAU, 2003.

35. Makcumos FO.A. AnNroputmbsl JUHEHHOro M AUCKPETHOIO IPOrpaMMHpPOBa-
Hus. — M.: MU®U, 1980.

36. Maxkcumos FO.A., Qununnosckas E.A. ANTOPUTMBI pellieHUs 331a4 HeTUHEH-
HOTo nporpammupoBanus. — M.: MU®DU, 1982.

37. Meovinckuii M.M. YncrneHHbIe METOIBI HETMHEHHOW ONTHMHU3AINN (ITOPUT-
MBI H TIPOrpaMMEl): yaeOHoe rocobue. — M.: MAU, 2003.

38. Mewepsixoe P.B., [llymunog FO.FO. CpaBHUTEIIbHBIN aHAIU3 aJrOPUTMOB Kila-
crepusaun // Tpyasr X MexayHapoIHOTO Hay4HO-TeXHHYecKoro cemunapa «CoBpe-
MEHHBIE TeXHOJIOTHH B 3aJadax YHpaBJICHUs, aBTOMATH3aluu u 00paboTku mHOpMa-
uuu». — Anymra, 2001.

39. Mypasves C.K. MeToarka IOCTPOSHHUS CUCTEMbI YKPYTTHEHHS U OTOOPaKeHHUS
BO3yIIHOM 06cTaHoBKY // Tpyapt X MexayHapoIHOT0 HAyYHO-TEXHUIECKOr0 CeMUHa-
pa «CoBpeMeHHbIE TEXHOJOTUH B 3aJadax YIPaBICHUs, aBTOMATH3ALHNA U 00pabOTKH
uHpopMarmmy. — Amymra, 2001. — C. 247 — 248.

40. Hosuxosa H.M. OcHoBbl ontumm3anun (Kypc ekmmit). — M., 1998.
(www.ccas.ru).

41. Oysu I Teopus urp. — M.: Mup, 1973.

42. [lammenees A.B. MeTonpl ONTUMH3ANUH B IPAMEpPaxX M 33/a4ax: ydyeOHOe Mmo-
cobue JuIs CTYICHTOB BBICIINX TEXHUUECKUX y4eOHBIX 3aBeneHuil. — M.: Bricmias mko-
na, 2005.

330



43.  Hanaoumumpuy X., Cmatienuy K. KomOrHaTopHas ontamvusarms. — M.: Mup, 1985.

44. [apmxacapamxu T., Pacxasan T. HexoTopble BOMPOCHI TEOPHH HUTP IBYX
qun. — M.: Mup, 1974.

45. Ilempocan JI.A., 3enxesuu H.A., Cemuna E.A. Teopus urp. — M.: Beicmas
mkoia, 1998.

46. Ilyeaues B.C. Teopusi BEpOsATHOCTEH M MaTeMaTHuyecKash CTaTUCTHKA. — M.:
Hayxka, 1979.

47. [wenuunvui b.H., [ascunun FO.M. YucneHHble METOIBI B AKCTPEMANbHBIX
3agadax. — M.: Hayka, 1975.

48. Pewemnes M. ., Jlebeoes A.A., bapmenes B.A. u Op. YupaBieHue 1 HaBUTa-
IIUsI MCKYCCTBEHHBIX CITyTHHKOB 3€MIIM Ha OKOJIOKPYTOBHIX opOuTax. — M.: MammHo-
crpoenue, 1988.

49. Canmun M. J]. MaTteMaTH4ecKue METOABI PEIICHNS] ONTUMU3AINOHHBIX 3a1ad:
yuebHoe mocobue. — M.: MUDH, 2004.

50. Cammun M./]. Maremarideckoe rnporpammupoBanue. — 4. 1, 2. — M.: MUO®U, 1978.

51.  Cepeuenko M.B. 3agaun nuckperHoi ontumusaruy. — Kues: Haykosa tymka, 2003.

52. Cuean M.X. BeeneHue B MpUKIaJHOE OUCKPETHOE MpOrpaMMUpoBaHue. — M.:
duszmatiut, 2001.

53. Cmpyuenxos B.M. MatemaTndeckoe mporpaMMHpOBaHHE: MeETONbI, 3a1aym,
o0ydaroie KOMIBIOTEPHBIE IPOTrpaMMBI: yaeOHoe rnocobue. — M.: MUOU, 2004.

54. Cybb6omun M.d. BBenenne B TeopeTndecKyo actpoHomuio. — M.: Hayka, 1968.

55. Cyxunun M.®. UucneHHoe pelleHue 3aay JMHEHHOTro NporpaMMHUpPOBaHUS U
BBIUMCIICHUE IPaHUIL] CIIEKTPa CUMMETPHYHON MaTpulbl. — M.: @usmariut, 2002.

56. Texuuueckas kubepuernka. — Ku. 3. — U. 1 / Ilox pen. B.B. Conodosnuxosa. —
M.: MammHoctpoenue, 1986.

57. Tuxomnoe A.H., Bacunvesa A.Il., Ceéewnuxos A.I'. luddepeHnmansaeie ypas-
HeHus. — M.: Hayka, 2002.

58. @epanonmose M.M., Kpuyvina H.A., /[ees /].JI. MonenupoBaHue Ciry4aiHbIX
Bo3aeiicTBuii Ha OBM. — M.: MU®U, 1995.

59. @oxc A., [Ipamm M. BeraucnurensHas reomerpus. [IpuMeHenue B nNpoekTu-
pOBaHMU U HA Tpou3BoAcTBE. — M.: Mup, 1982.

60. Xemmune P.B. UnucneHHbIe METOABL: Tep. ¢ aHrL. — M.: Hayka, 1972.

61. [[nagh J1.A. BapuanoHHOE UCUHCICHWE M HHTErPalbHbIC ypaBHEHHUS: CIIpa-
BouHoe nocodue. — CII6.: Jlans, 2005.

62. [labynun M.J. HexoTopble BOIPOCH MaTEMAaTHUECKOTO MIPOrPAMMHUPOBAHUS,
Jluneiinoe nporpaMmupoBaHue: yaebHoe nmocobue. — JJonronpyausiii: MOTH, 1981.

63. Oiikxoghgh B. OCHOBBI NIEHTUUKAIMHI CHCTeM yrpasienus. — M.: Hayxka, 1985.

64. Onwsicoepe I1.E. OnpeneneHue ABUKCHUS MO pe3ysibTaTaM U3MepeHuil. — M.:
Hayxa, 1976.

65. Duumknonenus ¢uHaHCOBOrO pHuck-meHemkmenta / [lox pexa. A. Jlobanosa,
A. Yyeynosa. — M.: Anpniuna [laGnumep, 2003.

66. [Ooun A.B., I'onvbowmeiin E.I. 3amaun ¥ METOIBI JIMHEWHOTO MPOTPAMMHUPO-
BaHmsL. — M.: CoBerckoe paano, 1961.

67. Lemke C.E., Howson J.J. Equilibrium points of bimatrix games // J. of the So-
ciety for Industrial and Mathematics. 1964. V. 12. P. 413 — 423.

331



Amnnpeit MapkostnoBud 3arpe0aes
Hanexna Anekcannposna Kpuupina
Opwii [TaBnoBuu Kymsa6uues
Opuii FOpreBny Hlymumnon

METO/IbI
MATEMATHYECKOI'O IPOTPAMMMPOBAHUS
B 3AJIAYAX ONITUMHU3ALINU
CJIOKHBIX TEXHUYECKUX CUCTEM

YuedHOE MOCOOHE

Penaxkrop M.B. Makaposa

[Moamucano B newars 10.10.2007. dopmat 60x84 1/16
Ileu.n. 20,75. Ywu.-uzn.a. 20,75. Tupax 200 5k3.
Wzn. Ne 1/2. 3aka3 Ne

Mockosckuil unsceHepHo-QuauuecKuti UHCMumym
(cocyoapcmeennblil ynugepcumen).
115409, Mockea, Kawupckoe wt., 31

Tunozepapus usdamenscmea « Tposanmy.
2. Tpouyx Mockosckoti 06x.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>







    /HEB (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




